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AN OPERATIONAL METHOD FOR SOLVING
FRACTIONAL DIFFERENTIAL EQUATIONS
WITH THE CAPUTO DERIVATIVES

YURII LUCHKO AND RUDOLF GORENFLO

ABSTRACT. In the present paper, we first develop the operational cal-
culus of Mikusinski’s type for the Caputo fractional differential operator.
This calculus is used to obtain exact solutions of an initial value problem
for linear fractional differential equations with constant coefficients and
fractional derivatives in Caputo’s sense. The initial conditions are given
in terms of the field variable and its derivatives of integer order. The
obtained solutions are expressed through Mittag-Lefller type functions.
Special cases and integral representations of solutions are presented.

1. INTRODUCTION

Fractional differential equations have excited in recent years a consi-
derable interest both in mathematics and in applications. They were used
in modeling of many physical and chemical processes and in engineering
(see, for example, [1]-[5], [9], [10], [16], [17]). In its turn, mathematical
aspects of fractional differential equations and methods of their solution
were discussed by many authors: the iteration method in [24], the series
method in [1], the Fourier transform technique in [3], [12], special me-
thods for fractional differential equations of rational order or for equations
of special type in [2], [13], [15], [18], [19], [21], the Laplace transform
technique in [9], [10], [16], [17], [21], [22], the operational calculus method
in [11], [15]. Let us note that in mathematical treatises on fractional
differential equations the Riemann-Liouville approach to the notion of the
fractional derivative of order p (p > 0) is normally used:

(1) (D*f)(z):= (%) (J"HEz), m—1<pu<m, meN, z>0,

Received July 15, 1998

1991 Mathematics Subject Classification. Primary 45J05, secondary 44A40, 26A33,
33E30.

Key words and phrases. Fractional differential equations, operational calculus, Caputo
fractional derivative, Mittag-Leffler type functions.

This work was partially supported by the Research Commission of Free University of
Berlin (Project “Convolutions”)



208 YURII LUCHKO AND RUDOLF GORENFLO

where

@ N s / @ - P, > 0, 2> 0,

(J'f)(@) = f(z), =>0

is the Riemann-Liouville fractional integral of order p. In this interpreta-
tion, the fractional derivative is left-inverse (and not right-inverse) to the
corresponding fractional integral, which is the natural generalization of the
Cauchy formula for the n-fold primitive of a function f(t). As to the ini-
tial value problem for fractional differential equations with the fractional
derivatives in the Riemann-Liouville sense, there are some troubles with
the initial conditions, see [11], [15], [21], [22], [23]. Namely, these initial
conditions should be given as the (bounded) initial values of the fractional
integral J~# and of its integer derivatives of order £k = 1,2,...,m — 1.
On the other hand, in modeling of real processes the initial conditions are
normally expressed in terms of a given number of bounded values assumed
by the field variable and its derivatives of integer order. In order to meet
this physical requirement, an alternative definition of fractional derivative
was introduced by Caputo [4] and adopted by Caputo and Mainardi [5] in
the framework of the theory of Linear Viscoelasticity:

x

1 T — )yn—r-1 (m)
) / ( — £y £Om) (1),

(3) (DEN@) = (T @) = Fr—s
0

m—1l<pu<m, meN, z>0.

In a series of papers (see [9], [16], [17] and the references there) the Ca-
puto fractional derivative was considered and some of the simplest linear
fractional differential equations with constant coefficients and fractional
derivatives in the Caputo sense were solved by using the Laplace trans-
form technique.

In the present paper we use the operational calculus method to solve
an initial value problem for a general linear fractional differential equa-
tion with constant coefficients and with the Caputo fractional derivatives.
We first develop a modification of the Mikusinski operational calculus for
the Caputo fractional derivative, a modification that is more suitable for
application to the solution of differential and integral equations of frac-
tional order. Firstly, we consider the space C, of functions which can
have an integrable singularity in the neighborhood of zero, instead of the
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space C[0, c0) of functions continuous on the half-axis used in Mikusinski’s
operational calculus. Since the kernel of the Riemann-Liouville integral
operator J* belongs to the space C,, if u—1 > o and > —1, this function
space seems to be more suitable for the development of the operational
calculus for the Caputo derivative. Secondly, the abovementioned prop-
erty allows us to consider the Riemann-Liouville integral operator J* as
the convolution product with the power function ##~1/T'(u) in the space
Cq if 4 —1 > «, and this power function plays in our considerations
the same role, as the function {1} in Mikusiriski’s operational calculus.
As an application of this calculus we obtain solutions of linear fractional
differential equations with constant coefficients and Caputo derivatives.

