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THE PROPERTIES () AND (DN) OF SPACES
OF ENTIRE FUNCTIONS OF BOUNDED TYPE

LE MAU HAI, NGUYEN VAN KHUE, AND NGUYEN HA THANH

ABSTRACT. The first goal of this paper is to establish properties (©2) and
(DN) for spaces of entire functions of bounded type on (DF)-spaces. Next
we show the connection between the property (DN) fulfilled on H(E;) and
the existence of a non-pluripolar compact set in E; under the assumption
that E is a Frechet-Montel space.

1. INTRODUCTION

Let E be a Frechet space with a fundamental system of semi-norms
{Il - lx} defining the topology of E. For each subset B of E define

-1l B — [0, +oc]

given by
HuHB = sup{|u(x)| : z € B}

where u € E’, the topological dual space of E.
Instead of H . ||*U we write H . H: where
q
U, = {x cE: x|, < 1}.

Using the above notations we consider the following property of E:

(DN) 3p ¥g 3k,C > 0,d >0 ||, < Cllalle]|, = € E,

L <
< Clalle)|f, @ € E,

*14+d * *d
lull; ™ < Cllullgllull;7 vue B

(DN) 3pVgq,d>03k,C >0: ||z
(Q) Vp dq Yk 3d,C >0 :
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The above properties were introduced and investigated by Vogt (see [14],
[15], [16]). In the case E has property (DN) (resp. (DIN)) the semi-norm
p in the above definition is a norm on E and is called to be a (DN )-norm
(resp. a (DN )-norm)

For a complex locally convex space E let H(E) denote the vector space
of all entire functions on F, i.e. of all continuous complex-valued functions
on F which are Gateaux-holomorphic.

An entire function f : £ — C is said to be of bounded type if f is
bounded on every bounded subset of E. By Hy(E) we denote the vector
space of all entire functions of bounded type on E. It is endowed with the
topology 7, of uniform convergence on bounded subsets. It is known [9]
that if F is a bornological (DF')-space then (Hy(F), 7,) is a Frechet space.

In [7] Meise and Vogt investigated the properties (DN) and (Q2) for
Hy(E}) in the case where E is a nuclear Frechet space having the property
(DN) (respectively (€2)).

The first aim of this paper is to establish the property (£2) for Hy(E})
in the case F is a non-nuclear Frechet space. We prove the following

Theorem A. Let E be a Frechet space having the property (2). Then
Hy(E}) also has the property (Q) if one of the following holds

(i) E is Hilbertisable,

(ii) E is a Montel space with an absolute basis.

Next we establish the property (D) by the following theorem.

Theorem B. Let E be a Frechet space such that E has property (DN)
and E; has an absolute basis. Then Hy(B&:E}) has property (DN) for
every Banach space B.

Another characterization of a nuclear Frechet space E having property
(DN) has been established by Dineen-Meise-Vogt. In [3] they have proved
that a nuclear Frechet space E has property (DN) if and only if there
exists a non-pluripolar bounded set B in Ej. Here a subset B of a locally
convex space F is said to be pluripolar if there exists a plurisubharmonic
function ¢ on F, ¢ # —oo such that

BcCc{z€E:p(x)=—x}.
The second section of the paper is devoted to the relation between

property (DN) of Hy(E}) and the existence of a non-pluripolar compact
subset in E; in the case E is not assumed to be nuclear.
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2. THE PROPERTIES ({2) AND (DN)

To prove Theorem A we need some auxiliary lemmas.

Lemma 2.1. Let E be a Hilbert-Frechet space having property (). Then
there exists an index set I such that Ej is a subspace of (*(I)®ys', where
s s the space of rapidly decreasing sequences.

Proof. By the hypothesis and [8] E is quasi-normable. Let {[| - ||} be
a system of Hilbert semi-norms defining the topology of E and satisfying
the condition: Vk > 1 Ve > 0 9 a bounded set M; C E such that

Uky1 C My + €Uy

(i) Let us consider the exact sequence of Palamodov [10]

(1) oHELHEkLHEkﬁo
E>1 E>1

where

q(k) = (Tht1,6Ths1 — Tk,
e(z) = (wi),
Ttk © Erp1 — Bk,
wg : EF— Ey

are the canonical maps and Ej, are Hilbert spaces associated to || - ||x. Now
we prove that every bounded set in [[ Ej is an image of a bounded set
k>1
in [[ Ej under g. Indeed, by virtue of [10] it is enough to check that for
k>1
any index set I the space (*°(I, F) is dense in ¢°°(I, Ex41) with respect
to the norm of ¢*°(I, E},).
Given o € (*°(I, Ex+1) and € > 0. Choose a bounded set M, in E such
that

—Up.

