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A METHOD OF EXTENDING BY PARAMETER FOR
APPROXIMATE SOLUTIONS OF OPERATOR EQUATIONS

KHUAT VAN NINH

ABSTRACT. A method of extending by parameter has been researched in the
works of V. A. Trenoghin [4]-[6], A. A. Fonarov [1] and Y. L. Gaponenco
[2]. In this paper, the author presents an application of this method for
approximating solutions of operator equations with any growth. Some results
on the existence of solutions of operator equations are derived.

1. ABOUT THE OPERATOR EQUATION A(x) 4+ B(x) = f

Let us consider the equation
(1.1) A(z) + B(z) = f.

Assume that X is a metric space with a distance p(,), Y a Banach space and
A, B are operators mapping from X to Y, f is given in Y. We pose the following
conditions:

I) The operator A maps one-to-one from X onto Y,

1) |[B(z) - B(y)| < LI|A() — A(y)],L = const;z,y € X,

IIT) There exists a number v > 0 such that VA € [0, 1], Vx,y € X, the following
inequality holds

[A(x) = A(y) + A[B(z) = Bw)ll = 7 [[A(z) = A()ll,

IV) p(z,y) < o |A@) — AW)Il, = const, z,y € X.

In view of [5, p. 457] if conditions I) - IV) are satisfied, then equation (1.1)
has a unique solution. Assuming that conditions I) - IV) are satisfied, we take a
minimal natural number N such that

g =max{L/N,L/yN} < 1.
Denote € = 1/N, then equation (1.1) has the form
A(x) + Ne B(z) = f.
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Consider the following system of equations

(A(z) =u
Aq(z) = A(z) +eB(z) = w
(12) Ay(x) = Ai(z) +eB(z) = uy
AN_l(:E) = AN_Q(QE EB(JS) = UN-—-1
kAN(‘T) _AN_l(LE)-i-EB(x) = Uun,
where uy = f.
We prove that the operators A;,i = 1,2,..., N are one-to-one maps from X

onto Y. From condition I), it follows that the operator A is invertible and the
inverse operator A~! of A is a map from Y onto X. To prove the existence of
operator Al_l, we consider the following system of equations

Alz) =u
(1.3) {u—i—sBA_l(U) = u1,

where u; is given in Y. Let v and w, be two any elements of Y and z = A~ (u),
= A~ (w). Using conditions I), III) and IV), we get

pz,27) = p(A (u), A7 (w)) < allu—wll,

|eBA™ (u) —eBA ™ (w)| = ¢ || B(z) — B(z)|
<eL||A(z) — A(x)| = L/N |lu — w|
<qllu—wl,

Therefore, the operator eBA~! is contractive. This means that system (1.3)
has a unique solution and the operator A; is invertible. Further, to prove the
existence of operator A, 1, we consider the equation

(1.4) U1 + €BA1_1(’LL1) = U9,

where uy is given in Y. Let uw and w be two any elements of YV, x = Al_l(u),
x = A7 (w). We have
[eBAT! (u) — eBAT (w)|| = e || B(x) — B(a)|
<eL[|A(z) — Al
< q|lA(z) — A(@) + e[B(z) — B(2)]
= q[lAi(z) = Av(@)]| = qlu—w].
Therefore, the operator &?BAl_1 is contractive and equation (1.4) has a unique

solution. This proves that the operator A, ! exists. In the same way, we prove
that the operators Ai_l; 1 =3,4,...,N — 1 exist and <€BAZ-_1 is contractive with
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the coefficient ¢q. Now we present system (1.2) in the following form

Alz) =wu
u = —eBA Y u) +wy
(1'5) Ul = —€BA1_1(U1) —+ uo
un—g = —eBAY (un—2) +un_1
un—1 = —eBAY (un—1) + f.

The approximate solution of system (1.5) is constructed as follows

ub+) = _eBA T u®) +uY K =0,1,2, ...
I+1 1,0
(1.6) ug ) = —eBA] 1(u§)) + ugp),l =0,1,2,...
ug\T_gl) = —EBA]_Vl_Q(uX;I_)z) + ug\?)_l,m =0,1,2,...
WD = —eBA (Wl )+ fn=0,1,2, ...