2. SOME PROPERTIES OF THE CAPUTO FRACTIONAL DERIVATIVE

Since both the Riemann-Liouville and the Caputo derivatives ((1) and
(3), respectively) are defined through the Riemann-Liouville fractional
integral (2) and this operator plays a very important role in the develop-
ment of the corresponding operational calculus, there are some coinciding
elements in the operational calculi for both fractional derivatives. The
operational calculus for the Riemann-Liouville fractional derivative was
already developed in [8], [11], [15] and we shall cite some theorems from
there without proofs.

We begin by defining the function space C,, a € R, which was used
by Dimovski [6] in his development of the operational calculus for the
hyper-Bessel differential operator.

Definition 2.1. A real or complex-valued function f(x), x > 0, is said
to be in the space C,, a € R, if there exists a real number p, p > «a, such
that

f(z) = 2P fi(x)

with a function fi(z) in C]0, c0).
Clearly, C',, is a vector space and the set of spaces C\, is ordered by
inclusion according to

(4) CoCCg & a>p.

Theorem 2.1. The Riemann-Liouville fractional integral operator J*,
w >0, 1s a linear map of the space C,,, o > —1, into itself, that is,

JH:Coy — Cpuga C Chy.
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Remark 2.1. In the case f € C, for a value @ > —1 and for y > 1 we have
JifeCyC Cl0,00).

It is important to note, that the operator J#, i > 0, has the following
convolutional representation in the space C,, a > —1:

() (J"f)(@) = (huo f)(@), hu(@):=a"""/T(n), f€ Ca,

where
xT

(g0 f)(x) = / g(z — D) f(B)dt, ©>0

is the Laplace convolution. For the Laplace convolution itself the inclusion
(6) gofGCOtlJrOterl goflu fecap gEOozza &1,@22—1

holds true. The representation (5) and the commutativity of the Laplace
convolution (see [6], [20]) lead to the following property of the Riemann-
Liouville fractional integral:

(ST f)(x) = (J"T f)(@), fE€Cay a>-1,82>0, >0,

Next, using the associativity of the Laplace convolution and the Fuler
integral of the first kind for the evaluation of (hs o hy)(x), we obtain

(1) (ST )@) = (I f)(2), [ €Ca a>~1, 820,720,
that is also well known. In particular, it follows from (7) that

&) (J*...Jf)(x)=(J"f)(x), felCy a>-1, >0, neN.

n

It is obvious, that the Caputo derivative (3) is not defined on the whole
space C,. Let us introduce a subspace of C,, which is suitable for dealing
with the Caputo derivative.

Definition 2.2. A function f(z), x > 0, is said to be in the space

C™, me No=NU{0}, iff /(™ e C,.
Remark 2.2. The space C' doesn’t coincide with the space cim = {f:

there exist p > a, f € C™[0,00) such that f(z) = 2 f(z)}, considered in
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[14]. For example, if f(x) = cos(z)/v/z, x > 0, then f € C'(_ll), fé¢ct
and for the function f(z) =1, = > 0, we have f ¢ C(gl), f e

We state five of the properties of the space C)', which will be used in
the further discussions.

1) C is a vector space.
2) CY = C,.

3) If f € C™ for a value @ > —1 and an index m > 1, then f*)(0+4) :=
li%l+ f®)(x) < +00,0 <k <m—1, and the function

[ flx), x>0,
(z) = { £(04), z=0

is in C™~1[0, 00).

Proof. f € C™ means f(™ := ¢ € C,. Let us fix + = X > 0. Since
fim) = ¢ e Cl¢,X], 0 < €< X, we arrive at

X
L/ﬂmuwu:fW*MX»—ﬂm*Na,
13

where the left- and right-hand sides as functions of £ are continuous on
(0, X]. Furthermore, since

b's
lim f(m) /(b t)dt < 400,
£—0+
¢ 0
we get
X
£ D0+) = T fI(O = 7m0~ [0t < +ox,
0
hence

X
fFm=Y(x /gb (t) dt + f 1 (0+).
0
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By liberating z = X and putting f(™=D(0) := f("=1(04) we recognize
f(m=1) as continuous on [0,00) and obtain the representation

k

) f) = (7)) + 3 B0t w20,
k=0 '

o(t) = ™), fP0+) = lim, f®(2) < 400, 0<k<m-—1.

4) If f € C™ for a value a > —1, then f € C™(0,00) N C™ 10, 00).
Indeed, since f(™ € C,, we have f(™ € C(0,00). The inclusion
f e ¢tm=110, 00) follows from property 3).

5) For real a > —1 and index m > 1 the following equivalence holds:

m—1 k

Felm™ s f(z) = (Jm¢)(x) + ];) ck%, >0, ¢ €Cl.

