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ON THE CONVOLUTIONS OF FOURIER-TYPE TRANSFORMS

NGUYEN MINH KHOA

Dedicated to Tran Duc Van on the occasion of his siztieth birthday

ABSTRACT. Some convolutions of Fourier-type transforms are introduced. The
poly-convolution of the Fourier cosine integral transforms is formulated and
its properties are studied. Its application to solving an integral equation and
a system of integral equations is presented.

1. INTRODUCTION

Generalized convolutions and poly-convolutions of different integral transforms
and their applications attract an active research in the last few years. For some
recent works and surveys on the subject we refer to [2]-[15], [18], [19] and the
references therein.

In this paper, we present some new convolutions of Fourier-type integral trans-
forms which are generalizations of the related classical ones. We study in detail
the poly-convolution for the one-dimensional Fourier cosine transforms and apply
it to solving an integral equation and a system of integral equations.

This paper is organized as follows. In the next section, we introduce new
convolutions and poly-convolutions of the Fourier-type transforms. In Section 3
we study the convolution and poly-convolution for the two-dimensional Fourier
cosine transforms. In Section 4, we introduce the poly-convolution for the one-
dimensional Fourier cosine transforms and in the last section we apply this notion
to solving an integral equation and a system of integral equations.

2. CONVOLUTIONS OF FOURIER-TYPE TRANSFORMS

Let x = (x1,22,...,20),y = (Y1,%2,---,Yn) € R",n > 1 and A be an n X n-
matrix with det A # 0. We define x -y := z1y1 + x2y2 + -+ + TpYn, which is
2y’ in the matrix theory. Here the upper-index 7' means the matrix transpose.
Similarly, we define Az as Az” in the matrix theory.
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For a function f € L'(R") we define its Fourier transform by ([16])

FIAIE) = f(€) = # / F(@)e S da,
R’!L

It is well-known that this definition is justified and if F[f] € L'(R™), then we
have the inversion formula

zr)=F! x _ e Sda
f(@) = FUPf) (2) mnR[ Flf)(€)eSda.

If f € L*(R"), then F[f] € L?(R") and therefore the above inversion formula
is justified. In this section, for simplicity, we suppose that all functions are in
L(R™).

For a vector a € R™ we can easily prove that

eza-{

(2.1) FIF(A-=al(©) = g FUI((A7)7e).

Hence if there are given two functions f and g in L?(R"), two invertible n x n
matrices A and B and two vectors a and b in R", we can define the generalized
convolution of f and g with respect to the pairs (4, a), (B,b) by

(2.2) o 9= / f(Ay — a)g(B(z — y) — bdy,

(A,a),(B.b
R

which is well defined and belongs to L*(R").

Taking the Fourier transform of the both sides of (2.2) and using (2.1), we
obtain

ei(a+b)~§

23) F % S (A—lT)-F <B—1T),
@3) FIf e o) = o FUI((A7E) - Flal ()
which can be considered as the factorization equality of the generalized convolu-
tion (2.2).

The convolution (2.2) is a slight generalization of the classic convolution when
A and B are the identity matrix I, a = b = 0, however, it has some interesting
consequences. First, we note that the case A = I,a = 0 is rather special. In fact,
for this case

(2.4) f ) g9(z) 2=R[ f(y)g(B(z —y) — b)dy,

(170 ) ’

which we denote simply by f x g¢g(x). Now, from these definitions we can

define the so-called poly-convolutions. In fact, let further be given a function
h € L?(R™), an invertible n x n matrix C and a vector ¢ € R”. We can define

(2.5) (f * g) * h(x).

(A,b),(B,b) (CLe)
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Taking the Fourier transform of the last expression and using (2.1), we get

ech

_ " . —1\T
FIS i 9 oy MO =FIT e 0€) g FIR((0 7))
eilatb)-€ etcé

= T A7) - Fll (877 - g (e )

(2.6)
ei(a-l-b-l-c)»g
~ Tdet Al det B|| det 0|F[f]<(A_1)T£) Fla)((B77¢) - Fin) (0.

From the last equality we see that

(2.7) (f x g) x h(x)=f

*
(Ab),(B,b) (Cye) (Ab)

( h)(x).

