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INTEGRAL TRANSFORMS RELATED TO THE FOURIER
COSINE CONVOLUTION WITH A WEIGHT FUNCTION

NGUYEN THANH HONG AND NGUYEN MINH KHOA

ABSTRACT. We study a new class of integral transforms from L,(R4) to
LyRy), 1 <p<2 pt+q ! =1, related to the Fourier cosine convolu-
tion with a weight function. We obtain necessary and sufficient conditions
under which the new transforms are unitary in L2(Ry). A Plancherel type
theorem and the boundedness of these integral operators are obtained. We
also give several examples of the new transforms kernels.

1. INTRODUCTION

Convolutions and integral transforms of convolution type have been studied
since the last century and have given many useful applications in various fields.
In recent years, based on a constructive method for defining convolutions with a
weight function for arbitrary integral transforms [5], several convolutions with a
weight function have found and studied [5,6,10]. The purpose of this paper is to
propose new integral transforms related to the Fourier cosine convolution with a
weight function [10] and to study their properties.

Let f be a function defined on R. By F, we denote its Fourier cosine transform

2]
(Fef)y) = Felfly) = \/z/f(ac)cosxydw,
0

if fe Li(Ry), and

(Fof)(y) = \/Z;; 7f(3:)8in;ydx,
0

if f € Ly(R4). These two definitions are equivalent if f € Lij(Ry) N La(Ry), and
the integrals are understood as improper integrals. With these notations, the
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convolution of two functions f and ¢ in L;(R4) for the Fourier cosine transform
has been defined in [9] by

(1.1) (f*g)(x F/f g(|lx —u|) + g(x + u)|du, x>0,

which satisfies the factorization equality

(1.2) Ee[f * gl(y) = (Fef)(y)(Feg)(y) Yy > 0.

For f and g € Ly(R.), the definition (1.1) has been proved to be correct and the
Parseval identity holds ( [14])

(1.3) (f * o)z v[/"Ff’ 9)(y) cos zy dy.

Similarly, the convolution with the weight function v(y) = cosy of two functions
f and g in L1 (R4 ) for the Fourier cosine transform has been defined in [10] by

(14) (o)) = 7= [ 1wlate+u+ 1)+ glr —ut1)
0

+g9(Jz+u—1|) +g(lr —u—1|)]du, x > 0.

This convolution satisfies the factorization property

(1.5) F.[f*g)(y) = cosy (F.f)(y)(Feg)(y), y > 0.

In any convolution of two functions f and g, if we fix one function, say g, as
the kernel, and allow the other function f vary in a certain function space, we get
an integral transform of convolution type. The most famous integral transforms
constructed in that way are the Watson transforms which are related to the Mellin
convolution and the Mellin transform.

Recently, several classes of integral transforms related to convolutions and
generalized convolutions have been investigated in [3,7,8,11,12,14,15]. In this
paper, following [3,14], we consider a class of integral transforms related to the
convolutions (1.1) and (1.4). Namely, we study the transforms of the form

m@:(gy_uﬁwﬁj /f k(e +u+ 1) + k(e — ut 1))

=0

(1.6) +kﬂ@+u—1D+kﬂM—u—1Mdu

+ [ F@lkallo = ul) + ha(o + wldu). @ >0,
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where ag = 1,a; € R such that 1/(3°7_ a;jy¥) € Lo(Ry). We obtain necessary
and sufficient conditions on the functions ki, k2 € Lo(R;) ensuring the transfor-
mation (1.6) to be unitary on Lo(R; ), and define the inverse transformation. A
Plancherel type theorem is also obtained. Furthermore, the boundedness of the
transformations (1.6) on L,(R;) for 1 < p < 2 is studied. Finally, we present
several examples of these transformations kernels.

2. A WATSON TYPE THEOREM

Lemma 2.1. Let f,g € Lo(Ry). Then the Parseval formula

1) /f(U)[g(w+u+ D+g(lz —u+1) +g9(|z +u—1]) + g(|z — v —1])]du
’ 0

=2V2rF,.[ cos y(F.f)(y)(Feg)(v)] (x), 2 > 0,
holds.

