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APPROXIMATION ORDERS IN THE
CONDITIONAL CENTRAL LIMIT THEOREM
FOR WEAKLY DEPENDENT RANDOM VARIABLES

BUI KHOI DAM

ABSTRACT. Let (X,),>1 be a stationary, strong mixing sequence of ran-
dom variables with EX,,=0, EX2=1 and let B€o(X1,X2,...,Xn,...) with
P(B)>0. In this note we establish an estimation for the quantity

A, (B)=sup |P(S,.(ES2)~ /2 <t|B)—®(t)|,
teR
where (P(t) is a standard normal distribution function and S, = f: X;.

i=1

1. INTRODUCTION

Let (X,)n>1 be a sequence of random variables with £X,, = 0 and
EX?2 = 1. The sequence X,, is said to be strong mixing (in the sense of
Rosenblatt) if

(1.1) sup |P(E1 N Ey) — P(E1)P(E2)|=p0(n) |0 as n — oo,

where the supremum in (1.1) is taken over all Fy € o(X,..., X}), Es €
0(Xktns Xk+n+1,...) and over all k = 1,2, .... The function o(n) of (1.1)
is called the mixing coefficient. The sequence X, is said to be ¢-mixing
(in the sense of Ibragimov) if

(1.2) [P(Ey N Ey) — P(Ey)P(Ey)| < ¢(n) P(E)

for all £y € o(Xy,...,Xx) and Es € 0(Xgin, Xgtnt1,...). For iid. se-
quences of random variabless, the classical theorem of Berry-Esseen gives
an estimation of the rate of convergence to the normal law as follows:

A(8) = sup [P(S,.(S2) 72 < 1) = 9(8)] = 0(n™2),
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where ®(t) is a standard normal distribution function.

A. Renyi [6] firstly showed that A, (B) — 0 as n — oo for arbitrary
subset B. This theorem (which is called conditional central limmit the-
orem) plays an important role in the theory of random summation, in
problems of random walk, in the sequential estimation ...

Landers, D. and Rogge, L. [5] proved that

A, (B) = 0(n"1/?)
if E|X;|P < oo for some p > 3 and

d(B,O'(Xl,XQ, ,Xn)) = mf{P(BAA) A€ U(Xl,XQ, ,Xn)}

:O(W)'

For an unconditional central limit theorem (that means when B = Q)
Stein [7] showed that if (X,,) is stationary, ¢-mixing with E(X?}) < oo,
then

AL () = O(n~Y2).

In an earlier paper [2] the author extended the result of D. Landers and L.
Rogge to the case of stationary, ¢-mixing sequences of random variables
as follows.

Theorem 1.1 [2]|. Let B € 0(X1, Xo,...) with P(B) > 0 and let (X,,)n>1
be a stationary, ¢-mizring sequence of random variables such that

(i) E|Xi|PTe < oo for somep > 8, ¢ >0,

(ii) ¢(n)<Cm=? C>0, >0,

(iii) d(B,o(X1,...,X,))=inf{P(BAA): Aco(Xy,....Xn)}

=O0(n Gt (logn)™), r>1, §>0.
Then
An(B) = O(n~(3<wD),

where
1 1

,(5 = — =4 .
o) =2 =t s

However, condition (i) is very strong even when we can obtain such an
approximation order as in the unconditional case.

In this note, we investigate approximation order of A,,(B) for the class
of stationary, strong mixing process (which is wider than the class of
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¢-mixing processes) and under assumption that the stationary sequence
(X,) has only s-th order finite moment for 2 < s < 3.

Our main result is the following theorem

Theorem 1.2. Let (X,),>1 be a strictly stationary, strong mizing
sequence of random variables with mizing coefficient

o(n) < K.n=?,

3
where K > 0, 9>§,andEX1:0, EX? =1, E|X1|* < oo,

2<s<min{g,so(9)}, 30(0):%%1+\/<%)2+4;20.