The first statement (=) is already proved (see (9)), the second one (<)
is checked directly. Let us note that in this case we have f*)(0) = ¢,
k=0,1,....,m—1, f(" = ¢.

On the basis of the properties 1)-5) of the function space C* we prove
now some theorems, important for the development of the corresponding
operational calculus.

Theorem 2.2. Let f € C™, m € Ng. Then the Caputo fractional
deriative DY f, 0 < u < m, is well defined and the inclusion

C_q, m—1<pu<m,

Dif e
«f {C’k_l[O,oo)CC'_l, m—k—1l<pu<m-k k=1,...,m—1

holds true.

Proof. In the case m — 1 < pu < m the inclusion under consideration
follows from the definition of the Caputo derivative D and Theorem 2.1.
The property 4) of the space CI', m > 1, and the corresponding mapping
properties of the Riemann-Liouville fractional integral (see [24]) give us the
inclusion DY f € Ck¥=1[0,00) form —k—1<pu<m-—-k, k=1,...,m—1.
The inclusion C*~1[0, 00) C C[0,00) C C_; follows from (4).
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Theorem 2.3. Let f € C™, m € N and m —1 < u < m. Then the
Riemann-Liouville and the Caputo fractional derivatives are connected by
the relation:

m—1 (k)
(10) (D)) = (DEP@) + 3 A0 e

k=0

o
(1+k—,u)x , x>0.

Proof. Making use of the representation (9), we get

0w = () I

(- )

= () () + (%) (Jm‘“ [i f(’“)(0+)%

k
) ()
k=0

In finding the last expression we have made use of the rules for fractional
integration and differentiation of the power function p,(x) = =¥, v > —1,
namely,

m—1 k
m p(m) (k) () b
(J™ () + ;0 fE (0+)

m—1 (k)
= D))+ Y A

k=0

o
A+ k=) , x>0.

(11) (Pp)) = g a2 0, >0,
(12) (D)) = o Ty 0z 0, 0,

Corollary 2.1. It follows from the representation (10) that the Riemann-
Liouwville fractional derivative (D" f)(x) is not, in the general case, in the
space C_1, if f € C™,. There are only three exceptional cases:
1) If u=m € N, then
Dtf=DFf=fm eC_y.
2) If f®(04+) =0, k=0,...,m—1, then

DFf=DFfeC_y.
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3) If 0 < pu < 1, then D*f € C_ because of

«Dﬂfxm>::«fo)@»—%fiéﬁ?ﬁjmw

Theorem 2.4. Letm—-1<pu<m,meN, a>—1and f € CJ'. Then

m—

(13) (J'DEf)(z) = flx) = Y fP(0+)—, z>0.

—
=

Proof. Using the relations (3), (7), and (9) we get

(JHDEf) () = (JrT™ 1)) () = (T ) ()

m—1 ,’L‘k
= f(@)= 3 fPO+)5, =20
k=0
Theorem 2.5. Let f € C™, m € Ny, f(0) = --- = f(m=1(0) = 0 and

g € C1,. Then the Laplace convolution

~ [ s(gta - tat
0

is in the space C"™™ and h(0) = --- = h™)(0) = 0.

Proof. Let m = 0. The property 4) of the space C'*; gives us the inclusion
g € C[0,00). In this case h(z) = 2°hy(x) for an € > 0, hy € C[0,0), i.e.,
h € C[0,00) and h(0) = 0. We have also

/f @ — ) dt + f(2)g(0), >0,

Since g € C_1 and f € C_; it follows from the inclusion (6) that
f f)g' (x —t)dt € C_; and, consequently, h’ € C_1, which proves our

theorem in the case m = 0. For m = 1, it follows from the property 4) of



AN OPERATIONAL METHOD 215

the space C1,, that f € C[0,00). Using the condition f(0) = 0 and the
representation obtained above for h’ we arrive at h’(0) = 0 and

W () = / f(x— g (&) dt + f(2)g(0), @ > 0.
0

Since ¢’ € C_1 and f’ € C_q, we get the inclusion A" € C_;. Repeating
the same arguments m times, we arrive at h(0) = --- = h™(0) = 0 and
the representation

T

B () = / £ (@ — 8)g' (1) dt + £ (2)g(0), @ > 0,
0

which gives us the inclusion h € O™,

3. OPERATIONAL CALCULUS FOR THE CAPUTO DERIVATIVE

For the sake of simplicity we shall consider in our further discussions
the case of the space C'_1, which turns out to be the most interesting one
for applications. As in the case of Mikusinski’s calculus, we have

Theorem 3.1. The space C_1 with the operations of the Laplace con-
volution o and ordinary addition becomes a commutative ring (C_1,0,+)
without divisors of zero.