Proof. Since f,g € La(R;), we have fg € Lyo(R4). Since the Fourier cosine
transform is isomorphic from La(R4 ) onto itself (Theorem 50, p. 70 in [13]) and
cosy is bounded, we have cosy(F.f)(y)(Feg)(y) belongs to La2(R;). Using the
formula (see formula 1.1.3 in [4])

22)  Flb(w)cosal(y) = = [(Fh)u-+1) + F)(y ~ D). he Lo(Ry).

and the Parseval identity (1.3) for the Fourier cosine convolution on Lo(R4 ), we
have

2V21 F.[cos y(Fe ) (y) (Feg) (v)] () =221 F. [ cosyF.[f * g](y)] (x)
:2((f xg)(x+ 1)+ (fxg)(x — 1))

From the above identity, we obtain the relation (2.1). It also shows the existence
of the convolution (1.4) for f,g € La(Ry). The proof is complete. O

Theorem 2.2. Let ki, ks € La(Ry) and ag = 1,a; € R such that 1/(

J

ajy¥) €
0

n
Ly(Ry). Then the condition

1

(2.3) [2cosy(Fek1)(y) + (Feka)(y)| = ————
\/ﬂ ;)aijj

s necessary and sufficient to ensure that the integral transform f v+ g:
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3

. dQJ ¥
(-1 ajdl‘2j /f k:1 (t+u+1)+k(Jz —u+1])

0
+k1(]x+u—1\)+k1(|x—u—1])]du

+ [ Flka(le — ul) + oo+ wldu). @ >0,
0

is unitary on Lo(R4). Reciprocally,
(2.5)

n ' 2 ©0
£ = (D1 Ya; o) ( /g (+u+ 1)+ Elle —u+ 1))
0

YRz tu— 1))+ Ei (| —u— 1\)}du

_l’_

/g Rl — ul) + Fafu+ 2)]du), 2> 0.
0

The integrals are understood in mean.

Proof. Necessity It is Well known that h(y), yh(y), y?h(y) € L2(R) if and only
if (Fh)(z), £(Fh)(z), & “(Fh)(z) € Ly(R) (Theorem 68, [13]). Moreover,

d2

(2.6 TS (Fh)(@) = F(=iy)*h(y) (2).

n -
In particular, if h is an even function such that ( Y a;4%)h(y) € La(Ry), the
=0

following equality holds

n

(2.7 (i Yoy ) (Ema) = (3 ) hiw)] @)

J=0

Suppose that the functions ki, k2 € Lo(Ry) satisfy condition (2.3). Using
Lemma 2.1 and the factorization equalities for the convolutions (1.5), (1.2), we
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have

9(x) =( D=1V a7 ) Fe[ 227 cos y(Fk) () (Fef ) )

+V2(Foka) () (Fe ) ()| ()

Za]y 2cosy (Fek1)(y) + (Fckg)(y))(Fcf)(y) (z).

Condition (2.3) shows that \/%(zn:o a;y*) (2 cosy(Fekr)(y)+(Feka) (y)) (Fef)(y) €
=

Lo(R4). Therefore, g also belongs to Lo(R4). Furthermore, by virtue of the Par-
seval identity for the Fourier cosine transform, ||f|lz,r.) = [IFefllr,m®,), and
from condition (2.3), we get

La(R4)

9l zay =[[V2r (3 ajy™) [2cos y(Fuk) () + (Foki2) ()] (Fuf) ()
j=0
=[Fefllrome) = 1fllLa@s)-

It shows that the transformation (2.4) is unitary.
Besides, since \/27r( > aijj) (2 cosy(Feki)(y) + (Fckg)(y))(Fcf)(y) € Ly(Ry),
=0

we have

(Feg) Zaay (2 cosy(Fekr)(y) + (Feka)(y)) (Fef)(y)-

Therefore, (Fof)(y) = v/2( Z a;y™) (2cosy(Fekr) (y) + (Feka) (y)) (Feg) (1)
Again, condltlon (2.3) shows that

V2r( Z ajy™) (2 cosy(Fek1)(y) + (Fek2)(y)) (Feg)(y) belongs to La(Ry). Then
formula (2 7) yields

fl Zajy (2cosy(Fek1)(y) + (Feka)(y) (Feg) (y)] ()

n 27
=(Z<—1>jajdi;) L [2VR cos y(F) () (Fog) (o) +V I (Foo) () (Feg) ()] 2.