Some consequences of this poly-convolution can be derived, however, the calcu-
lations are boing and we do not present them here. We now show that the above
notion of generalized convolution can generate many other types of convolution.
Let fi and f» be two functions in L?(R"), Ay, As and a1, ay be respectively in-
vertible n X n matrices and vectors in R™. Consider the expression

2.8 G(x) = * + * .
(2.8) () = fi ) 9(z) + f2 ) g()

*
g (B,b),(Ce)

We have

(2.9) FIGI(¢)

eib€ gia1-€ elaz-§
= Tdetd) <\detA1]F[f1]<(A1_1)T) + \detAQyF[f2]<(A2_l)T)>'
From this, we will see that different choices of the functions f; and fo, A1, Ao
and a1, as lead to various types of convolution.

For example, let fi = fo = f, A1 = A3 = A, and a1 = —as = a, we have
cos(a - £)es

= QWFW((A_I)T@ : F[Q]((B_I)Tf)-

Thus, we defined a new convolution

iy 5 e = [ (#Ay - a)+ 1Ay +0))a(Ble — ) - by

(A,a),(B,b)
R”

which takes (2.10) as the factorization identity.
If fi=fa=f A =A=—As and a1 = ag = a, then
(2.12)

FIGI(E)

(2.10) FIGI(€)

) ei(a+b)~§
 V2n" | det Al|det B
RTL

oS (m : (A_I)Tg)f(x)dxF[g] <(B_1)T£)

which can be considered as the factorization identity of the convolution
2

@) f E g = [ (Far- )+ Ay )g(Blo - y) - by

(A,a),(B,b)
RTL
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Here ) )
——»——— [ cos (m . (A_I)Tﬁ)f(x)dx
Vor' | det A|R[

can be considered as a type of Fourier cosine transform. So, the convolution
(2.13) can be considered as that of two different Fourier-type transforms.

Similarly, if f1 = —fo = f, A1 = Ay = A and a1 = —ay = a, then

.. ettt —INT —IN\T
(214)  FIGI(€) = 2isin(a- &) g FUA((47)7€) - Flal((B7)7¢).
which is the factorization identity for the convolution
3
(215)  f s 9@ = / (f(Ay —a) = f(Ay + a))g(B(w —y) —b)dy.

Rn
And with fi = —fo = f, A1 = —As = A and a; = as = a, we have
(2.16)

FIG](E)

2% ei(a-i—b)f
© 2r" | det Al|det B]
Rn

sin (a: . (A_l)T§>f(33)d33 . F[g]((B_l)Tf)

which is the factorization identity for the convolution

eI g = [ (#y =) = f-ay—a))a(Bla — )~ )y
Rn
Again here
1 1
———— [ sin(z- (A"HT¢E) f(x)da
Vor ]detA]RZ ( >

can be considered as a type of Fourier sine transform. So, the convolution (2.17)
can be considered as that of the Fourier sine-type transform and the Fourier-type
transform.

Multiplying the both sides of (2.17) by —i and then adding the obtained ex-
pression to (2.13), we get the new convolution

5 . .
o) =R[ (F(Ay — )+ (- Ay — o)~ if(Ay — a) +if(~ Ay~ a)
(2.18) x g(B(z —y) — b)dy
which takes
(2.19)
ei(a-i—b){
FIGNE) = —= cas (@ - (A7)7€) f(a)da - Flg] ((B™)T¢)

~ /27" |det A|| det B]
Rn

as the factorization identity. Here, we used the standard notation of the Hartley
transform (see, e.g., [7]) cas(z - y) = cos(z - y) + sin(z - y). The list of new
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convolutions generated in this way can be added, however, it does not seem
interesting.

3. CONVOLUTION OF THE TWO-DIMENSIONAL FOURIER COSINE TRANSFORMS

In this section, we introduce the convolution of the two-dimensional Fourier co-
sine transforms. We note that the two-dimensional Fourier cosine transforms are
frequently used in multi-dimensional signal processing (see, e.g. [17]), however,
up to now the convolution for them has not been discussed.

Let f € L'(R%). We define the two-dimensional Fourier cosine transform as
follows

(3.1) F[f]() =

SEEY

/f(x17$2)cos(331£1)COS(332£2)d5U1d332-
0

We extend the function f to a function defined in the whole plane R? as follows

f(:El’x?)v Ty, X2 207

f(—l‘l,:Eg), 1 < 0,29 >0,
f(:l?l, —:Eg), z1 > 0,29 <O,
f(—l‘l,:Eg), 1 < 0,29 <O0.

