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HOPF’S FORMULA FOR LIPSCHITZ SOLUTIONS
OF HAMILTON-JACOBI EQUATIONS
WITH CONCAVE-CONVEX HAMILTONIAN

HA TIEN NGOAN

ABSTRACT. We extend Hopf’s formula for Lipschitz solutions of Hamilton-
Jacobi equation to the case where the Hamiltonian H(p) = H(p/, p”) is
a concave-convex function.

1. INTRODUCTION

We consider the Cauchy problem for Hamilton-Jacobi equations of the
form

(1.1) ug + H(u,) =0, (t,z) € Q,
with initial condition
(1.2) u(0,z) =o(z), =z € R",

where 2 = (0,7") x R". We denote by Lip (£2) the set of all locally Lipschitz
continuous functions on 2.

Definition 1.1. A function u(t,z) € Lip([0,T) x R") = Lip(Q) N
C([O,T) X R”) is said to be a global Lipschitz solution of the problem
(1.1) - (1.2) if w(t,z) satisfies (1.1) a.e. in  and u(0,z) = o(x) for
r e R".

In Theorem 5a of the paper [1] E. Hopf proved the followings:

1) If H(p) is a strictly concave function in R™ satisfying the growth
condition:

Received December 23, 1996; in revised form December 30, 1997.

1991 Mathematics Subject Classification. 35F25.

Key words and phrases. Lipschitz solution, concave-convex function, Legendre trans-
formation.

Supported in part by the National Basic Research Program in Natural Science, Viet-
nam.



270 HA TIEN NGOAN

H
(1.3) lim Hlp) = —00,
lp|—oo [P

and o(z) is globally Lipschitz continuous in R"™, then the function

(1.4) u(t,z) = sup (0(€)+tH*(xT_£)>

é‘eRn

is a global Lipschitz solution of the problem (1.1), (1.2).
2) If H(p) is a strictly convex function in R™ satisfying the growth
condition:

(1.5) lim Hip) = +00,

lpl—oo  [p)

and o(x) is globally Lipschitz continuous in R™, then the function

(1.6) u(t,x) = inf <a(§)+tH*(x;€)>

EERM

is a global Lipschitz solution of the problem (1.1), (1.2). Here, in the
formulas (1.4), (1.6), H*(z) is the Legendre transform of the function
H(p).

There are many papers devoted to extensions of Hopf’s formulas (1.4),
(1.6). See [2], [3] and the references therein. In this paper we extend
Hopf’s results just mentioned by permitting the Hamiltonian H(p) to be
a concave-convex function. We assume that the variable p is separated
into two groups: p = (p/,p"”) € R = R™ x R™.

Definition 1.2 ([4]). The function H(p',p”) is said to be concave-convex
if for each fixed p” € R™ the function H(p’,p”) is concave with respect
to p’ and for each fixed p’ € R™ the function H(p',p”) is convex with
respect to p”.

In Section 2 we introduce the Legendre transformation for some class of
concave-convex functions. In Section 3 we give a simple version of Hopf’s
Lemma ([1]) for the minimax and maximin cases. In Section 4 we obtain
various intermediate cases of Hopf’s formulas (1.4), (1.6).
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2. THE LEGENDRE TRANSFORMATION
FOR CONCAVE-CONVEX FUNCTIONS

In [4] a notion of conjugate for concave-convex functions was intro-
duced. In this paragraph we introduce a notion of Legendre transfor-
mation for some class of concave-convex functions. First we recall some
well-known definitions of Legendre transformation for convex or concave
functions.

For a convex function H(p), defined on R", we introduce the following
conditions:

(C1): H(p) is twice continuously differentiable.

0’H
(Co): The matrix 3 gp) is positively definite on R™. Besides that,
p
H(p) is co-finite; i.e.,
H
lim ﬂ = 400
lpl—oc  |p|

The Legendre transform H*(z) of the convex function H(p) satisfying
the conditions (C4), (C3) is defined by the formula:

(2.1) H*(z) = —H(p) + (2,p)
where p = p(z) is the solution of the following system of equations:

0H (p)
Op

= Z.

(2.2)

H(p)
Op

Here and in what follows

, Z,... are understood as row-vectors, i.e.

0*H (p)
Op?
definite, the solution p = p(z) of (2.2) is unique and is continuously dif-
ferentiable in z. The function H*(z) is also defined on R™ and is convex.

