ACTA MATHEMATICA VIETNAMICA 235
Volume 24, Number 2, 1999, pp. 235-246

POINCARE SERIES OF QUANTUM SPACES
ASSOCIATED TO HECKE OPERATORS
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Dedicated to Prof. Dr. Bodo Pareigis on his 60th birthday

ABSTRACT. We prove that the dimension of the homogeneous compo-
nents of the quadratic algebras associated to a Hecke operator is a Pdlya
frequency (P-) sequence. This result enables us to give some characteriza-
tions on the Poincaré series of these quadratic algebras.

1. INTRODUCTION

Subject of this work are the quadratic algebras associated to a Hecke
operator. Hecke operator on a vector space V' is a linear operator on V&V
that satisfies the Yang-Baxter equation and the Hecke equation (z+1)(x—
q) = 0 and hence induces a representation of the Hecke algebra of the
general linear group on the tensor power V®™ of V for every n > 2. Given
a Hecke operator R on a vector space V', one can define the quantum anti-
symmetric and symmetric tensor algebras on V', which, in case R is the
usual permuting operator, are the usual anti-symmetric (i.e. exterior) and
symmetric tensor algebras over V. Thus one can think of these quadratic
algebras as the anti-symmetric and symmetric tensor algebras on certain
quantum space. Then one can define an algebra that coacts universally
upon this pair of quadratic algebras, which turns out to be a quadratic
algebra, too. This algebra can be considered as the function algebra over
the matrix quantum semi-group of “symmetries” of the quantum space
mentioned above [16, 14, 7, 17].

In this work we study the Poincaré series of the above quadratic al-
gebras. The first attempt in this study was made by Lyubashenko, who
proved that (in case of ¢ = 1) if Px(t) is a polynomial then it is a reciprocal
polynomial iff R is closed [14]. This result was generalized by Gurevich
for arbitrary ¢ [7]. He also gave an example of an even Hecke operator
whose rank differs from the dimension of the vector space it is defined on.
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Here we show that the rank should be less than or equal to the dimension
of the corresponding vector space. We also study the case of odd-even
Hecke operator and analogously show that its super rank should have the
weight (the sum of two components of the rank) less than or equal to the
dimension of the vector space it is defined on. Our main theorem (Theorem
3.5) states that the Poincaré series of quadratic algebras associated to a
Hecke operator is a rational function having negative roots and positive
poles.V)

Using the theory of symmetric functions we give a combinatorial for-
mula for the dimension of irreducible representation of the matrix quantum
semi-group as functions on the dimension of homogeneous components of
the quantum space. Whence we recover the relation between the Poincaré
series of the quantum space and of its matrix quantum semi-group, which
was found in [8].

In this work, a theorem of Edrei on Pdlya frequency (or P-) sequences
[5] plays an important role, from which almost all results follow. Our
method bases on the theory of Schur symmetric functions [15] as well as
the quantum version of Schur’s double centralizer theorem [8].

2. QUANTUM SPACES AND QUANTUM SEMI-GROUPS

Let K be a field of characteristic zero, V' be a vector space over K
of finite dimension d. A Hecke operator on V is a IK-linear operator
R:V®V — V ®YV, satisfying the following relations:

(1) (R DI R)(ReI)=(I®R(Re DI R),
2) (R+D)(R—q)=0, 0#£qcK.

We shall alway assume that ¢ is not a root of unity of order greater than
1.

The name Hecke operator comes from the fact, that an operator, sat-
isfying the above equations, induces a representation of the Hecke algebra
Hp = Hygn on VO™ Vn > 2. The reader is referred to [3] for the definition
and main properties of Hecke algebras.

A quadratic algebra is a pair (A, V) consisting of a finite dimensional
vector space V' and a factor algebra A of the tensor algebra T'(V') by an
ideal, generated by elements of V' ® V. Given a Hecke operator R on
V ® V', one can define the following quadratic algebras.