=0
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Using formula (2.7) and Lemma 2.1, we have

:(i(—l)jajj;;> (/9(“) [E1($+u+ 1)+ ki(Je —u+1])
=0

0
FE(z+u—1]) +Ey(|z —u— 1|)}du

/ ) [k2 |x—u\)+k2(u+x)]du>, x> 0.
0

Therefore the transformation (2.4) is unitary on Lo(R4) and the inverse trans-
formation is defined by (2.5).

Sufficiency. Suppose that the transform (2.4) is unitary on Ry. Then the iso-
metric property on La(R.) of the Fourier cosine transform || f|| 7,z )= | Fef| Lo (r})
yields

1911 () =I1V27 (D ajy )2 cos y(Fek) (y) + (Fek2) I (Fef)®) | Lz

=0
=[Fefllromy) = 1fllLo@y)-

Here, k1, ko are in Lo(R ).
Therefore, the multiplication operator Mpy|-] with

Zajy (2 cosy(Fek)(y) + (Foka) (y)]

is unitary on Lo(Ry ). This is equivalent to |#(y)| =1 on Ry. Namely,
[Var Zajy [2cosy(Fokn)(y) + (Fek2) ()]| = 1, ¥y > 0.

It shows that k; and ko satisfy (2.3). The proof of Theorem 2.2 is completed. [
n .
We note that the condition 1/(3 a;jy?) € Lo(R%) is satisfied, if P(z) =
5=0

n .
>~ ajy? has no real zero.
=0
We now show the existence of functions k; and ks satisfying condition (2.3). Let
n

aj,j = 1,...,n be real numbers such that the polynomial ) aijj has no real
j=0
zero, and hy, ho € Lo(Ry) satisfy the following identity

(2.8) (Fuhn) (4) (Foha) (9)] = L
(1 + cos?y) ;) a
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The existence of functions hy,hy satisfying (2.8) is always guaranteed.
For instance, we can take

hi(z) =F, e (2),
L{(1 + cos?y) ZayQJ} |
[ WQ(y)
ho(x) =F. g (x),
L{(1 + cos?y Z a;y%}” ]

where vy, vy are arbitrary real-valued functions defined on R, «, 8 are positive
numbers such that o« + 8 = 1.
Put

1 ~ 1

ki(z) = ﬁ(hl*hg)(x), ka(x) = E(hl * ha)(z).

One can easily prove that ki, ks € Lao(R4). Moreover

|2 cosy(Fek1)(y) + (Fek2)(y)| = cos” y(Feh1)(y)(Feha)(y)

2
22
+ V%wchl)(y)(mz)(y)

(Fehn) (y)(Feh2) (9)](1 + cos® y)
1

==
VIT Y a4y
j=0

1
_\/27r|

Thus k; and ko satisfy condition (2.3).

3. A PLANCHEREL TYPE THEOREM

Theorem 3.1. Let ki and ky be twice differentiable functions in Lao(Ry)
n d%
satisfying condition (2.3) and suppose that Ki(x) = ( ZO( l)Ja]d 5 )k:l( ) and
]:
n . d2j
Ky(z) = (Z(—l)ﬂajﬁ>k2(:c) are locally bounded. Let f € La(Ry), and for
=0 v
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each positive integer N, put
(3.1)

N
(@) :/f(u)[Kl(x Fut D)+ Ki(z—ut 1)) + Ky (|2 +u— 1))
0

N
+ Ky (o — u— 1)du + /f(u)[KQ(Lr — ) + Koz + w)du, 7> 0.
0

Then
1) gy € Lo(Ry) and, as N — oo, gy converges in Lo(Ry) to a function

g € Lo(Ry). Moreover, [|gll,r,) = [IfllLor,)-
2) Reciprocally,

In(@) = [ g() |Ki(e+u+ 1)+ Ko —u+ 1)

(3.2) +E(|x+u—1|)+K(|x—u—1\)]du

+ [ g()[K2(Jx — u]) + Ko(u + z)]du, x > 0,

belongs to La(Ry) and converges in La(Ry) to f as N — oo.

Remark 3.2. Due to the definitions of gn and fy, the integrals (3.1) and (3.2)
are over finite intervals and therefore converge.