It coincides with the Fenchel conjugate of H(p); i.e.,

1 X n matrices. Since the matrix

is continuous and is positively

(2.3) H*(z) = sup ((z,p) — H(p)),

where (., .) is the scalar product. Moreover, there is the following formula:

OH*(z)

(2.4) 5, —P).
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Indeed, from (2.1) and (2.2) we have

From (2.4) it follows that H*(z) is twice continuously differentiable. It is

. . O0*H*(2) . » . .
also co-finite. The matrix 52 is positively definite and is equal to
z
<32H(p(z)) ) -1
op? ’

For a concave function H (p), defined on R", we introduce the following
condition:

2
H
(C3): The matriz 5 gp) is negatively definite on R™. The function
p
H(p) is co-finite; i.e.,
H

lim _(p) = —
pl—oo  [p]

The Legendre transform H*(z) of the concave function H (p) satisfying
the conditions (C7), (C3) is defined by the same formulas (2.1)-(2.2). In
this case the function H*(z) is also defined on R™ and is concave. It
coincides with the Fenchel conjugate of H(p); i.e.,

(2.5) H*(z) = piengn((z,m — H(p)).

0%H (p)
op?
lution p = p(z) of (2.2) is unique and is continuously differentiable; and
there holds the formula (2.4). The function H*(z) is twice continuously
0?H*(2)
022

Since the matrix is continuous and negatively definite, the so-

differentiable and is co-finite. The matrix

32H(p(z)) ) -1

Op? '

Now for a concave-convex function H(p’,p”), defined on R™ = R™ X
R™ | we introduce the following conditions:

(Cy): H(p',p") is twice continuously differentiable function on R™ =
R™ x R™2,

is negatively definite

and is equal to (

82H /AN
(Cs): For each fixed p"” € R™, the matriz % is negatively
p
definite on R™, and H(p',p") is co-finite in p':
H / /!
(2.6) lim AWLPD

|p’|—o00 \p’]
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aQH VAN
(Ce): For each fized p' € R™, the matrix % is positively
p
definite on R™, and H(p',p") is co-finite in p:
H' / /!
(2.7) lim WP _ +00

| —oo [P

Proposition 2.1. Suppose that the function H(p',p"), defined on R™ =
R™ x R"2, satisfies the conditions (Cy),(Cs),(Cs). Then the matrix

(92H(p/,p”) azH(p/,p//)

aZH(p/,p”) B ap,z ap//ap/ B —-A C
apg - aQH(pI, p//) aZH(p/,p”) - Ct B
ap’ap” ap//Z
aQH AN}
18 nondegenerate on R = R™ x R™2, where C = # 1S an nq X nNo
matriz and C* is the transpose of the matriz C.
azH 1A
Proof. Let £ = (£',¢") € R™ = R™ x R™. If{% = 0, then
P

—€/A+£//C:0/,£/Ct+£”B:O”.

Here 0’ stands for the zero-vector in R™, 0” for the zero-vector in R"2,

respectively. It follows that ¢’ = ¢”C A~ and ¢"(CA~1C'+B) = 0”. The

(92[{(])/7 p//)
op'?

is nonnegatively definite. Since the matrix B =

is positively definite, hence the matrix CA=1C"*

82H(p/,p//)

matrix A =

is positively

6p//2
definite, so is the matrix CA=1C* + B. Then &” = 0”, and ¢ = 0. This
) aQH(p/,p”)
proves the nondegenerateness of the matrix 2 O
p

Definition 2.1. Suppose that the function H(p’,p”) defined on R" =
R™ x R™ satisfies the conditions (Cy), (C5), (Cgs). The partial Legendre
transform H*2(p’,2") of the concave-convex function H(p’,p”) with re-
spect to variable p” € R™ is defined, for each fixed p’ € R™, by the
formula:

(28) H‘*Q (p/’ Z//) — —H(p/,p//) _|_ <Z//,pll>,
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where p” = p”(p’, 2”) is the solution of the following system of equations:

aH p/’ pll
2 HY )

aQH(p/,p”)

8])”2
definite, the solution p” = p”’(p’, 2”) of (2.9) is unique and is continuously
differentiable. We have the following formula:

OH™ (¢, ")
6Z//

For each fixed p’ € R™, the function H*2(p',2") is convex and is twice
continuously differentiable in z”, and

Since the matrix is continuous in (p’, p’) and is positively

(2.10) =p" (v, 2").