From condition I), it follows that there exists an element zy € X such that
A(zg) = 0. Put By(z) = B(x) — B(xo), f1 = f — B(xg), (x € X). It is clear that
equation (1.1) is equivalent to the following equation

A(.’L’) + Bl (1‘) = fl,

where the operator By satisfies conditions IT), I1II) and Bj(xzg) = 0. Therefore
without loss of generality it can be assumed that A(xg) = 0, B(zg) = 0. It can be
assumed that the first approximation in each iteration in (1.6) equals 0 and the
number of steps in each iteration equals s. Assume that (x,u,uq, ug,,uy — 1) is
an exact solution of system (1.5). At first, we assume that the value of A;l(ugs))
is calculated exactly. We have

plas.x) < [ Alw) — Ale) | = o [ul) —ul,

S qs S
o = = 755 7]
©_ e L |,®
(1.7) Hul uy _1_qHu2 ,
s q°
s x| < T 01

ug\sf)_l H . Let us consider the operators

Now we estimate HU§S)H -

Fi(v)=v+eBA7'(v),veY; i=1,2,..,N—1.
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Let v and v’ be two any elements of Y, we denote F;(v) = g, and F;(v’) = ¢g.
Then we have v = F,1(g), v = F, (g,

3 (2

1E7 ) = E @)l = o =

< Lo e [BAT0) - BAT W]

B % (v + eBA (v)) — (v + eBAT (v))|
1

=—lg—gl-
S

Then F, ! satisfies the Lipschitz condition with the coefficient 1/.
We take v = u; and v» = 0. From Fj(u;) = uiy1, F;(0) = 0, we get

1
(1.8) [Juil] < 5 il

Applying this inequality several times, we have

(19) sl < (%)N ]l = (%)N 171l

On the other hand, we have

) + [l

<o

s

(1.10) <

sl + =12 N 2

Combining inequalities (1.8), (1.9) and (1.10), we obtain

1—g¢q

¢ 1 ,
1.11 (2 —1,2,..N —2).
(1) (1542 ) lusal) G )

’LL(S) — Ug

uf? | < ||uf

IA

+ il

S

IN

1
Nwitall + = it
5

From (1.9) and (1.11), we have

O (€ 1 (A -
< |4 = - W, i=1,2,.... N —1.
l—q v/ \v

U;

(1.12) ‘
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We denote

¢ 1 1\ V-1
¢ = max ( +—> <—> Nlfll,i=1,2,..,N =1,
l—q v/ \v
s 1 1\ V-1
€1 = max (q +—> <—> Ifill,i=1,2,...,N—1,,
l—q v/ \v

Therefore, from (1.7), we have
(1.13) Hu<s) - uH <.

Now we evaluate the speed of convergence of iterative processes taking into

account of the error of the calculations of EBAi_l(uES)), (t=1,2,..,N—1). We
consider the following problems:

Problem 1. One step by parameter (N = 1). In this case, the system (1.5) has

the form
uFt) = —BAW®) + f, k=1,2, ..
We have
0 = Hu(s) — uH <6,
(1.14) m = p(zs,x) < adp < ad,

Al =M < ad.

Problem 2. Two steps by parameter (N = 2). In this case, the system (1.5)
has the form

A(z) =ul®
(1.15) ukb+) = _eBA Y w®) +ul) k=12, ..
u&lﬂ) = —EBAl_l(ugl)) +f1=1,2..

0

The value u;’ is calculated with an error ¢, on the other hand, the operator

z—:BAl_l(ugl)) is contractive with the coefficient ¢. Therefore, sBAl_l(ugl)) is cal-
culated with the error gd. The error of an iterative process in the calculation of
u1 equals 0. Then we have

0y = Hu&s) — ulH < 6+ qo,
Ag = p(zs,z) < o+ qo1).
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Problem i. i steps by parameter (N = i)

Alzg) = u®)

wkt) = —eBA T w®) +4)) K =0,1,2,...
(1.16) W — AT W)+ =012, ..

ugﬁrl) = —EBAi__ll(uZ(-i)l) +f, n=0,1,2,..

In this problem, ugs_)l is calculated with the error 1 +do+...+3d;—2. On the other

hand, the operators szAi__ll are contractive with the coefficient g. Therefore,
eBAY (ugs_)l) is calculated with the error ¢(6; + d2 + ... + d;—2). We have

0i—1 = ‘ u,(s_)l - Uz‘—1H <5+ q(01 + 62+ ...0i—2),
N1 = p(l‘s,lﬂ) < ()4(51 + 09 + ... + 5@'—2)-

Using Bellman-Gronwall inequality, we obtain
di—1 < dexp [(i —2)q]

exp[(i —2)g] — 1

A < az dexp [(j — 2)q] = dav lexp(q) — 1]

j=1

Substituting N for ¢ — 1, we have

expl(N -l -1 _ s 1 exp[(N-1)g]—1

lexp(q) — 1] 1—gq [exp(q) —1]

An = p(xs,z) < da

In the general case, we have

1 exp[(N—1)q] -1
1—q lexp(q) —1]

An = p(xs,z) < craq®

From the above obtained results, we have the following theorem:

Theorem 1. Suppose that the operators A and B satisfy conditions I) - IV).
Then there exists a unique solution = of equation (1.1) and that approzimated
solutions of x constructed by formula (1.6) tend to x. Moreover, the speed of the
convergence is estimated by the formula

1 exp[(N—1)q -1
1—q lexp(q) —1]

e 1 1\ N-1-i
€1 = max < —|——> <—> Ifll, i=1,2,..., N —1.
l—q v/ \n

p(as, ) < craq”

)

where
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2. ABOUT THE OPERATOR EQUATION A(z) + B(z)+ C(x) = f
Let us consider the equation

(2.1) A(x) + B(z) + C(x) = f.