Uk41 C M1 +
lo][k+1

t

Since { H UH( ) 't e I} C Uk41, it implies that there exists § € £>°(I, E)
Ollk+1

such that

I 70, < 77

+1 ko lollk
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for t € I. Put y(t) = ||lo|lk+16(t) € £°(1, E). Then we have || —v||x < €.
(ii) Adapting [14] we put

F={o= (o e [[ B a2 =3 o] < +o0).
k=1

k>1

For each k let Fj be the topological complement of Ej in F, ie. F =
Ej @ Fy. Taking the direct sum of the resolution (1) above with the exact
sequence
0—0— [[F -] F—0
k>1 k>1

we get an exact sequence
0—E-—FN_9, pN__ g

in which every bounded set in FN is an image of a bounded set in FN
under the map ¢. Using the same argument as in [14] we infer that F is
isomorphic to a quotient space of £2(1 )@Ws for some index I and s such
that every bounded set in F is an image of a bounded set in £2(I)®ys. It
follows that E; is isomorphic to a subspace of [EQ(I)(X\)#s}; = 2()®@y,s'.
The lemma is proved.

Lemma 2.2. Let B be a Banach space. Then Hy(B®,s') has property
(€2).

Proof. Let {ej }j>1 be the canonical basis of s and {e;f }j>1 the basis of

ei({6)2) =&

s’ given by

for every & = {ﬁj }joil € s.
Since Heij = 4P, it is easy to check that the topology of Hj (B@Ws/)
defined by the system of semi-norms {|| - || |P}p>1 given by

1Ay =swp {p" 3" [Puf(wmn@ey o sun @€ )|Gr o)

J1sejn>1

ULy ..., Uy, € W, nZO}
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where W is the unit ball of B,

flw) =" Pof(w)
n=0

with
o0
w = Zuk R v € B@WS/
k=1
is the Taylor expansion of f at 0 € BR,s',
1 f(tw)

Pnf(UJ) = 2_7'("1, t"+1 dt

lt|=p

251

and Fn\f is the continuous symmetric n-linear map associated to P, f.

Put

Vy={f € (B I, < 1}

By [15] in order to prove H,, (B@T,s’ ) has property (2) it suffices to show

1
(x)VpIdg>pVkId>0:V, c riV, + =V, forall r > 0.
q S P

Now let p > 1, choose ¢ > ep and take k > 0. Obviously (*) holds for

O<r<landd>0.Let f€V,and r > 1. We have

13 2t

p

Ssup{p” Z }]ggf(ul®e;,...,un®e;n)|(j1... ]

jla"'mjnzl

ULy enn Uy €W, nzN}

Ssup{(ﬂz)nqn So Pf(m@el,. . un@el)| (-

q rrdn>1

ULy . nn Uy €W, nzN}

)
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if N = [logr] + 1.
For each positive integer s > 0

Ps(Zuk@)vk) =

Z Z Z F,;C(ukl®e;fl,...,ukn®e;’7n)vk1(ejl)...vkn(ejn)

0sn<N-—-1ki,..kn>1j1...Jn<s

and

Qs<zuk®vk) =

k>1

> > ST Paf(u, @€, un, ® el )k, (eh,) - v, (e5,)

0<N<N—1ky,...kn>1j1...0n>s

It is easy to see that Ps and Qs are defined correctly because if > ux ® vy,
k>1

= Z T ® yr then
E>1

ka(ej)uk = Zyk(ej)wk for all j > 1.
k=1 k=1

We have

p\" n|p 1 * *
}HQsH’p:sup{(g) Z q ‘Pnf(ul®ej1,...,un®ejn)|><

J1---Jn>8

. .n)q(jl---jn)p_qZOSTLSN, U ... Uy GW}

—~
<.
=
<

if r = 5. At the same time,

1111, =

k " D 7 . . . . _
SuP{(E) Z qn‘Pnf(u1®e;kl77un®€;n)|(j1jn)q(jljn)k q .