This ring can be extended to the quotient field M by following the lines
of Mikusinski [20]:

M= C_1 x (C-1\{0})/ ~,
where the equivalence relation (~) is defined, as usual, by

(f,9) ~ (fi,91) & (fogi)(x) = (go f1)(x).

Thus, we can consider the elements of the field M as convolution quotients
f/g and define the operations in M as follows:

foh _fog+goh

9 91 gogi
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and
f h _foh
g 91 gogi
The proof of the fact that the set M is a commutative field with respect
to the operations “4” and “” is based on Theorem 3.1.
It is easily seen that the ring C'_; can be embedded in the field M by
the map (u > 0):

huof
hy, ’

f—

with, by (5), h,(z) =z~ /T ().
Defining the operation of multiplication with a scalar A from the field
R (or C) by the relation

)\i = ﬁ, i e M,
g g g

and remembering the fact, that the set C'_; is a vector space, we check
that the set M is a vector space too. Since the constant function f(x) =
A, x > 0, is in the space C_1, we should distinguish the operation of
multiplication with a scalar in the vector space M and the operation of
multiplication with a constant function in the field M. In this last case
we shall write

S M f oy A
(14 D5 = = 1)

It is easy to check that the element I = Z—” of the field M is the unity

7
of this field with respect to the operation of multiplication. Let us prove
that this element of the field M is not reduced to a function lying in the
ring C'_; and, consequently, it can be regarded as a generalized function.

h
Indeed, let the unity I = h—“ be reduced to some function f € C'_;. Then

nw
we have

h h
(15) hy Lohy
he  hy

< hyohy, = (fohy,)oh,.

Making use of the representations (5) and (8) we rewrite the last relation
in the form

xZu—l

(16) e (T2 f) (=),
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where (J?* f)(z) is the Riemann-Liouville fractional integral (2). It is well
known (see [15] for the case of the space C'_1), that the Riemann-Liouville
fractional derivative (1) is left-inverse to the Riemann-Liouville fractional
integral. Applying the operator D** to the equality (16) and using the
formula (12) for evaluation of the right-hand side, we obtain

(17) 0= f(x), x> 0.

Relations (16) and (17) lead to the contradictory formula

which shows, that the relation (15) is contradictory for any f € C'_; and,
consequently, the unity element I of the field M is not reduced to function
in the ring C'_;. Later we shall consider some other elements of the field
M possessing this property, in particular, the element which will play an
important role in the applications of operational calculus and is given by

Definition 3.1. The algebraic inverse of the Riemann-Liouville fractional
integral operator J# is said to be the element S, of the field M, which is
reciprocal to the element h, in the field M, that is,

1 h h
(18) S,U = 7 . = E )
h# hH Ohu hgu

h
where (and in what follows) I = —* denotes the identity element of the

"
field M with respect to the operation of multiplication.

As we have already seen, the Riemann-Liouville fractional integral J#
can be represented as a multiplication (convolution) in the ring C_; (with
the function h,, see (5)). Since the ring C_; is embedded into the field
M of convolution quotients, this fact can be rewritten as follows:

1
(19) (J“f)(x)zs—'f

W
As to the Caputo fractional derivative, there exists no convolution rep-

resentation in the ring C'_; for it, but it is reduced to the operator of
multiplication in the field M.
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Theorem 3.2. Let f € C™, m—1 < pu <m, m € N. Then the following
relation holds true in the field M of convolution quotients:

>—‘

m—

(20) Dif = Su-f=Su fu fulz F8( 0+

k=0

Proof. Theorem 2.4 gives us the representation

3

k
(JDEN@E) = F0) ~ fule), ule) = Y0 FO0OD L, w20
0

e
Il

Upon multiplying both sides of this relation by S, if we apply the relation
(19), we shall obtain the assertion (20).

We already know (see (8)), that for 4 >0, n € N

hZ(a:) i=hyo...0oh, = hy,(x).
—————

n

Let us extend this relation to an arbitrary positive real power exponent:
(21) hy(x) == hau(z), A >0.

We have for any A > 0 the inclusion hf; € C_1, and the following relations
can be easily checked (o > 0, 5 > 0):

(22) his o hji = hay © gy = Ras gy = D™,

(23) he =hl, & o= pap.

Then we define a power function of the element S, with an arbitrary
real power exponent A:

hi*, A<,
1, A =0,
I

L A>0,

A
"

(24)

=2
I
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Using this definition and the relations (22) and (23), we get («, 5 € R):

(25) Se .88 = §ath,

(26) Sp = 5'52 & o= pf.