1) After the work had been accepted for publication, the author learned that Theorem
3.5 had been also obtained by A. Davydov for ¢g=1 [2].
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(3) (A, V)= (Ag, V) := (T(V)/ < Im(R +1) >, V)
(4) (5, V) = (Sg, V) := (T(V)/ <Im(R - q) >, V)

(5) (E,V*®V) = (Er,V*&V) = (T(V*&V)/ < Im(R—1) >, V*®V),

where R = §(R*~! @ R)f, acting on V* @ V ® V* ® V, 0 denotes the
operator, that interchanges the elements in the 24 and 3@ positions of
the tensor products. Fix V and R. we shall refer to these algebras as
A, S and F, respectively. A and S are considered as the “anti-symmetric
and symmetric tensor algebras” upon certain quantum space, while E is
considered as the algebra of functions on the “semi-group of symmetries
of this quantum space”, i.e., the matrix quantum semi-group.

A, S and F are graded algebras, let \;, s;, e; be the IK-dimension of their
i*" homogeneous components, respectively. For a quadratic algebra (A, V),

its Poincaré series is defined to be Ps(t) = > (dimIK A;)tt, where A; is
i=0

the i*"-homogeneous component of A. Thus, for example, Py (t) = > \;t’.
i=0

The Poincaré series of A and S satisfies the following relation [7]:
(6) PA(t)Ps(—t) = 1.

E is a bialgebra and A, S are (right) E-comodules. In fact E can be
defined as an algebra that universally coacts on A and S [16]. It then
immediately implies that F is a bialgebra. Also, V is an E-comodule and
hence V®" is an E-comodule. The coproduct on E satisfies A(F,,) C
E, ® E,, hence E, is a coalgebra. We also have §(V®") C V¥"® E,, i.e.,
V®" is an E,-comodule. Therefore E* is an algebra, that acts on V®"
(from the left).

On the other hand, as has been mentioned, R induces a representation,
say pn, of the Hecke algebra H,, on V®". We shall write this action from
the right. It is now time to state the fact, that plays a crucial role in the
study of F.

Theorem 2.1 [8]. The actions of E; and H,, on VO™ are centralizers of

each other in EndK(V®”). In other words, the following isomorphisms
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hold
(7) E’ =~ Endy, V",
8) pn(Hy) = Endp, VO™

Since H,, is semi-simple and hence isomorphic to the direct product of
matrix rings over IK (by comparing dimensions), these equations imply
the following facts:

(i) EZ is semi-simple, hence F,, is cosemi-simple.

(ii) Simple E-modules are of the form Imp, (e), where e is a primitive
idempotent of H,,. Two primitive idempotents define isomorphic
modules iff they belong to the same minimal two-sided ideal.

(iii) There are minimal two-sided ideals A; of H,,, such that

(9) E* =~ ®Endy, VO A;,

iv) Endga,(V®"A;) is a matrix ring of dimension equal to the square of
the IK-dimension of Imp,,(e) for any primitive idempotent e € A;.

On the other hand, it is known that minimal two-sided ideals of H,, can

be indexed by partitions of n [4]. Let A be a partition of n (in notation

AF n), that means A\ = ()\1,)\2,...),)\1 > /\2 > ... ,Z)\Z =n, and A,\

be the corresponding two-sided minimal ideal, M) be the simple module

of E defined by any primitive idempotent from A). Let m) denote the
dimension of M) over IK. Then we have, according to (iv) above,

(10) en = dimE, = dim E}, = ) ~m3.
AFn

Notice that by definition my > 0 for all A. This remark together with
Theorem 3.2 implies almost all results of this paper.

Since R satisfies the Yang-Baxter equation, it induces a coquasitrian-
gular structure on E and, therefore, a braiding in the category E-Comod
of E-comodules. In particular, the braiding on V ® V' is precisely R. The
reader is referred to [10, 11] for the general theory of braided categories
and to [13] for the particular case of E-Comod.

3. SYMMETRIC FUNCTIONS AND POLYA FREQUENCY SEQUENCES

In this section we recall some properties of symmetric functions needed
in our context. The reader is referred to the book of Macdonald [15] for
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an introduction into the theory of symmetric function. We then recall a
theorem, due to Edrei [5], that plays the main role in our study.
We study the symmetric functions in a countable set of variables x1,
Za,.... We shall closely follow Macdonald’s book [loc.cit.], up to some
changes of notation for our convenience. The monomial symmetric func-
tions will be denoted by ky, A € P, where P denotes the set of parti-
tions. The elementary, complete and Schur functions will be denoted by
Ay, sy and my, A € P, respectively. Recall that Ay = Ay, Ax, -+ Ax,,
Sx = Sx;Sx, - Sa,, for A = (A1, Ag, -+ A,), where A, (resp. s,) is the
> >