Assume that
ES? > unEX?, u>0.

Let B € 0(X1, Xa, ..., Xp, ...) with P(B) > 0 such that
d(B,o(X1,Xs,...,X,)) = inf{P(AAB) : A € o(X1,..., X))}

1 ), 6> §—2
nzto(logn)r”’ s(4—s)

= O(

Then

An(B) = sup |P(Sn.(ES2)"Y2 < #|B) — &(t)| = o(log”)

s—2
teR n-—2

2. PROOF OF THEOREM 1.2

We need some auxiliary results.

Lemma 2.1 (see [3|, Lemma 5.4, page 528). Let X and Y be random
variables with | X| <1 and EX = 0. Then

[E(XY)| <4EY] o(0(X),0(Y)),

where
o(c(X),0(Y)) =sup|P(AN B) — P(A)P(B)|,

the supremum being taken over all sets A € o(X), B € o(Y).
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Lemma 2.2 (see [8], page 636). Let (X,)n>1 be a stationary, strong
mixing sequence of random variables with mixing coefficient

on) < Kn=% 6>0, K>0,

and
EX, =0, E|X1’S<OO,
0—1 0—1\2 4+20
If

ES? > unEX?, u>0,

there exists a constant C(s,0, K, i) depending only on s, 0, K, and p such
that

(22) An(Q) =sup |P(Spn 2 <t)=d(t)| < C(s,0,K,p) fsmv
teR n
B E|X1|S
where Bs = (EX2)5?

Proof of Theorem 1.2. By [1, page 170-172] we have ES? ~ o.n, where

0’ = EX] +2) EX1X; < 0,
k=2

So, without lost of generality we may assume that ES? =n. We put

J
Sij= Y Xp for i<j and Ny={2':i>1}.
k=i+1

Consider the following sets:

San t\/ﬁ SQk
AF = (S, <t = 2 < — :
n=( \/ﬁ) <\/n—2k vn — 2k n—2k>

Sok,n Vn C(k)
<\/ni2k \/:z—2k+ n—zk;)’
( Sgkn t\/ﬁ C(k‘) ),

<

Vn—2k Vn—2k /n-—2k

(IS2k| = C(k)),
(1521] < C(k)),

k
D¢
k
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where C(k) is a constant depending on k. On one hand, we have
(2.3) AF = (AF Dy, U AFD§) C Dy, U BF.
On the other hand, we have
(2.4) CF =C*D,uC*D; C AED, U AR DS C Dy, U AF.
These relations imply

(2.5) ].AZ’CLS]_Dk‘f‘le,

(2.6) 1A§ > 105 —1p,,

where 1, denotes the indicater function of the given event. Combining
(2.5) and (2.6) we finaly obtain

(2.7) lor — 1p, — ®(t) < Lax — ®(t) < 1px + 1p, — B(2).

Now we choose By, € 0(X1, ..., X)) such that

P(BABy) < #,
kzt9(logn)”

where C' is a constant. Then

|P(B).An(B)| = |P(A}B) — ®(t)P(B)|
= |E[1ax — ®(t)]1p]
< [E[lar —2@®)][1B —1B,,]|
+ > |E[la - @(1)][1p, - 1g, |

n1<k<ng
keENq

(28) + B[y — @(W)]p,, | =i+ L+ I,

where ng, n1 € Ny, n1 < ng, will be choosen later.
The term I will be estimative as follows. By (2.7) we get

Ellgr — ()1, — E(1p,1p,) < E[lar — (¢)]15,
(2.9) < E[lgr — @(t)|1p, + E(1p,18,),
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E[lC,’g - q)(t)]lBk/Q - E(lelBk/Q) < E'[lAfL - q)(t)]lBk/z
(2.10) < E[lBﬁ - (I)(t)]lBk/z + E(lelBk/2)'

These relations imply

Ellcy — @(t)|1p, —2P(Dk) — E[lpr — @(1)]15, ,,
< Eflax — @(t)][Lp, —1B,,,]
(2.11) < E[lBﬁ — (I)(t)]lBk + QP(Dk) — E[lCﬁ — (I)(t)]lBk/2.