For many applications it is important to know the functions of S,, in M
which can be represented by means of the elements of the ring C'_;. One
useful class of such functions is given by the following theorem.

Theorem 3.3. Let the power series

oo
% Tn _ n
E Wiy, in @] XXy, v = (21,...,2,) € R", ay,,.. 45, €R,
150 sin=0
be convergent at a point xo = (10, .. ,Tno) with allxpy #0, k=1,...,n,

and 3 >0, a; >0, 1 =1,...,n.
Then the function of S,

o0
S;B Z iy, .,in(S;al)n X oo X (S;an)
11, 7Zn70
o0
= Z a/ila... 7Znh(ﬁ+a121++anzn)u(x)7
il"“ 7Zn:0

where h,(x) is given by (5), defines an element of the ring C_;.

For the proof of this theorem we refer to [11]. We give here some
operational relations, which will be used in the further discussions. For
more operational relations we refer to [8], [11], and [15].

(27) = xu_lEu,u(Pmu)a

Su—p
where E, 3(z) is the generalized Mittag-Leffler function defined by

Sk

T(ak +B)’

K

E,p(z) = a, >0, |z] < oco.

B
I

0
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The relation (27) can formally be obtained as a geometric series:

I I hllf - kpk+1
Su=p I _ p I —phy, kz:;) !
hy
00 ko (k+1)u—1
px pn—1
= =2l E, . (pxh).
Z;IXuk+u) e

The m-fold convolution of the right-hand side of the relation (27) gives us
the operational relation:

(28) (Su+p)m = m“mflEmeu(px"), m € N,
where
o0 ; i—1
REEDY R a0, [¢] < o0, () = [Lon )

Let 6>0,a; >0,7=1,...,n. We then have the operational relation

S " Byt
(29) = gPH~ E(am,“

n

I—> A\Spe
=1

a1 i Qp [
~,Otnu),ﬁu()\1x yoee s ,)\nilj )

with the multivariate Mittag-Leffler function

k=0 l1+ - +in=k F(b + Z azll)

11>0,...,1p,>0

and the multinomial coefficients

k!

(koo bn) i= gy

For the general properties of the Mittag-Leffler functions we refer to [7].
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4. FRACTIONAL DIFFERENTIAL EQUATIONS

We first apply the developed operational calculus to some simple frac-
tional differential equations, which have already been considered by using
the Laplace transform technique (see [9] and references there). We begin
with the initial value problem (p > 0)

(30) (Diy)(x) = Ay(x) = g(x),
y®0)=cLeR, k=0,....m—1, m—1<pu<m, \eR.

The function g is assumed to lie in C_; if 4 € N, in C1, if 4 ¢ N, and

the unknown function y(z) is to be determined in the space C™.
Making use of the relation (20), the initial value problem (30) can be

reduced to the following algebraic equation in the convolution field M:

m—1 k

x
Sy =AYy =25uyu+9, yu(x)=26kﬁy m—1<p<m,
k=0 '

whose unique solution in the field M has the form

SN
S, — AU

Y=Yg+Yn= g+

Sy —A
It turns out that the right-hand part of this relation can be interpreted
as a function lying in the space C"™, i.e., as a classical solution of the
initial value problem (30). We shall prove this fact later for more general
equations, here we shall only demonstrate formulas for this solution.

It follows from the operational relation (27) and the embedding of the
ring C_; into the field M, that the first term of this relation, y, (solution
of the inhomogeneous fractional differential equation (30) with zero initial
conditions), is represented in the form

x

(31) v () = / VB, (A )g (e — 1) dt.
0
As to the second term, v, it is a solution of the homogeneous fractional

differential equation (30) (g(x) replaced by 0) with the given initial con-
ditions, and we have

—

i S xk
(32) () = Y- aunle). wlo) = 5 ()

k=0
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Making use of the relation

zk I
(33) y = hk;—|—1( ) h(k+1)/ﬂ( ) S(k‘f‘l)/ﬂ’
n

the formula (25), and the operational relation (29), we get the representa-
tion of the functions ug(x), k = 0,...,m — 1, in terms of the generalized
Mittag-Leffler function:
SM ok S;U“‘U/M
o=
S,—X ‘& I—-\S;t

ug(z) = =2"E, 1 (M),

Furthermore, due to the representation (5) of the Riemann-Liouville frac-
tional integral, we have

ug(z) = (Jkuo)(x), uo(z) = Ey (M) = E(Aat),

0o k

z
here Eq(z) = 3 ——
where E,(z) /fzzjo (k1)

last representation we arrive at the relations

is the Mittag-Leffler function. Using the

u,il)(O)zékl, k,l:(),...,m—l,

and therefore the m functions ug(x), k& = 0,...,m — 1, represent the
general solution of the homogeneous fractional differential equation (30).
Summarizing the obtained results, we get the solution of the initial value
problem (30) in the form

x

m—1
y(z) = /t“_lEH,H()\t“)g(a: —t)dt+ Z ckt" B, 1 (Mat),
o k=0

which can be rewritten in the case A # 0 in terms of the Mittag-Leffler
function:

x

y(x):i/jt(E (M9)) gz — t) dt+kzzock (J*E, (M1))(x).