coefficient of " in [] (1 + z;t) (resp. [[(1 — z;t)™1). my is given by
i=1 i=1

the equality (we make use of the convention that s, = A, = 0 whenever

r < 0):
(11) my, = det||sx, —iyjlli<ij<in) = det| A, —irjlli<ij<iov)

where [()\) denotes the length of A, i.e., the cardinal of nonzero parts of A,
A denotes the conjugate partition to A\. The set ky, (resp. Ay, sy, my),
A € P forms a basis for A — the rings of symmetric functions ([loc.cit.]
1.2,3). In particular, we have my = Y K{'k,, the coefficients K¥, called

"
Kostka numbers, are nonnegative integers ([loc.cit.] 1.4,5).
We also make use of skew Schur functions my, defined as follows:
(12)
m, /= det || sy, —p—itj [l1<ij<ion=det [| v —itj [i<ij<iov) -

For p = 0, it becomes my. m,/, can be expressed in terms of my. Let
cz“ be the (integer) numbers such that mym, = c}\ﬂmw, then

(13) M/p = Z Cpr DL
where Cﬁv = 0 unless |A| = |p|+|y] and A D p (i.e., \; > p;, Vi). Moreover
¢, are nonnegative ([loc.cit.] L5).

In the previous section, we have seen that each partition \ defines a
simple E-comodule M) (which can be zero). If M) is zero, we can assume
it appears in the decomposition of an F-comodule with an arbitrary mul-
tiplicity. In particular, consider the multiplicity of M, appearing in the
decomposition of My ® M,,, if one of My, M,, M., equals zero, then the
multiplicity can be chosen arbitrarily. We show that this multiplicity can
be chosen so that it depends only on A, i, and ~.
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Lemma 3.1. Let My, A € P be the simple E-comodules, some of them
may be zero. Let My ® M, = @d,,M,. Then d), can be chosen to be

equal to c3 .

Proof. Let ey (resp. e,) be a primitive idempotent of H,, (resp. H,)
where m = |A| (resp. n = |u|). Embed H,, and H,, into H,,+, in such
a way that the generators T;, 1 < i < m — 1, of H,, are mapped to the
generators T; of H,,4, and the generators 75, 1 < j < n — 1, of H,, are
mapped to the generators T}, of Hy,4p,. Then d}\u can be chosen to be
equal to the cardinal of primitive idempotents belonging to the minimal
two-sided ideal indexed by A of H,,1,, that appear in the decomposition
of eye, into sum of primitive idempotents. Thus d}u is an integer and
does not depend on ¢, hence we can set ¢ = 1. In this case H,, = Klo,,],
hence dj, = cy , (cf. [6], Chapter 3). O

Since {A,|r > 0} are algebraically independent, we can assign to them
any set of values from K to obtain a ring homomorphism A — K. In
particular, we can set A, = \, — the dimension of A, defined in the previous
section. By virtue of equation (6), s, = s, = dim S,.. Furthermore, since
the dimension of the tensor-product of two modules is equal to the product
of their dimensions, by Lemma 3.1, my = m) = dim M,. Thus, by the
definition of my, we have

(14) mx = det|sx, —jtili<ij<ion = det| A —jtili<ig<ion)-

Since m) is the dimension of a vector space, it is nonnegative. We
make use of the following result from complex analysis to get information
on A,.

Theorem 3.2 [5]. Let a(z) = Y. a;z* be a formal series with complex
i=0

coefficients, ap = 1. Then the infinite matriz || a;—; |lo<i; (we use the

convention that a; = 0 whenever i < 0) is totally positive, that is, all its

minor of any degree r > 1 is nonnegative, if and only if a(z) is of the form

oo

(15) a(z) =

o0

[T(1 —wu;2)

1
with v > 0, t; > 0, u; > 0 and > (t; + u;) < oo. This equation is
understood to be an equation of two convergent complex functions in a
neighborhood of zero.
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o0
The series a(t) = Y_ a;t; generates the sequence ag,aq, ..., which is
i=0
called a Pdlya frequency (or P-) sequence if a(z) satisfies the condition of
Theorem 3.2.