(211) H*z (p/,ZN) = sup ((Z”,p”> _ H(p/,p”)).
p!' ER™2

82H*2 /’ " aQH /, " /, /i 1

Moreover, the matrix %, which is equal to ( (p ap//gp ) ) ,
z p
is positively definite; and
H*2(p . 2"

(2.12) im0

|z | — o0 ’Z”|

Definition 2.2. Suppose that the function H(p’,p”) defined on R" =
R™ x R™ satisfies the conditions (Cy), (C5), (Cs). The partial Legendre
transform H**(z’,p”) of the concave-convex function H(p’,p”) with re-
spect to variable p’ € R™ is defined, for each fixed p”” € R"2, by the
formula:

(2.13) " (2, p") = —H(p',p") + (<, p'),
where p’ = p/(2’,p”’) is the solution of the following system of equations:

aH(p/, p//)
82H(p/, p//)
op'*
definite, the solution p’ = p/(2/,p”) of (2.14) is unique and is continuously
differentiable with

Since the matrix is continuous in (p’,p”") and is negatively

OH*1 Z/,p//
6(2’ ! - p'(z

/

(2.15) ).
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For each fixed p” € R™, the function H*!(z’,p") is concave, twice contin-
uously differentiable in 2/, and

*1 / N . / / _ / /!
(2.16) H (") = mf () — Hp',p")).

) 32H*1 Z/, " . . )
Moreover, the matrix w is negatively definite, and

o
H* (2 "
(2.17) im % — —x.
z/|—o0 z

Proposition 2.2. Suppose that the function H(p',p") satisfies the condi-
tions (Cy), (Cs), (Cg). Then

1) For each fized 2" € R™ the function H*2(p',2") is convex and sat-
isfies the conditions (C1) and (C3) with respect to variable p'.

2) Moreover, the function H*2(p',2") is twice continuously differen-
tiable on R™ = R™ x R"2, and is convex in (p',2"). The matrix:

32H*2 (p/, Z”) aZH*Q (p/7 Z//)

G — 3pl2 azuap/
2 = 02 H*2 (p/, Z”) o2 H*2 (p/7 Z//)
3])/82” 82"2

is positively definite on R = R™ x R"2.

Proof. 1) Since the function H(p’,p") is concave in p’, for z” and p” fixed
the function (2”,p”) — H(p',p") is convex with respect to p’. So from
(2.11) it follows that for each fixed z” € R" the function H*2(p',2") is
convex with respect to variable p’. The solution p” = p”(p/, 2”) of (2.9) is
unique and is continuously differentiable in (p’, z’"). We now prove that

aH*2 (p/, Z”) 81?(1)/’p//(1)/7 Z//))
2.1 = — .
(2.18) o o

Differentiating both sides of (2.8) with respect to p’, from (2.9) we obtain

OH*(p',2") _  OH( p"(p'.2")) OH@ p"(p'.2")) op" (p',2")

op’ - op’ op'’ op/
y ap//(p/’ Z//) B aH(p/,pH(p/, Z”)) .

_|_

op’ op’ ’
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8 /! / ZN
i.e., (2.18) is satisfied. Here oW, Z") is an ny X n; matrix.

op’
By differentiating both sides of (2.18) with respect to p’ we have
(2.19)
82H*2 (p/, Z”) B 82H(p/,p//(p/, Z”)) 82H(p/,p//(p/, Z”)) ap//(p/, Z//)
op' 2 B (9[)'2 op''op op/ :

On the other hand, by differentiating both sides of (2.9) with respect to
p’ we have

aQH(p/,pll(p/’ Z//)) + aQH(p/’pll<p/7 Z//)) ap//(p/’ Z//)

Op'op” ap'"* o

The last equality implies
aQH(p/,p//(p/, z//)) _ (62H(p/,p”(p/, Z”)))t

8p” 8p’ 6p' 629"

(2'20) _ (8}9”(}9/, Z”))t 32H(p/,p”(p', Z")) |
8p/ ap//Q
By (2.19) and (2.20) we obtain
PH (.2 _ PHW .2
8])’2 - (9])’2
(2 21) N (8})"(]9/, Z’/))t(92H(p/,p//(p/, Z”)) ap”(p/, Z”)
. 8])/ ap//Q ap/ .