Proof of Theorem 3.1. Put fV = J-X(0;n)- Changing variables, we have
an(@) = [ Kalw) [P+t 1)+ (-t 1)
0
N u = 1) + (o = u = 1) du

T / Ko)[f(Jz - ul) + £z + u))du
0

(W) ([ B[ b ut )+ (e~ s 1)

j=0 0
V(= 1)+ (e = 1) du

+ / o (@)Y (2 — ul) + £ (2 + u)]du).

0



INTEGRAL TRANSFORMS RELATED TO THE FOURIER COSINE CONVOLUTION 435

It is legitimate to interchange the order of integration and differentiation since the
integrals are actually over finite intervals. Again, changing variables, we obtain

= (L) ([ @ikt +us 1)+ ket 1)
J=0 0

N
+ki(lz4+u—1) + N (lz —u — 1])] du+/f ka2 (] x—u|)—|—k2(m+u)]du)
0

From this and in view of Theorem 2.2, we conclude that gy € Lo(Ry). Let g be
the image of f under the transformation (2.4). Then Theorem 2.2 implies that
g € La(Ry) and [|gllz,w,) = [IfllLy®,)- Furthermore, the reciprocal formula
(2.5) holds. We have

2l (Z A Jd 2J)(/(f—fN)(U)[kl(l‘—l-u—i-l)—l-k‘l(\:v—u—i—ﬂ)
Jj=0 0
+k1(|z +u—1]) + ki (Jo — u —1])]du
+ [ = kel — ul) + (o -+ wld).

0

Again by Theorem 2.2, g — gy € Lo(R4) and

lg = gnlla@sy = 1 = YV |y

Since || f — fN|]L2(R+) — o0 as N — o0, gy converges in La(Ry) to g as N — oo.
The second part of the theorem can be similarly proved. (]

Remark 3.3. Theorem 2.2 and Theorem 3.1 show that the integral transform
(2.4) is unitary in L2(Ry) and the inverse transform is defined by formula (2.5).
Moreover, integral operators (2.4) and (2.5) can be approximated in the Ly(R4)
norm by operators (3.1) and (3.2), respectively.

If we assume in addition that

n 2j n 2]
K@) = (Y (1P k) and Ko(w) = (-1 0 kate)

7=0 7=0
are bounded on Ry, then the transformation (2.4) is a bounded operator from
L]_ (R+) to LOO(R+)
On the other hand, Theorem 3.1 shows that the transformation (2.4) is bounded
on Ly(R;). Then Riesz’s interpolation theorem yields the following result.

Theorem 3.4. Let ki, ko satisfy condition (2.3) and suppose that Ki(x) and
Ky (x), defined as in Theorem 2, are bounded on Ry. Let 1 < p < 2 and q be its
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conjugate exponent, i.e. % + é = 1. Then the transformation
(3.3)
N

f(z) — g(z) = hm /f K (z+u+1)+ Ki(le—u+1) + Ki(Jz+u—1])

0
N

+ Ki(|lz —u—1])]du + /f(u)[Kg(]x —ul) + Ka(x + u)]du),

is a bounded operator from L,(Ry) into Ly(Ry). Here the limits are understood
in the Ly(Ry) norm.

4. EXAMPLES

We now present some examples of the kernels kq, ko satisfying condition (2.3),
and hence, the corresponding transforms (2.4).

Example 4.1. Let

COS Sin2
(4‘1) (Fckl)(y) = Wli—y% ) (F kz)( ) m

It is obvious that k; and ko defined by (4.1) satisfy condition (2.3). Moreover,

cosy
(o) =E Y,
(@) =F et @)
+oo
1 cos y cos(zy)
27 14 y?
0
+oo
1 cos(z + 1)y + cos(z — 1)

T 4r 1+ 2
0

ydy.

In view of formula (1.4.1) from [4], we get

(4.2) b (2) = %(e + é)e—x.

On the other hand,

+oo

B sin?y 1 sin? y cos(xy)
k() —Fc{\/w] (z) = g / Tygdy

+00
1 [ 2cos(zy) — cos(x + 2)y — cos(x — 2)y

T 4r 1+ 2
0

dy.
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Again, using formula (1.4.1) from [4], we have

[4
1
2

(4.3) ko(z)=-(2—e 2 —e?)e ™.