It follows from (2.11) that

Eller — @)1, — 1B,,,] — 2P(Dx) — E[lgr — 1ck]lp, ,
< Ellge — @)1, — 18y,
< Ellgr — ©(¢)|[1p, — 1B,,]
(2.12) +2P(Dy) + E[lps — k)1, .

Finally we get

|E[1ax — @()][1p, — 1B, ]| < |E[lpr — @(®)][lp, — 1B, ]+
+ |E[ler — @(t)][1p, — 1B, ,]l
(2.13) + Ellge — 1exlg, ,, + 2P(Dy).

From (2.8) and (2.13) we have

L< ) |Elp—®W®)]lls, —1p,] +

2

kEN;
n1<k<ng
+ Y |Eller — @(®)][s, — s, ]I+
keEN, 2
n1<k<ng
+ Z E[le _105]1Bﬁ + Z 2P(Dk)
kEN] 2 kEN]
n1<k<ng n1<k<ng
(2.14) =T+ Ty +T5+Ty.

We shall estimate each term of the right-hand side of (2.14) as follows.



APPROXIMATION ORDERS 353

For the first term 77 we have

n< Y |BlLp - S0)ls, — 15,

< > Bl — 0t) — (P(By) = ()]s, — 1p,,.]
+ Y |IPB) — eW)ELs, — 1p,,]l-

Using Lemma 2.1 and noting that X = (1gx — ®(t)) — (P(By) — ®(t)) and
Y =1p, —1B,,, we get

Tv< ) 4o(k)Ellp, —1s,,|

keNqp
n1<k<ng

+ Y P(BY) - ()] E[lp, — 1p,,]]

keNq
n1<k<ng

= Z 4o(k)E|lp, — ]‘Bk/2|
keNq
n1<k<ng

S2k,n t\/ﬁ C(k)
+ k;; HP(\/n—Qk: < vn—2k \/n—2k>

”1<’“<"i/ﬁ C(k) Vn C (k)
_(I)(\/;L—Qk - =) ”Qﬁ‘ T—57)

(2.15)
— ®(t)|E[LB, — 1B,,,]l-

In view of Lemma 2.2, (2.15) and the following inequalities

(2.16) () - B(y)| < '@;_j' ,
(2.17) B L) )< 2
we have
T < XN: [4g(k)+(n_(;1€)322+ \/127 %
ny <k<ng
(2.18) 2 B, 1,

V8er n — 2k
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Applying the same procedures as in estimating 77 we obtain that

To= Y, |E[lck —®@)][ls, — 1, ]l

keN,

n1<k<ng
C 1 C(k)
< 4o(k) + — + +
k;l Ho(k) (n—2k) = V2mv/n — 2k
n1<k<ng
1 2k

(2.19) +_;@§;nﬁ—2kﬂﬂ13k_]l%ﬂh

Since 1pr > 1ok and using Lemma 2.2 we obtain

Ts= >, Elp —lells, < ), Ellp —lc

kEN] kENy
n1<k<ng ny<k<ng

-3 e e A £
1<k<n0t\/ﬁ C(k) tvn C(k)
+(I)<\/n—2k:+\/71—2k> _(I)<\/n—2k_ \/n—2k;>

|

Wi Ok )
+o - - P(C
<\/n—2k: \/n—2k> (Cr)]
(2.20)
Sy 02 O
a kEN, (n - Qk) = KEN, 21 v/n — 2k
n1<k<ng nq1<k<ng

Finally, from (2.14) and (2.20) we get

I, < Z do(k)E1p, — 1B, ,|

keENy
n1<k<ng

+ E E“Bk lBk/2|
hen, (n — 2k)
n1<k<ng

> ()
—=F|1p, -1
TE X e e

nq <k:<n0
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/_867T Z N — 2kE|1Bk 1Bk/2|

keENq
ni1<k<ng
C(k)
+
k;l k;1 v 27T Vi —
n1<k<ng n1<k<ng
(2.21)
+ D, PSul = Ck)).
keEN
n1<k<ng

355

Each term of the right-hand side of (2.21) will be estimated as follows.