(3.2) 3(%1,%2) =

We see that §(x1,x2) is an even function with respect to 1 and zo. It is clear
that § € L'Y(R?). Similarly, we extend a function g € L'(R?%) to the function
® € L'(R?). Thus, we can define the convolution

(3.3)  H(xy,22) =F xS(xq,22) = / / S, y2)B(x1 — y1, T2 — y2)dy1dys,

—00 —0O0

which is well defined and belongs to L!(R?). Since, § and & are even functions
with respect to x1 and xo, their convolution is so. In fact,

A(—z1,22) =F* B(—x1,22) = / / Sy, y2)B(—x1 — y1, 22 — Y2 )dy1dy2

—0o0 —O0

= / /$(y1,y2)(’5(w1+y1,m2—y2)dy1dyz

—00 —O0

= / /5(1/171/2)95(1131—y1,$2—y2)dy1dy2

= 9(z1,22).

Thus, $H(z1,z2) is even with respect to x7. Similarly, it is even with respect to
x9. From (3.3), we have

F(61,6) - B(61, &) = H(E1,Ea).
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Since §,® and $) are even functions with respect to x1 and xo, from the last
equality, we obtain

(3'4) Fc[f] 'Fc[g] :Fc[h]a

where h is the restriction of §) in the first quarter of R2.

Now we find an analytic expression for h. We have

H(xy,22) = / / Sy, y2)6(x1 — y1, 22 — y2)dy1dys

—00 —O0

= /dyz /S(y1,y2)®(w1—y1,w2—y2)dy1

[e%) 0
= /dyz(/S(y1,y2)@5(:61—y1,w2—y2)dy1

[e.e]

+ / Sy, y2)B(x1 — y1, 2 — yz)dy1)

[e.o]

]

o0
dy2 /f y1,y2)9(z1 + y1, x2 — y2)dys

o) 0
o0

+/f Y1, Y2)9(|r1 — yl‘vx2_y2)dyl)
0

o0

/f y17y2 g(z1 4+ y1, 2 +y2) + g(x1 + Y1, |22 — y2))
0

+9(lz1 — y1l, 22 + y2) + g(|z1 — y1], w2 + y2)>dy1dy2-

Thus, we defined the convolution of the two-dimensional Fourier cosine transforms
of the two functions f and ¢ in LI(R%F) by

oo 0
fxglan,a) = //f(yl,y2)<9($1 +y1.22 + y2) + g(@1 + Y1, [v2 — y2|)
‘ 00
(3.5) + 9|z —y1l, 22 + y2) + g(|lz1 — 1|, 22 + y2)>dy1dy2,
which takes (3.4) as the factorization identity.
As f r9 € Ll(Ri), if there is given a function r € Ll(Ri), we can define the
convolution

(f;:cg) 7

E
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which takes
Fc[f] ' Fc[g] ' Fc[r]
as the factorization identity.

4. POLY-CONVOLUTION THE ONE-DIMENSIONAL FOURIER COSINE TRANSFORMS

We recall that the one-dimensional Fourier cosine transform of a function f €
L(R,) is defined as ([16])

(Fef)(y) = \/g 70f(x) cos(yx)dz.
0

and the convolution of two functions f and g in L(Ry) for the Fourier cosine is
defined by ([16])

+oo
(f x 9)@) = \/%—W 0/ FW) gz —yl) + gz +y)]dy, x>0,

with the factorization property

(4.1) F.(f ¥ 9)(y) = (Fef)(y)(Feg)(y), Yy > 0.

In this section we considered the poly-convolution of the one-dimensional cosine
transforms by a different method rather than in the previous one, although it can
be treated by the same method.

Definition 4.1. The poly-convolution for the Fourier cosine integral transforms
of the functions f, g and h is defined by

+00 +00
fg@) =5 [ [ swgto) (et uto)+ bl +u o)
0 0
(4.2) +h(\x—u+v[)+h(\x—u—fu]))dudv, x> 0.

Theorem 4.2. Let f,g and h be functions in L(R,.), then the poly-convolution
(4.2) for the Fourier cosine integral transforms of the functions f, g and h belongs
to L(R4) and the factorization property holds

(4.3) F[* (f,9,0)](y) = (Fef)(y)(Feg) (y) (Feh) (y), Yy > 0.

Proof. First we prove that x(f, g,h)(z) € L(Ry). Indeed

+oo ) +oo +o00 +00

[ 1= am@lirs 5 [iselan [ lo@id [ (e
0 0 0 0

+ (|2 +u = o)) +[A(lz —u+ o) + [A(lz —u - vl)l)dfr-
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It is easy to see that
+o0o
/ [[h( +u+0)] + [z +u—o])| + Az —u+ o)+ |hllz —u — o])|]dz

+oo
=4 | |h(t)|dt.
/

Hence

400 5 +00 +oo +oo
[ 1 tan@lds <2 [iside [ lgld [ b < +oc.
0 0 0 0

So #(f,g,h)(x) belongs to L(R).