2.1. The existence of solution.

Theorem 2. Suppose that the operators A and B satisfy conditions I) - IV).The
operator C' maps from X into Y and satisfies the Lipschitz condition:

1C(z) = C()|| < Kp(x,27),

where 6 = K% < 1. Then the equation (2.1) has a unique solution.

Proof. Let us denote

(2.2) G(z) = A(z) + B(z),Vz € X.

Application of Theorem 1 yields the existence of the inverse operator G, that
maps from Y into X. By taking x = G~1(u),Yu € Y, we see that the equation
(2.2) has the form

(2.3) u+ CG N u) = f.
We show that the operator G~! satisfies the Lipschitz condition. For every
u €Y and w € Y we take x = G~ (u) and 2> = G~ ().
Using conditions III) and IV), we get
p(G7H(w), G™H(w)) = p(z,2)
<alA(z) - A

< % |A(z) — A(2’) + [B(z) — B(2)]|

o
poll [l B
v

Therefore, the operator G~! satisfies the Lipschitz condition with L; = %
We prove that the operator CG~! is contractive. Indeed, we have
lCG (u) — CG ()| < Kp(G™ (), G~ (w)
<K= fu—u|
~

=0|u—uw|.

Hence, the equation (2.3) has a unique solution. This completes the proof. [
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2.2. The approximate solution of equation (2.1). By using the notations
in (2.2) and (2.3), we see that, the equation (2.1) is equivalent to the system of
equations

A(xz) +B(z) =u
(24) {u +COG Y (u) = f.

The system (2.4) is solved approximately as follows:

' Upp1 = —CG Y up) + f, k=0,1,2,...,up = 0.

In this scheme, the equation A(z) + B(z) = u is solved approximately as in
Section 1. The equation u 4+ CG~!(u) = f is solved by method of iteration:

g1 = —CG Y ug) + f,k=0,1,2,...,ug = 0.

Assume that the number of steps in each iteration process equals s. Then the

error €4 of method of iteration is calculated as follows:
98
€5 = .
e

We see that G~1(us) is calculated with the error Ay. On the other hand,
the operator C has the Lipschitz coefficient K, hence, the error of calculation of
iteration (2.5) is KApy.

Therefore, the error 1, of iteration (2.5) is calculated as follows:

98

1-6

(2.6) s =es + KAy = [fII+ KAN.

Let us denote (s = p(xs, ).
Using Theorem 1 and the Lipschitz coefficient of the operator G—1 , we get

o o o
Bs = p(rs,z) < An + Sl = e + (K; +1)An

a 0° 1 exp[(N—1)q] -1
2.7 < — + (0 + 1)caq’® .
(27) S I 64 Deagt = S
In the general case, we get
Bs = p(zs, )
a 0° 1 exp[(N—1)q] -1
< Ifll + (0 + Derag® PN~ 1)

~y1-90 1—q [exp(q) —1]

Thus, we have proved the following theorem:

Theorem 3. Assume that the operators A, B, C satisfy conditions in Theorem
2. Then approximated solution xj, tends to the solution x of equation (2.1) and
the speed of the convergence is calculated by the following formula

65 = p(x& x)
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<
“y1-46

2.3. Some remarks. 1) If A = I, Y = X, and X is a Banach space, then
equation (1.1) has the form:

x+ Bx = f.
Assume that the operator B satisfies condition II)
(2.8) IB(x) = By)ll < Lz —yll, L = const; z,y € X
and condition III) with v =1:
(2.9) [z =y +A[B(x) = Bl = lz =yl , VA € [0,1]; z,y € X.

Then the application of Theorem 1 yields the result of Y. L. Gaponenco [2].

2)If A=1,Y = X, and X is a Banach space, then equation (2.1) has the
form:

x4+ Bx+Czx = f.

Assume that the operator B satisfies conditions (2.8) and (2.9), the operator
C satisfies the following condition:

1C(x) = Cyll <Ol —yll,0 <1; w,yeX.

Then from Theorem 2 and Theorem 3 we get the results in [3].
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