The next equation

{ y'(x) = M (DEy)(x) — Aay(x) = g(x),

(34)
y0)=coeR, 0<pu<l, M, 2€R
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with 4 = 1/2 and A; < 0, Ay < 0 corresponds to the Basset problem, a
classical problem in fluid dynamics (see [9], [17]). We treat the general
problem (34). The function g € C_; is given, and the unknown function
y(z) is to be determined in the space C!;.

With the help of the relation (20) the problem under consideration can
be reduced to the algebraic equation in the field M:

Si-y—MSu - y—Ay=9+51-y1 — Sy yu, n1(z) =yu(z) = co.

Applying the relation (26) we represent a unique solution of this equation
in the field M in the form

gy = —— L P i)Y (0)=c
Y=1Yyg yh_Sl_)\ls{L_)\Q g 51—)\1S{L—)\2 Y1, Y1 = CQ-

Using now the relations (25) and (29) we arrive at the representation

I B St
St—MST =X 1o 2S5 0T N80t

= E(1—H,1),1()\19€1_“, A1)

with the multivariate Mittag-Leffler function. We also have, using the
same technique and (14), (33), the relation

Sl - )\15# )\2 C()I
= . — |7 el
S A v il G Ll Ll owe vy v R
I S 2
=co |5 +A !
R S W AQS;ll

= Co [1 + /\QxE(l_ml)’z()\lxl_“, /\QI)} .

The unique solution of the initial value problem (34) has then the form

xT

y(x) = /E(l—u,1),1(>\1t1_“,)\zt)g(x —t)dt
0
+co [1+ )\2:BE(17M,1),2()\1331_“, Ao)] .

The inclusion y € C!; will be shown in the next theorem for a more
general situation.
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We consider now the general linear differential equation with constant
coefficients and the Caputo derivatives.

Theorem 4.1. Let > py > -+ > pp >0, my — 1 < p; < my, m; €
No=NU{0}, \; e R, i =1,...,n. The initial value problem

y(k)(O):ck eER, k=0,....m—1, m—1<pu<m,
where the function g is assumed to lie in C_1 if u € N, in C1, if up ¢ N,

and the unknown function y(x) is to be determined in the space C™,, has
a solution, unique in the space C™, of the form

(36) v(@) = yy@) + 3 crm(a), x>0
k=0

Here

(37) yo(z) = / 1By (8)g(x — t)dt

0

is a solution of the problem (35) with zero initial conditions, and the system

of functions

.Tk - k4 p— g

at > N EG e (@), k=0, ,m — 1,
’ i=lk+1

(38) u(z) =

fulfills the initial conditions uV(0) = O0rt, k, 0 =0,...,m—1. The function
k
(39) E(~),,6’(x) = E(u—,ul ..... M—Mn)ﬁ()‘lxuiulv cees )‘nxuiun)

is a particular case of the multivariate Mittag-Leffler function (29) and the
natural numbers l, k =0,...,m — 1, are determined from the condition

my, > k+1,
(40) { e >

my,+1 < k.
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In the case m; <k, i=0,....,m —1, we setly :=0, and if m; > k+1,

1=0,...,m—1, then l; := n.

Proof. Since y € C™,, the initial value problem (35) can be reduced to the
following algebraic equation in the field M by using the formula (20):

(41) Su'y_Su'yu_Z)\i(Sui’y_Si'yui):.%
=1

m—1 ack m;—1 Ik
yAL(x): chya y,uz(x): Z ckﬁv 2217777/
k=0 ' k=0 '

Equation (41) has a unique solution in the field M, which in view of the
relation (26) is given by

I SpYu — 21 )‘isﬁi/u “Ypa

S,u o Z )\Zsﬁz/lﬁ
i=1

(42) y=ys+uyn= g+

S,LL o Z )\Zsﬁz/ﬂ
i=1

Using the operational relation (29), Theorems 3.1 and 3.3, we can interpret
the element y, of the field M as the function in the ring C'_y:

xT

@) = [ 071 E ) (09l ~ )t

where the function E(. ,(r) is given by (39). In the case u ¢ N the
function g(z) is in the space C1; and Theorem 2.5 gives us the inclusion
y, € CL,. Let us show that the function y,(z) is in the space C™.
Multiplying the relation