Example 4.2. Let

1 18iny
4.4 F.k =— F.k = ——
1
It is clear that |2 cosy(F_ .k + (Fok = ———— . Moreover, formula
2cosy(Fek1)(y) + (Feka)(y)] NN

(1.2.11) in [4] yields

1 7 e ¥

o 4

0
Using formula (2.2.14) in [4], we have

o0 oo

z/smycosxy B /sm (x+ 1)y —sin(x—l)yd
T 1+ y2 T om 1+ y2 Y
0 0
:4L (e 'Fi(x +1) — "M Bi(—z — 1) — e "' Ei(z + 1) + " 'Bi(—z + 1)),
T
here Ei is the integral exponential [1,4].
Example 4.3. Let
1siny cos 2y
45 Fuky il Fko)(y) = —2Y
4 R = Gt Rk =
1
Obviously, |2 cosy(F .k + (Fek = ——— . Moreover,
Y; [2cosy(Fek1)(y) + (Feka)(y)] NZRERE)

ki(z) = ﬁ{e*xflﬁ(aﬁ +1) — "M EBi(—2 — 1)

e " HEi(z +1) + " ' Bi(—x + 1)},

and
1 [ cos? 2) 2
() _/cos ycosxy /cos (x4 2)y +cos(z —2)y (e 1 e?)e7,
m 1492 1+y?
0 0

Example 4.4. Now we consider a generalization of Example 4.1. Let

sin? y

/2m (a2 + yz)n+1'

cosy

(4.6)  (Fek)(y) = 5 N R

and (Fko)(y) =




438 N. T. HONG AND N. M. KHOA

One can easily see that ki, ko defined by (4.6) satisfy condition (2.3). Moreover,

+oo
cosy 1 cos y cos(xy)
1) 22T (2 + a2)ntH () o | (4% + a2)ntl
0
+oo

1 / cos(x + 1)y + cos(z + 1)y
_471' (yQ + a2)n+1
0

Using formula (1.2.28) from [4], we obtain
(4.7)

T n [ e—(z+1)vz T n o—(z—1)Vz
b (2) = ((1)" « £ (\/E> 1) x ddzn(\/z)>‘ .

Similarly,

sin?y
V2r(a? 4 y?)ntl

—+o00

1 2 cos(zy) — cos(x + 2)y — cos(z — 2)y
—4ﬂ- ((12 + yQ)n-‘rl
0

ko () :Fc[ } ()

dy.

The formula (1.2.28) from [4] again gives us

N I Ve
e ()~ (A g < ()
2.nl  dznt z 2.n!  dz Vz

P e

7><7 S —
2.n!  dz NE )

(48)  ka(x) =(2(-1)"

z=a?

Example 4.5. Finally, let k1 and ko be functions in Lo(R) defined by

sin? y

V27 (x2n 4 a2n) )

cosy

B 2¢/2m (22 + a2n)’

(4.9) (Fek1)(y) (Feka)(y) =

It is obvious that ki, k2 defined by (4.9) satisfy condition (2.3)
Since kj and ko are functions in La(Ry ), we have

() = Fc[ cosy }@U 1 70(308(37 + 1)y + cos(z — 1)ydy.

2427 (22" + a?n) 4w ) x4 20
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Using formula (1.3.29) from [4], we obtain

(4.10)
1 . _(2k— D7
k1($) = Sna%l{ [ZGXP [ — CL(.T + ].) Sln(2n):|
k=1
. (2k—-Dm (2k — 1)m
X sin [72n + a(z + 1) cos BT T H
- 2k =D, . (2k—1Dm (2k — )7
—i—;exp [ —a(z —1)sin 5, ] sin | o +a(x — 1) cos T] .
Similarily,
sin? y
k =F,
2(7) [ o (a2 1 a2n)] (z)
+o0
1 / 2cos(zy) — cos(z + 2)y — cos(z — 2)yd
“ar a4 2 v
0
Hence, using formula (1.3.29) in [4], we have
(4.11)
- 2z —D7m, . (2k—1)7 (2k — )7
ka(x) = kzzlexp [ — azsin 771] X sin [T +a(x — 1) cos T]
—;exp [ - a(x+2)sin(2k_n1)7r] X sin [W +a(m+2)cos(2kz_n1)7r]
. . (2k—1m, . (2k—1)x (2k — 1)
_;exp [—a(x—Q)smT] X sin [? +a(:c—2)cosT].

We note that the results of this work can be applied to solving some convolution
type equations in closed form such as in [7,8,10-12].
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