Now we prove the factorization property (4.3). Since

(Fef) () (Feg) (y) (Feh)(y) =

)
= <\/g /Oodu /oodv / flu ) cos(uy) cos(vy) cos(ty)dt,

and

cos(uy) cos(vy) cos(ty) = i [cosy(u+t+v)+cosy(u+t—v)

+ cosy(u —t 4+ v) + cosy(u —t —v)],

we get

(Fef)(y)(Feg)(Feh)(y)

too 4o
m/%/duo/dv/f h(t)[ cosy(u+t +v)

(4.4) +cosy(u+t—v)+cosy(u—t+v)+cosy(u—t—v)|dt.

With substitution v+t + v = z, we get

+oo +oo

m/%/d”/d”/f h(t) cos y(z 4+ u + v)dt

0
+oo —+00

ﬁm/du/dv/f Yh(|z — u — v|) cos yxdz

u+v

0
ﬂ\/_ /oodu /Oodv/f h(|z —u —v|) cos(yzx)dx
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+o0o +oo u+v
(4.5) 7T\/ﬂ/alu/d/v / flu h(lz —u — v|) cos(yzx)dx.
Similarly, substituting u — t + v = —x, we have
1 +00 400
71\/%/ /f(u)g(v)h(t)cosy(u—t—HJ)dt
d d +v+ d
7T\/_/u/v/f h(u 4+ v + x) cos(yx)dz
—(u—l—v
+00 +o0o
ﬂm/du/dv/f h(u + v + z) cos(yx)dx
4.6 d d +v+ dx.
(4.6) 7T\/_/u/v/f h(u + v + x) cos(yx)dx
—(u+v)
Further,
du | d +o+ d
7T\/_/u/fu/f Yh(u + v + x) cos(yx)dx
—(u+v)

+o00 +o0o u+v
1
(4.7) =—— [ du [ dv | f(w)g()h(u+v— z)cos(yz)dz.

From (4.5), (4.6) and (4.7), we have

71\/_ /Oodu /ood")/f COSy(u—l—t—i-v)+cosy(u—t+v)]d
(4.8)
77\/% /ood“ :/Oodv / fu [h(lz — u—v]) + h(x + u + v)] cos(yz)dx.
Similarly,
71\/_ /Oodu /Oodv / flu ) cosy(u+t—v)+cosy(u—t—v)|dt
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(4.9)
“+oo +00

+oo
1
— e O/ du 0/ dv 0 fwg)[h(|z +u—v]|) + h(|z — u+ v)] cos(yz)dz.

Finally, by (4.4), (4.8), (4.9),

(Ff)(y)(Feg)(y)(Eeh)(y) = Fe[ * (f, 9. 1)] (y)-
The proof is complete. O

Theorem 4.3. (Titchmarch-type Theorem) Let f,g,h € L(e™® ,Ry). If Vx > 0,
x(f,g,h)(z) =0, then either f(x) =0, or g(x) =0, or h(z) =0, Yz > 0.

Proof. The hypothesis *(f, g, h)(z) = 0 implies that

FC[f>9>h)](y) =0, Vy>O0.
Due to Theorem 4.2, we have

(4.10) (Fef) (W) (Feg)(y)(Feh)(y) =0, Yy > 0.
Consider the Fourier cosine integral transform

+oo
(Fef)y) = \/g / f(z)cos(yz)dr, yeRT.
0

Since
15%%[cos<yx>fcnﬂ\:=1f<x>w"cos(yw~+7z§)1fz\fww>w"\
= |e™"a" fi(z)|

= e=a"|| f1(2)| < C|f1(2)|

for x large enough, due to Weierstrass’ criterion, the integral
+oco Jn

j—[cos(ya:) f(z)]dz uniformly converges on RT. Therefore, based on the
yn

differentiability of integrals depending on parameter, we conclude that (F.f)(y)
is analytic for y > 0. Similarly, (F.g)(y) and (F.h)(y) are analytic for y > 0.
So from (4.10) we have (F.f)(y) = 0, Yy > 0, or (F.g)(y) = 0, Vy > 0, or
(F.h)(y) = 0, Vy > 0. It follows that either f(z) = 0, V& > 0, or g(x) = 0,
Va > 0, or h(z) =0, Yz > 0.