Lemma 3.3. Let R be a Hecke operator. Then Mg, A1,..., is a P-
sequence.

Proof. Indeed, any minor of || A\;_; |lo<s,; has the form: det || Ay, o, |[1<ij<r
where p, v are two sequences of nonnegative distinct integers r =
max(l(u),l(v)). We have, according to (12),

(16) det || Apy—v; [l1<ij<r= Myis/046 = Myts/vts,

where § = (r — 1,7 —2,---,0). Since m,,/, is a linear combination of m.,
with nonnegative coefficients (Equation (13)), it is itself nonnegative. [J

A P-sequence is called PP-sequence if all the minors || Ay, o, [1<i,j<r,
v C u, are strictly positive. We have

Lemma 3.4. Let a(z) be of the form in (15). If any of the following
conditions is fulfilled: (1) v > 0, (2) t; > 0,V1, (3) u; > 0, Vi, then a(2)
is a generating function for a PP-sequence.

Proof. The lemma follows from the following observations.

1. Let z, y be two countable sets of positive reals, then kj(z,y) >
kx(z), ka(z,y) > ka(y).

2. Analogously we have my(z,y) > my(z), my(z,y) > my(y) ([15],

(5.9)). N
3. From the first observation, we see that, for a(z) = [[(1+t;2), t; > 0,
1

o0

k) > 0 for all \, hence my > 0, VA. Therefore, if a(z) = [J(1 — u;2) 7},
1
u; > 0 we also have my > 0 (using the involution w [loc.cit.], 1.3).

4. From the second observation, we see that if a(z) generates a P-
sequence and b(z) generates a PP-sequence then ¢ = a - b generates a
PP-sequence.

5. €7* generates a PP-sequence (cf. [loc.cit], 1.3, Ex. 5).

Note that 3., 4., 5. imply the assertion of the lemma. [J

As a direct consequence of this lemma we have

Theorem 3.5. Let R be a Hecke operator. Then Pj(t) is a rational
function having negative roots and positive poles.
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Proof. 1t is sufficient to show that there exists a partition A, such that M)
is zero. Were M) # 0 for all A, then p,, in (8) were injective for all n, by
comparing the dimension we would have a contradiction. [J

4. THE QUASI-EVEN CASE

A Hecke operator R is called quasi-even if the associated quadratic
algebra A = Ap is finite dimensional, i.e., if P5(¢) is a polynomial. R is
called even Hecke operator (or symmetry) if the dimension of the highest
homogeneous component of A is equal to 1. The degree of P, is called the
rank of R.

Let now R be a quasi-even Hecke operator. Then, according to Theorem
3.5, Px(t) has only negative roots

T

(17) Py(t) = [J(1 + tit),t; € RT.

=1

Hence, according to (11), my # 0 if and only if I(A) > r. Thus, simple
E-comodules can be indexed by {A € P|l(\) < r}.

Theorem 4.1. Let R = R,;, R = Rf], be quasi-even Hecke symmetries
over V. and V', of ranks r and r', respectively. Let E and E' be the
associated bialgebras. Then the categories E-Comod and E’-Comod are
equivalent as braided abelian categories if and only if g = ¢ and r = 1r'.

Proof. Let F be an equivalence. Then F(V) = V', hence F(V®") = v'en.
According to (8),

End® (V") 2 Endg: (VE") = A,
AbEn (AN <r

where A, denotes the minimal two-sided ideal of H,, associated to A.
Therefore ¢ = ¢ and r =71'. O

Remark that the dimension of V' plays no role here.

Since A\, > 1, H t; > 1, hence \; = Z t; > r. Notice that Ay = dim V.
i=1 i=1
Thus, we have

Theorem 4.2. Let R be a quasi-even Hecke operator of rank r over the
vector space V.. Then r < dim(V').
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Notice that »r = 1 means R = ql, which is not even unless dimV = 1.
If r = dim(V'), then ¢t; = 1, Vi, hence A\, = 1. Thus we have

Corollary 4.3. Let R be a quasi-even Hecke operator over V such that
the rank of R is equal to the dimension of V.. Then R is even and Py (t) =

(14+t)". Hence Ps(t) = (1—t)~" and by Equation (23) Pg(t) = (l—t)_”z.