Jl]ngs

kAN-1 p
OgngN—l,ul,...,UREW}§<—) I < p
q
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if (N —1)k+ klogs < dlogr or klogr+ klogr < dlogr or d > 2k. Hence

2
f:PS‘FQs‘f’ZPnfETde—’—;V%"
n>N

The lemma is proved. [

Lemma 2.3. Let E be a Frechet-Montel space with an absolute basis.
Then for every continuous semi-norm p on Ej there exists a continuous
semi-norm p1 > p on Ej such that the canonical map

Worp t (By) ,, — (B),
can be factorized through the space £°°.

Proof. Since E has an absolute basis, it follows that F is the Koéthe space

A(A) for some matrix A = (ij,k)j oy

A(A) = {x = (zj) €ew: Z \zjlajr < +ooV k> 1}.

Jj=1

Given p a continuous semi-norm on E; = A’(A). By [13] we can assume
that p is of the form

p(u) = sup{‘ ijuj‘ : (z5) € B}

Jj=1

for u = (uj)j>1 € AN'(A), where B is a bounded set in A(A) of the form

B= {(xj) eAA) Y ol < 1}

i>1

for some sequence of positive numbers ()\j>j>1'
Since Fj is Schwartz we can find a continuous semi-norm p; > p on E}
such that the canonical map 7,,, : A'(4),, — A’(A), is compact. Again
we can assume that p; is defined by a bounded subset By of A(A) of the

form as B:
B = {(xj) eAA): Y Jz;Al < 1}

J=1
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and B C B;.
1
The compactness of 7,,, yields lim — = 0. Define the continuous

linear maps

T : N(A), — =,
S 0= — (AA)[B))

T((uj)) = <%> for (uj;) € A'(A),,

and
S((Uj)) = ()\312)]) for ('Uj) € L.

From the equality lim )\—J = 0 we infer that ImS C A’(A4),. Obviously
J—00 Aj
™= SoT O

Proof of Theorem A.

(i) By Lemma 2.1 E} is a subspace of (*(I)®,s’. Since s’ is nu-
clear, it follows that ¢2(I)®,s" has a fundamental system of Hilbert semi-
norms. Combining this together with the fact that every entire function of
bounded type on a (DF)-space can be factorized through a Banach space
[4] we infer that the restriction map

R: Hy(*(I)®rs") — Hy(Ep)

is surjective. From the Lemma 2.2 we deduce that H,(E}) has property

(ii) Since E has property (), by [14] E is a quotient space of B®,s,
where B is a Banach space. Let Q : B®,s — E be the projection.
By the Monteless of E every bounded set of E is an image of a bounded
set of B®,s under the map Q. Hence E} is a subspace of (B@Trs); =
B'®,s'. As in (i) every entire function of bounded type on E; can be
factorized through (E,’))p for some continuous semi-norm p on E; and by
using Lemma 2.3 it implies that Hy(E}) is a quotient space of Hy(B'®,s').
By Lemma 2.2 this yields that Hy(E;) has property (). O
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Proof of Theorem B.

Assume that E is a Frechet space having property (DN) and Ej has
an absolute basis {e;‘f};il and B a Banach space. Choose p > 1 such that

1
(2) Vq 3k,C.d>0Vr>0:U) QCrdU,?Jr;Ug.
(i) From (2) we have

I2llg = sup {J2(u)| - w e UF}
< sup{|z(0rdv—|— %w)| v e U, we Ug}
< C'rdsup{]z(v)\ tvE U,S} + %Sup{|z(w)| tw € Ug}

1
< Crz|lx + =|z|lp for all z € (E”, B(E", E")), Vr >0,
r

and by [17] we infer that (E”, 3(E", E’)) has property (DN).
(ii) Choose an index set I such that B is quotient space of £(I). Since

B&Ey = {(2) 5,

x; € B, Z |z]|p(e}) < +oo for all continuous semi-norms p on E{)}
Jjz1

it follows that H,(B®,E}) is a subspace of Hy,(¢*(I)®FE;). Thus it re-
mains to shows that H, (¢'(I)®,E}) has property (DN).
(iii) Since £1(I)®, E; = (*(I, E}) it follows that

(BB = {2 = (i) : (i,4) € I XN, ti5 € C,
Z [tij|p(e]) < +oc for all continuous semi-norms p on Eé}
i

For each k£ > 1, put

F) = {2 = (ts)scryon * 2l = D Il Iy < o0}

j=21
iel
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where
les 1l = sup {le; )] : N1l < 1, ¢ € E}.