The theorem is proved. O

In the sequel, for simplicity, we define the norm in the space L(R,) by

“+oo
1
M—EJWWM

Theorem 4.4. If f,g and h belong to L(R.), then the following inequality holds
| = (£ g M) < £ gl IA])-
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Proof. From the proof of Theorem 4.2, we obtain

+o00 9 +o0 +oo +o00
[ 1+ tan@lar<? [1rwian [lswlao [ ol
0 0 0 0

Hence
+00
[ 1o m@lar < - /|f Jldar—= /|g |d:c/|2h ).
0
Thus,
| * (£ g M) < I gl A
The proof is complete. O

Theorem 4.5. Let f,g and h be functions in L(Ry). The poly-convolution for
the Fourier cosine integral transforms relates to the known convolutions as follows

() #(f.0.0)(@) = == 0/ (g M+ 2) + (g 5 W)(fu— )] (w)du

Proof. We first prove the equality (i).

By Definition 4.1 we have
+0o0

1 1
#(f,9,h)(z) :E{\/—Q_w/f(u)duo/g(v)[h(m+u+v)+h(!x+u—vmdv

\/ﬂ/f du/ )[h(’l’—u—i-v])+h(\x—u—fu])]dv}_

On the other hand, for any > 0, v > 0 and v > 0,
Az —u+ ) + h(lz —u—v]) = h(|lz — u| +v) + h(||z — u| — v]).
Indeed, for = > u,
h(|z — u| +v) + h(||z — u| —v|) =h(z — u+v) + h(|lz — v —v])
=h(|lz —u+v]) + h(lz —u—v|).
Similarly, for 0 < x < u,
h(|z — u| + v) + h(||z — u| — v|) =h(ju — z + v]) + h(ju — 2 — v])
=h(lx —u—v|) + h(lx — u+v]).
Hence
n

1 o0
(.9 (w) == m/f duo/ 9(0)[hz +u+v) + (e +u — v])]dv
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\/ﬂ/f du/ )[h(|:17—u|—|—v)—|—h(|x—u|—v)]dv}

m/ (95 Wa+2)+ (g 2 W) —al)] S (w)du.

The equality (i) is proved.
We next prove the equality (ii).
From Theorem 4.2, we deduce that

Fo[=(f.9.0)](y) = (Fef) () (Feg) () (Feh)(y), Yy > 0.

On the other hand, using the formula (4.1), we get
Ee[f 3 (9 x WI(y) = (FeN)W)Felg ¢ W(y) = (Ff) () (Feg) (W) (Fh)(y), Yy > 0.

Therefore, *(f,g,h) = f ks (g ; h), and the equality (ii) is proved.
The proof is complete. U

Theorem 4.6. In the space L(R.), the poly-convolution for the Fourier cosine
integral transforms is commutative, associative and distributive.

Proof. We prove that the poly-convolution for the Fourier cosine integral trans-
forms is commutative, i.e.,

#(f,9.h) = *(f, h,9) = *(g, f,h) = (g, h, [) = *(h, f,9) = *(h, g, f).
Indeed,

Fe[ = (f,9,0)](y) =(Fef)(y)(Feg) (Feh)(y) = (Fef)(y) (Feh)(y) (Feg) (y)
=F.(*(f,h,9))(y), Yy >0
implies that
#(f,9,h) = *(f, h,9).
The following equalities are similarly proved.

The associative, distributive properties are similarly proved. O

5. APPLICATION TO SOLVING AN INTEGRAL EQUATION AND A SYSTEM OF
INTEGRAL EQUATIONS
5.1. Consider the integral equation

“+00 +00

(5.1) )+ A / / v)01 (x, u,v)dudv = h(x), x> 0.
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Here )\ is a complex constant, ¢, 1 and h are functions of L(R), f is the unknown
function, and

01 (x, u,v) = %[f($+u4rv)+f(lw+u—vl)+f(|w—U+v|)+f(|w—u—v|)]-

Theorem 5.1. With the condition 1 4+ N(Fop)(y)(Fe0)(y) # 0, Yy € Ry, there
exists a unique solution in L(Ry) of (5.1) which is defined by

f=h—(h X 0).
Here, | € L(Ry) and it is determined by the equation
AFe(e x 4)(y)
(Fel)(y) -

EEESYAE k4 V)(y)