Remark 4.4. As we have already seen, examples of strictly quasi-even
Hecke operators serve the identity operators. On the other hand, it is
proved in [9] (and can also be derived from Lemma 3.1), that A®? where
r is the rank of R, is a simple E-comodules, hence the braiding on A®? is
the identity operator. For more examples of strictly quasi-even Hecke op-
erators one can take the Hecke sum (see Section 6) of an identity operator
and an even Hecke operator. I conjecture that quasi-even Hecke operators
appear in this form.

For an even Hecke operator, we have shown that P, should be a re-
ciprocal polynomial having only negative roots. I conjecture that any
reciprocal polynomial having negative roots and leading coefficient equal
to 1 should have the form P, (t) for some even Hecke operator. This fact,
for the case of polynomials of degree 2 and 3, follows from a result due to

Gurevich [7].
5. THE QUASI-ODD-EVEN CASE

If P (t) is not a polynomial R is called quasi-odd-even Hecke operator.
We have

—3

(1+tt)

Y

(1 —uyt)

(18) Py(t) =

)_.:3 —_

where t; > 0, u; > 0. (m,n) is called the super rank of R. R is called
odd-even Hecke operator if [[¢; = [Ju; = 1. Not much is known about
(quasi-) odd-even Hecke operators.

For expressing dimension of simple E-comodules we use the super Schur
(or Hook) functions. Let x = (x1,22, - ,xm) and y = (y1,Y2, - ,Yn) be
two sets of variables. The super Schur function my(z/y) is defined as
follows:

(19) m,\(aj/y) = Z S#(le,.]?g,- o ,l'm)s)\//u/(yl,yQ,' o ;yn)
BHCA
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This function was introduced by Berele and Regev [1]. Then we have [15]
my = my(t/u). Hence my # 0 if and only if A € Iy, ,, where I';,, ,, denotes
the set of hook-partitions:

(20) el n<= A\ <n for j>m+1.
Thus we have

Theorem 5.1. Let R be a quasi-odd-even Hecke operator then simple E-
comodules can be indexed by A\ € I'y, . The categories of comodules over
the bialgebras E and E’, associated with quasi-odd-even Hecke operators
R and R’ respectively, are equivalent as braided abelian categories if and
only if R and R’ are defined for the same q and are of the same super
rank.

As in the case of even Hecke operators, we have

Corallary 5.2. The super rank of a quasi-odd-even Hecke operator and
the dimension of V', on which R operates, satisfies the inequality m+n <
dim(V'). If the equality takes place then R is odd-even and Pa(t) = (1 +
t)™(1 —t)~™, hence Ps(t) = (1 +t)"(1 —t)~™, and by Equation (23),
Pa(t) = (14 ¢)2mn(1 — ¢)=m" ="

6. THE POINCARE SERIES OF F

We now give a relation between the Poincaré series of E' and the ones
of A and S. The formula given here has been proved for the case ¢ = 1 by
Lyubashenko [14] and ¢ transcendent by the author [8]. Here, using the
general theory of symmetric functions, we recover this relation for any ¢
not root of unity. According to (10),

e, =dimFE, = Z(m,\)Q.
AFn

On the other hand, we have the following identity of Schur functions, for
two countable set of variables x = (z1,2z2,...), y = (y1,¥2,--- ),

[0 =ziy) ™' =D my(z)ma(y).

%, AeP

Setting y; = tx;, we have

(21) [ = ziz)™ = my(2)?e?.

1,7 \EP
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The left-hand side of this equation can be considered as a generating
function for complete symmetric functions in variables z;; = x;x;. Setting
m) = m, then the right-hand side of (22) is equal to Pg(t), by (10). Thus
we derive from (22)

(22) Pp(t) = Ps(t) x Ps(t),

where * denotes the multiplication on the A-ring K[[t]] of formal power
series with first coefficient equal to 1 [12]. If P(¢t) = [[(1 + z;t), Q(t) =
[1(1 + yit) then P % Q(t) := [[(1 + x;y;t). We shall refer to x as the
A-product. Recall that the IKy[[t]] is a ring with the above A-product and
the A-addition is the usual product of power series [loc.cit.].