I
S, — 32 \Shilk
=1

Yg = g

by (S, — > AiSf/*) and then by h, = S, !, we readily get
=1

(43) ye(@) = (J'g)(x) + Z/\i(J“_“iyg)(w)-
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It follows from this representation, that

C_1, N,
(44) Yo(x) = (J ) (), € { Cll Z?EZN

Combining now the relations (44) and (43) and repeating the same argu-
ments p times (p = /(1 — 1)) + 1) we arrive at the representation

0—17 JIBS N7
45 x)=(J¥ x), €
() wio) =@, ve{ g hER
In the case p = m € N it follows from (45) that yg(,m) =, € C_4
and y,(0) = -+ = yém_l)(O) =0. If u € N, m —1 < p < m then the
w
function h,(z) = % € C™ ! and we have h,(0) = - - - = h&m_2)(0) =0.
i
Using now the representation (45) and Theorem 2.5 we get the inclusion
Yy, € C™ and the relations y,(0) = --- = yém_l)(O) = 0. The last

considerations prove the part of Theorem 4.1 concerning the solution of
the problem (35) with zero initial conditions.

Let us consider the element y;, of the representation (42). Using the
expressions for the functions y,(z), y.,(x), ¢ = 1,...,n, from (41), we
have

Ik _
SM o Z )\Zsﬁz/ﬂ
i=1

m—1
Yn = Z Ckuk;(x), U =
k=0

i)

n _ N (0

SM o Z )\Zsﬁz/ﬂ k!
i=1

where the natural numbers Iy, & = 0,...,m — 1, are defined by (40).
k

x
Applying the relation (33) for the function — some elementary transfor-
mations and then the operational relation (29), we find from the previous

representation (kK =0,...,m — 1):

I
— g

Ik _
S,u o Z )\Zsﬁz/ﬂ
=1

Uk

S,u o Z )\Zsﬁz/lﬁ
=1
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Z Aisﬁi/u
I i=lp+1

= I
Sy r S, — )\isﬁz/u
i=1

n g (ki p—pi)/p
LR N VT
i=lp+1 J— Z )\iS‘:(M—M)/ﬂ

=1

k n

X — s

w2 M TTEG ke (@),
) 1=lr+1

where the function E(.,y g(z) is given by (39). According to the definition

of the numbers [, we have m; < k for i =l + 1,...,n. It follows then,
that k +p — p; > p, t =l +1,...,n. Using this inequality, we readily
get the inclusion u; € C™, k =0,...,m — 1 and the relations

ug)(O)zékl, k,l:O,...,m—l,

and therefore the m functions wug(z), k = 0,...,m — 1, represent the
general solution of the homogeneous fractional differential equation (35).

Remark 4.1. The results of Theorem 4.1 can be used in some cases for
the initial value problem (35) with the Riemann-Liouville fractional deriva-
tives instead of the Caputo fractional derivatives. In particular, as we have
seen in Corollary 2.1, (D*y)(x) = (DYy)(z) if u =m € N or y¥)(0) = 0,
Ek=0,....m—1,m—1<pu<m. In the case 0 < u < 1 we can use the
relation

y(0)

(1 —p)
to reduce the initial value problem with the Riemann-Liouville fractional
derivatives to the initial value problem of the type (35).

(D'y)(z) = (Diy)(z) + g H

Remark 4.2. The developed theory can be rewritten without any diffi-
culties for the case of the Caputo derivative of the complex order u. In
particular, Theorem 4.1 gives us then the solution of the initial value prob-
lem (35) for p € Cif R(u) =m € N, then p=m), R(u) > R(py) > -+ >
R(pn) > 0 if R(p;) = m; € No, then p; = my), m; — 1 < R(p;) < my,
m; € Ng = NU{0}, pu, i € C, i =1,....,n, y¥(0) = ¢ € C,
k=0,....m—1,m—1<R(u) <m.
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The solution (36)-(38) of the initial value problem (35) was obtained in
terms of the Mittag-Leffler type function E.) g(z), which is given by its
series representation

ﬁ( A )l
(46) By sz Z S kil ) —=

n
R0 TR (5+Z§1(M 13 )l;)

Let us find an integral representation of this function. We shall use the
Hankel integral representation of the reciprocal Gamma-function