Proof. The equation (5.1) can be rewritten in the form
F@@) +A[* (0., f)(@)] = h(z).
Due to Theorem 4.2,
(Fef)(y) + AMFep) ) (Feb) ) (Fef)(y) = (Feh)(y)-
It follows that
(FeH W) 1+ AFe) ) (Fe) ()] = (Feh)(y)-
Since 1+ A(Fep)(y) (Fet)(y) # 0,

(Ff) () = (Fuh)(y) :

L4+ MFep)(y) (Fep)(y)

Therefore,

AF) (W) (Fe) (y) }
L+ MFep) (y) (Fep) (v)
AF(p ¥ V) (y)

(

IRERYACEED y)]

Due to Wiener-Levi’s theorem [1], there exists a function [ € L(R) such that
AFe(p % 9)(y)

T LR 2 O))

(F.D)(y) =(Fh)(y) |1

— (ER)(y)[1

(Fe)(y)

It follows that

Thus,
f=h—(h x 0).
It is easy to see that f € L(Ry). The theorem is proved. U
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5.2. Consider the system of integral equations

F@) th [T )b, u,v)dudo = h(z),
(52) 400 0 0
Ao [ Os(z,u)n(u)du + g(x) =k(xz), x>0,

0

where
1
0w, u,v) =5— [9(x +u+v) +g(|z +u—v|) + g(|lz —u+v]) + g(lx —u—v])],

O3(z,u) = fly—z—=1) = fly—z+1)+ fly+z—1)) = fly+z+1)],

1
221
©,¥,n, h and k are given functions in L(R;), A\; and Ay are complex constants,
f and ¢ are the unknown functions.

To solve this system we recall the convolution ([11])

+o0o
(¥ 0@ =57= [ F)lay =2 =1) = glly—z-+1)
0

+9(ly+z—1)) —gly+z+1)|dy, z>0,

with the factorization property
Fo(f % 9)(y) = siny(Fuf) (9)(Feg) (v),  Vy > 0.
Theorem 5.2. With the condition
71

1_)‘1)‘2F1C|:(T,%< (10) ;cw] #07 vy>07

there exists a solution in L(Ry) of (5.2) which is defined by
9(y) =k(y) + (L K)(y) = X2(n ¥ 1) (y) = X[ (n ¥ h) x [](y) € L(RS).
Here l € L(Ry) and defined by the equation
71

AMdoFe[(n x o) x v](y)

1-— )\1)\2FC[(’I’}’Z§1 90) Ii_'kc ¢] (y) .

(Fel)(y) =

Proof. System (5.2) can be written in the form
f(l‘) + )\1 [ * (9077/)79)(33)] = h($)7
AQ(nlg £)(@) + g(x) = k(z), z>0.
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Using the factorization property of the poly-convolution (4.2) and the convolution

(77%1 gp) (z) we obtain the linear system of algebraic equations with respect to

(Fef)(y) and (Feg)(y):

(Fcf)(y)+Al(Fc(P)(y)(ch)(y)(ch)( ) = ( )( )
Ao (9) (Esm) () (Fef)(y) + (Feg)(y) = (Fek)(y), y > 0.

Formally, we have
(Feh)(y) = MFe[ * (k, 9, 9)] (v)
L= MAFe[(n% @) » - Yl(y)

(Fek)(y) — /\2Fc(77 >3k h) (y)

1— AlAch[(7f5§1 ) x O)(y)

(Fef)(y) =

(Feg)(y) =

We note that

1 . >\1>\2Fc[(77:j51690) ijc](y) |
1— AlAch[(n%l ) ] Y] (y) 1-— AlAch[(n%1 ) k] Y] (y)

Further, due to Wiener-Levi’s theorem [1], there exists a function [ € L(R ) such
that

AAoF[(n ¥ x )

1= MAoF.[(n %

(Fl)(y) = ;

Therefore,

(Fef)(y) =[1 + (FD) )] [(Fh)(y) — MFe(* (k, ,9)(y)]
=(Feh)(y) + Fe(l ¢ h)(y) = MFel (ko )] (y) = Fe[ * (R, 0, 9) % 1] (y).

Hence
F) = h(y) + (g W) = M [* (ko ) W)] = [* (ko) 2 (v) € L(RY).
We conclude similarly that
(Feg)(y) =[1+ (FD) )] [(Fek)(y) = NaFe[n % 1) ()]
=(Fe)() + Fell % k)(») = MaFe(n % k) (v) = oFel(n % 1) x 1)(v).
Consequently,
9(u) = k() + (1 k) () = X5 1) () = do[(n % 1) % [](w) € L(Ry).

The proof is complete. U
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