Since {e}‘ }j>1 is an absolute basis of Ej it implies that for every bounded

set A in ¢*(I)®,E} there exist k > 1 such that A is contained and bounded
in F(k). Otherwise, for every k there exists zF = (¢F € A such

Zj)jZl,iGI
that
125N, = D_ 1t

j=21
i€l

*||*
€; k—+oo.

Hence, for each k£ we can find ui} € U, Jr C N, I, C I are finite such that
N :
Z |tz’j| |€;(Ui;)| > k.
jeJ iel},

Put M = {u] : k > 1,j € J} and consider the semi-norm py; on Ej
induced by M. Since A C ¢*(I)®,Ej is bounded, it implies that for every
z = (tij)j>1 er © A we have

> tijlen(e]) < C.
j>1el

However, this is impossible by choosing {2*} C A. Hence H,(¢*(I)®,E})
is a subspace of h}?l proj Hy(F'(k)).

(iv) Put
M = {a : IxN — N : o(i, j) # 0 only for finitely many (i, j) € I x N}.

For o € M and z = (¢;5), t;; € C,i €1, j € N put
o’ = HUZ(,;")J)’ ol = Ha(i,j)!,
5 ,J
o] = > alig), 27 =T[5,
,J

.7

where the usual convention 0! = 1 and 0 is defined to be 1. By a modifi-
cation of Ryan [11] it follows that the topology of lillgn proj Hy(F(k)) can

be defined by the system of semi-norms {||| e, k)} given by
1

r>0,k>

\aa(f)la"r“"bf
(3) |H'f|H(r,k) = Sup{ |o[le] " ioe M}
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where

(Y e

1\ o (4,§)#£0
a,(f) = (—) _ dA,
2 o(i,7)+1
" e TPJ
€
d\ = HdAi’j’ {di}iel is the canonical basis of £*(I).
,J

(v) Since (E”, B(E", E")) has property (DN) we can choose p > 1 such
that

(4) Vg 3k,C,d > 0 : H-H1+d<C’H Hk H H on E”.

Let {ej}j>1 be the coefficient functional sequence associated to a basis
{e;}. Since {e;}jzl is an absolute basis, it follows that {e; }jzl C E”
and

1
leslly, = 1 = bii-

ez 1

Now applying (4) for {e; }321 we get
(5) blHj'flJ < Cb k- bﬁjm for every i, j.

From (3), (5) we have
14d |ag (f)lo7r!71b7 Lt+d
5117 = sup { = =+ o e M}

d
< sup {Maa,ﬂwuw)@ﬂbgk o M} sup { Iaa(f)lggbg e M}

jor[l°] ol =P
d
= 1AWl ccrivam 1110

for f € lim proj Hy(F'(k)). Consequently, lim proj Hy(F(k)) has property
(DN). Theorem B is proved. [

3. THE PROPERTY (DN) AND PLURIPOLAR SETS

In this section we establish the relation between the property (D) on
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a Frechet space and the existence of pluripolar sets on its strongly dual
space Ej. This result has been shown earlier by Dineen-Meise-Vogt [3] in
the case F is nuclear. Here we have

Theorem 3.1. Let E be a Frechet-Montel space such that E; has an
absolute basis. Then the following are equivalent

(i) E has property (DN),

(ii) H(E}) has property (DN),

(iii) B} contains a non-pluripolar compact set.
Proof. (i) < (ii) follows from the fact that E is a subspace of H(E}) and
by the Theorem B. (iii) = (i) follows from [3], where as (ii) = (iii) is an

immediate consequence of the following result.

Proposition 3.2. Let E be a Frechet-Montel space having the approxi-
mation property. If H(E}) has property (DN), then Ej contains a non-
pluripolar compact set.

Proof. Since H(E}) has property (DN), there exists a compact set B in
E; satisfying property (DN) on H(Ej) such that

1+d d
Vg 3k, Cod >0 |- [ < -, - I

where {|- |l }q>1 is the fundamental system of semi-norms on H(E}) given

by
|olly = sup {|a(z)| 12 € Ug}, o€ H(Ey),

and {Uq}q>1 is a neighbourhood basis of 0 € E, U} is a polar of U,,.
We shall prove that B is not pluripolar. If B is pluripolar, we can find
a plurisubharmonic function ¢ on E; such that
¢ #—oo and |y = —0o0.
Consider the Hartogs domain Q, C E} x C defined by

0, = {(Z,)\) cE,xC: |\ < e—W)}.