Let Ri, Ro be Hecke operators on Vi, V5, their Hecke sum R acts on
Vi @ V3 as follows, R|V; ® Vi = Ry, R(vi ® v2) = qua @ v1, R(v2 @ v1) =
v1 @ vy — (¢ — 1)vg ® vy, for v; € V;. Then R is a Hecke operator, too.
Let Agr, Sg be the associated quadratic algebras, then it is not difficult to
check that

Prg(t) = Prg, (t)Pag (1),

1

PSR (t) = PSR1 (t)PSRl (t)

Thus, the Hecke sum gives rise to the A-addition on Kg|[[¢]].

Let P(t) := %ln(Ps(t)) = PL(t)Ps(t)~t. P(t) is the generating func-

d
tion for the power sums ([15], 1.3). The operator 7 maps Ko[[t]] bijec-

tively to IK[[t]] — the ring of power series, the inverse operator is fot . The
A-addition is mapped to the ordinary addition while the A-multiplication
is mapped to the component-wise product (denoted by *). Indeed, let
p.(z) (resp. p,(y)) be the r** power sum of z = (x1,72,...) (resp.
y = (y1,92,---)), then p,(zy) = p,()pr(y), where zy := {z;y;|1 <4, j}.
Thus we have (cf. [8]),

t

(23) Pp(t) = exp / Plu)™2.
0

ACKNOWLEDGEMENTS

It is a pleasure to thank Professors I. G. Macdonald and J. Stembridge
for their help. Moreover, the author would like to thank the Abdus Salam



246

PHUNG HO HAI

International Centre for Theoretical Physics for its hospitality and finan-
cial support during the preparation of this paper.

REFERENCES

1. A. Berele and A. Regev, Hook Young Diagrams with Applications to Combinatorics
and to Representation of Lie Algebras, Advances in Math. 64 (1987), 118-175.
A. A. Davydov, Twisting of monoidal structures, Preprint, MPI, 1995.
R. Dipper and G. James, Representations of Hecke Algebras of General Linear
Groups, Proc. London Math. Soc. 52 (3) (1986), 20-52.

4. R. Dipper and G. James, Block and Idempotents of Hecke Algebras of General
Linear Groups, Proc. London Math. Soc. 54 (3) (1987), 57-82.

5. A. Edrei, Proof of a Conjecture of Schoenberg on the Generating Function of a
Totally Positive Sequence, Canad. J. Math. 5 (1953), 86-94.

6. J. A. Green, Polynomial Representations of GLy,, Lecture Notes in Math. 830,
Springer, 1980.

7. D.I. Gurevich, Algebraic Aspects of the Quantum Yang-Baxter Equation, Leningrad
Math. Journal 2(4) (1991), 801-828.

8. Phung Ho Hai, Koszul Property and Poincaré Series of Matrix Bialgebra of Type
Ay, Journal of Algebra 192 (1997), 734-748.

9. Phung Ho Hai, On Matriz Quantum Groups of Type An, Preprint ICTP /97101,
q-alg/9708007, 1997.

10. A. Joyal and R. Street, The Geometry of Tensor Calculus, Advances in Math. 88
(1991), 55-112.

11. A. Joyal and R. Street, Braided Tensor Categories, Advances in Math. 102 (1993),
20-78.

12. D. Knutson. A-Rings and the Representation Theory of the Symmetric Groups,
Lecture Notes in Math. 308, Springer Verlag, 1973.

13. R. Larson and J. Towber, Two Dual Classes of Bialgebras Related To The Concepts
of “Quantum Groups” and “Quantum Lie Algebra”, Comm. in Algebra, 19 (12)
(1991), 3295-3345.

14. V. V. Lyubashenko, Superanalysis and Solutions to the Triangles Equation, Ph.D
Dissertation Phy.-Mat. Sciences, Kiev, (in Russian), 1987.

15. I. G. Macdonald, Symmetric functions and the Hall polynomials, Oxford University
Press, 1979 (Second edition 1995).

16. Yu. I. Manin. Quantum Groups and Non-commutative Geometry, GRM, Univ.
de Montreal, 1988.

17.  A. Sudbery, Matriz-Element Bialgebras Determined by Quadratic Coordinate Al-

gebras, Journal of Algebra 158 (1993), 375-399.

HANOI INSTITUTE OF M ATHEMATICS
P.O.Box 631, 10000 BoHo, HANOI, VIETNAM
email: phung@thevinh.ac.vn