First, we have

1 1 1
4Q]€E13 — 1B < 40— . .
n1<k<ng n1<k<ng
Cs Cs
(2'22) = T 1420425 —  s—2
n, 2 n-2
if we choose
(2.22a) ny < nIFEEn

where (5 = 4C Z L

—— . Since k < ng < n we obtain
. (log k)" 4
eNy

n1<k<ng
&
Z —52E|1Bk ]‘Bk/2|
nemy,  (n—2k)=
n1<k<ng

S C 1 1
(n—2k)= k210 (logk)"

keNq
n1<k<ng
s—2
1 272 Cl 03
(223) — s—2 Z 1 kf r = s—2
n-2 heny (logk) n-2
n1<k<ng

Choosing C(k) = (2k)=*% we have
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1 C(k)
— ———=F|lp, —1
NP D
n1<k<ng
23+0 1 1 Cy
2.24 = <=
( ) V2w k;\,:l Vn =2k (logk)™ — nz
n1<k<ng
1 2k
El 1
Joor 2 moaptlte ol
n1<k<ng
1 229 1 Cs
2.25 < . < 0.
( ) T \/Ser k;\f n — 2k (logk;)’" - n%
”ISkSiO
For the three last term of the right-hand side of (2.21) we have
2C C’ 1
(2:26) > : =
vem, (n— 2k) T nz
n1<k<ng
3 _C(k) -y 2 (2k)z+
el \/277\/71—2 e \/277\/n—2k
n1<k<ng n1<k<n0
+6 210
(2.27) < 23 ng 1 Jlogn < C&.Eg;n)
%5 n-—2

if we choose ng such that ng < n1+2s

By Markov inequality we obtain
max P(|Sax| > (2k’) %)

> P(IS| = C(k)) <logn- max

keENq n1<k<n0
n1<k<ng
E|So|*
<logn - max Toot
nronny [(2K)27°]
“logn. max ISl
B1 IS (2k)5 . (2k)5 0
nj<k<ng
1 C7-1
(2.28) < C7-logn-—5 < ! S;Ozgn,
ny n-2

s—2
if we choose n1 > nzs.
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Using (2.9) we estimate the term I3 as follows:

208 2 C(TLl)
I3 < 8o(nq) + — +
( ) (n—2n1)T2 V2TV — 2k
1 2%1
+ * + P S’l’Ll Z C n
\/% n— 2n, (| | ( 1))
(2.29) =51 +85,+83+ 854+ S5.
3 1
Note that 8 > o o< 3 and s < 3. Then we have
8 8
(230) S]. S _0 — s—2
TLl n 2
if we take
(2.30a) W3S >y > nes.
Si < s> 572 and (2.30a), it | to see that
ce — a .30a s easy to see tha
ince ny < —, e n it i y
2C
(2.31) Sp < 5,
n-z
5—2
MN2s.8 2
(2.32) Sy < CZ " < (_j :
_ n 2
2
Now we choose the constant C'(n;) such that
1 .o o
(2.33) ni.n = <piT

Then we obtain

2 1
2.34 Sy < —— —,
(2:34) 35S o
(2.35) S <~
n_z

To complete the proof of Theorem 1.2, we only need to show that

1
(2.36) I < P(BAB,,) < ICM- TS 32 -
ng (Ogn) n 2

But this is obvious because

3—s
ng <ni+2 and 2<s<

DN | Ot
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