Note that €2, is pseudoconvex in E; x C. Since E; and hence E; x C
has the approximation property, there exists f € H(,) such that Q,, is
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the domain of existence of f [12]. Write the Hartogs expansion of f at
(0,0) € Q, as

F(z,0) =D ha(2)A" for (2,X) € Q,
n=0
where ) F2N)
z
= ; >
hn(2) 57 / N d\, n>0

|)\|:%e*</’(z)

Since ¢ is upper semi-continuous, h,, is holomorphic on Ej for each n > 0.

On the other hand, since ¢| = —oo it follows that the series »_ h,(2)A"

n=0
converges to f uniformly on K x rA for all 7 > 0, where A = {z : |2| < 1}
and K is an arbitrary compact set in B. Hence

) 1
nh_)n;o sup Elog thHB = —00.

Let ¢ > 1. Choose k, C', d > 0 such that

1+d
q

d
rall,™ < CllallllBnll5, V= 1.

These inequalities imply that

liinsup 1+ dlog thHq <logC + liinsup %lothnHk + ligbnsup %log”hnHB

n
= —OQ.

Hence, the series Y h,(2)A™ converges uniformly on every compact set in
n>0
E; xC. Since €2, is the domain of existence of f, we infer that E; xC C Q.

This is impossible, because ¢ # —oco. [

Here arises the question whether the implication (i) = (iii) of Theorem
3.1 holds if we do not assume that Ej has an absolute basis. Concerning
this question we have the following

Proposition 3.3. Let E be a Frechet space having property (DN). Then
E; contains a non-pluripolar bounded set.



260 LE MAU HAI, NGUYEN VAN KHUE, AND NGUYEN HA THANH

Proof. By Vogt [14] E is isomorphic to a subspace of B®,s, where B
is a Banach space. Let R : (B@Trs)/ ~ B'R. s — E; be the restriction
map. Since every Banach space is a quotient space of ¢!(I) for some
index set I, we may assume without loss of generality that B’ = ¢(I).
On the other hand, if B®,s has property (DN), so does H, (B’@s’) =
H,,((*(I)®xs") and from the definition of property (DN) it is easy to check
that s has property (DN). Hence we may assume that A = conv(U ®
Up) C (Y (I)®xs' such that the semi-norm on Hy(¢*(I)®xs') induced by
A is the (DN)-norm for Hy(¢*(I)®ys'), where U is the unit ball of £*(I)
and U, is a neighbourhood of 0 € s induces the (DN )-norm for s.

Put B = R(A). If B is pluripolar in Ej, there exists a plurisubharmonic
function ¢ on Ej such that ¢ # —oo and go‘B = —o0. Put

0= {(w,)\) € (({(D)Bns) x C: || < e—¢R<w>}.

It follows that Q is pseudoconvex in (€!(I)®rs) x C and A x C C Q.
For each countable subset J of I let Q; = QN (ﬁl(J)@)Ws’) x C. Then
() is the domain of existence of a holomorphic function f;. Write

Fr@,A) =Y hya(w)A™ for (w,\) € Qy,

n>0

1 f(w,?)
hJ,n(w) = 2_7'("L / tant

|t|:%3*¢’R(W)

where

Since ¢ is upper-continuous, it follows that ., are holomorphic on £*(J)®s'.
Put Ay = AN ({Y(J)®xs"). Since Ay x C C Qy, the series 3 hj,(w)A\”

n>0
converges uniformly to f; on K @ rA for r > 0, where A = {z € C : |2]| <
1} and K is a compact set in A;. Thus,

) 1
117Ilnsup Elog HhJWHAJ = —00.
Let ¢ > 1. Choose k,C' > 0 such that

[hsally < ClltnllIhanlla,
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This inequality yields

2
lirrlnsup EIOthJ,n”q < logC + liyrbnsuplothJ,nHk + li?suplothJ,nHAJ

= —00

where

HhJ,an = sup {|hJ,n(w)| tw € conv(Uy ® US)}

Uj =UN/(J) and similarly for “h]n||k Hence the series Y hj,(w)A\"

n>0

converges uniformly on every compact set in (ﬁl(J )@ s’ ) x C. On the
other hand, since §2; is the domain of existence of f;, it implies that
(01(J)®x8") x C C Q. This shows R = —o0 on (}(J)®,s'. Since J is
an arbitrary countable set, ¢ = —oo. This is impossible. Hence B is not
pluripolar in Ej.

10.

11.

12.
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