1
= —_— C -z
[(z) 2mi / e¢rdg, e G

Ha(0+)

where Ha(e+) is the Hankel path, a loop which starts from —oo along the
lower side of the negative real axis, encircles the circular disc |(| = (o >
€ > 0 in the positive sense and ends at —oo along the upper side of the
negative real axis. Then we substitute this representation into (46) and
get

E()ﬂ Z Z (/{7;[1,... H QZM M

k=0 l1+ -+Iin=k i=1
11>0,... ,lp >0
% L / eCC_B_Z?zl(M_Mi)Zi dc.
21
Ha(0+)

Changing the order of integration and summation, using the multinomial
formula with exponent —1 to get a closed form for a sum in integrand and
substituting ¢ = sz, we finally get

1-5 L e5sh=P ds

2mi w .
Ha(r+) "~ 21 Aqshs
1=

n 1/(p—pa)
A =max{ 1, (Z |)\Z|)
i=1

(47) Eopla) =1
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Corollary 4.1. Applying the representation (47) to the formulas (37) and

(38), we rewrite the solution (36) of the initial value problem (35) in the
form

(48) vw) = [ustge =0+ Y o), w20,
k=0

0
where
1 es*d
(49) )= g —=L
G a(A+) s — 2: A gl
et N st
ug(x) = x—k + = =hetl ds
A N P n skl

Ha(A) Su—i;AiS“i

i
ST no_ Ai Hi
- Erer]

gk+1’

1
50 = — k=0,... — 1.
(50) = o

n
Ha(x+) 5"~ 21 At
1=

In particular, if p, =0, A\, # 0, then lo =n — 1 and we have

n—1
est st — > )\is“l}
up(r) = i { 1 = @ :
T n— S
Ha(x+) SH— ; Aisti — Ay

In this situation we have the relation

If py, > 0, we get up(x) = 1.

Remark 4.3. The initial value problem (35) for the three cases: 1) n =1,
=0, A1 = —=1,2)n =2, p=1, Aa = =1, po = 0, and 3) n = 2,
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=2 A = —1, up = 0 was considered in [9] by using the Laplace
transform method. In this research and survey paper the form (48) - (50)
of the solution was obtained and used, by evaluating the contribution of
poles of the integrand by the residue theorem and transforming the Hankel
path Ha(A+) into the Ha(0+), to represent it as a sum of oscillatory and
monotone parts. In addition, asymptotic expansions, plots and interesting
particular cases are given there. General results concerning the methods
of evaluation of the poles of the integrand in the integral representations
of the type (49), (50), asymptotic expansions of such representations as
well as a lot of interesting particular cases can be found in the paper [12].

Finally, we consider some examples.

Example 1. Let the right-hand part of the fractional differential equation
(35) be a power function:

[

T
= — —1, if N > if N.
g9(z) Tat D) a>—1,ifpeN, a>0,if p g
Since
z* _ _ _ o (a+1
Dla+1) has1(®) = hfy ), (®) = STV,

we get by using (42), (25), (29), and (47) the following representations of
the part y4(«) of the solution (36):

1 1 1
L , n : (a+1)/
=Bt s,- Sl ST

Yg =

—(pta+l)/p
SH — x,u—l—oz

= n _ By pta+1 ()
I — Z )\iSlj(M*Mz)/M
=1

B 1 / o a1
“omi ) w
Ha(x+) 5"~ _Zl)‘isl”
1=

Example 2. We consider now the equation (35) with u; = (n — i)a,
i=1,...,n,p=na,q—1< pu<gq,q€ N. Then the solution (36) can be
represented in terms of the generalized Mittag-Leffler function £} 5(z), see
(28). Indeed, using the relation (26) and representing the corresponding
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rational function as a sum of partial fractions, we get

1 1
Yg = — g = n -+ g
S, — S A8k Sn— S NS0
=1 i=1
p "y
= po- , p = N.
j=1m=1 (Sa_ﬁj)

The operational relation (28) gives us the representation

T

yy(z) = / us(t)g(z — t) dt

0

with
p nj

us(x) =) Y Cima™ T EY o (B2%).

j=1m=1

We have also (k=0,...,q—1)

yn(x) =Y crun(e),
k=0

a® a® i:%‘f'l N ak k+1
- = 2+ (M) (@),

U = — + § — - )
Sn 3 AR
=1

k! k!

n
n—i
Z )"iSa Pr Mk

1=l +1 o Cimk

vg(x) = — - =
Sn— S aSE iy (S = k)™
i=1
Pr Tk Pk
= Z Z cjmkxam_lngma(ﬁjkxa), ank =n.
ji=1m=1 J=1

In the case a € Q the generalized Mittag-Leffler function E7’,,,(z) can
be represented in terms of special functions of the hypergeometric type

(see [9]).
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