PHW. "¢ 2"))

The matrix 5
6p//

is positively definite; hence the matrix

<8p//(p/’ Z”))t 82H(p/,p//(p/, z//)) (’913//(])/7 Z//)
ap/ ap//Q 6p/

82H(p/,p”(p/7 Z”))
8p’2

is nonnegatively definite. Since the matrix —
62H*2 (p/7 Z”)
o

From (2.11) it follows that H*2(p’,2") > —H(p’,0”). Therefore, (2.6)
shows that for fixed 2” the function H*2(p',z”) is co-finite.

is posi-

tively definite, so is the matrix
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2) From (2.18) and (2.10) it follows that H*2(p’,2") is twice continu-
ously differentiable on R™ = R™ x R™. Moreover, (2.10) gives

ap”(p/, Z”) B 92 H*2 (p/7 Z”) B <82H*2 (p/, Z") )t
8}7/ - ap/azll - azuap/

Further, together with (2.18) it implies that

82H*2 (1,)17 Z/l) B _aQH(p/’p//(p/’ Z/l)) 8p//(p/’ Z//)

az//ap/ - 6p”8p' o2
B aQH(p/,p”(p/, Z”)) 92 H*2 (p/7 Z")
= ap,,ap, 82//2
We denote
A _32H(p/,p//(p/, Z”)) B (92I_I(pl’pl/(p/7 Z”))
o 8p/2 ) - 6]9”2 )
o aQH(p/,p//(p/7 Z”))
- ap//ap/
2H*2 i
Since 88—(5)2,2) — B~!, we have
z
32H*2 (p/’ Z”) B
o P
op'(p',2") _ (OPH™=(p,2")\t _ Ayt pelgt
op’ N < 0z"op’ ) = (=CB7) =—-B"C".

From (2.21) it follows that

82H*2 (p/7 Z”)

52 =A+CB'BB'C"'= A+ CB™'C".
p

A+CB~Cct —CB™!
_Bflct Bfl

Let £ = (¢,¢") € R™ = R™ x R"™. Then

Gy =

€G2 — (SI(A—F CB—lcrt) o é-//B—lct, _é-/CB—l +§/lB—1>,
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(€Go, &) = (€'(A+CB™ICY) —¢"B71CY ) +(=€'OB™H +¢"B71¢")
_ <£/A,£I> + <(£// o €/C)B_1,£H o €/C>

Since the matrices A, B~! are positively definite, the matrix Gy is non-
negatively definite. Suppose that ({G2,£) = 0. Then ({'A,¢) =0, (" —
EC)B7L ¢" — ¢C) = 0. Consequently ¢ = 0/, and ¢” — ¢'C = 0. So
¢ = 0" and £ = 0. That means the matrix G5 is in fact positively definite.
J

Proposition 2.3. Suppose that the function H(p',p") satisfies the condi-
tions (Cy4), (Cs),(Cs). Then

1) For each fized z' € R™ the function H*'(2',p") is concave and
satisfies the conditions (C1) and (C3) with respect to variable p”.

2) Moreover, the function H*'(Z',p") is twice continuously differen-
tiable on R™ = R™ x R"2, and is concave in (2',p"). The matriz

aZ(H*l (Z/7p/,)) 82(H*1(Z,,p”))

G B 82’2 8]9"82'
1 — 82(H*1 (Z/,p”)) 82(H*1(z’,p”))
azlap// 8]9”2

s negatively definite on R" = R™ x R™.

The proof is analogous to that of Proposition 2.2.

Definition 2.3. Under the hypotheses of Proposition 2.2 for each fixed
2" € R™ we define the partial Legendre transform (—H*2(.,z”))*1(z’)
of the function —H*2(p’,2") with respect to variable p’ € R™ by the
formula:

(222) (_H*2 (., Z//))*l (Z/) — H*2 (p/, Z//) + <Z/7p/>,
where p’ = p/(2/, 2”) is the solution of the following system of equations:

a(_H*2 <p/7 Z//))
(2.23) 5 v
82(—H*2 <p/, Z”))
op'?
atively definite, the solution p’ = p'(z/,2"”) of (2.23) is unique and is
continuously differentiable in (z’, 2”"). We have the following formulas:
O(— H*2 . AN LYV
(224 CHPCA) )y,
2

Since the matrix

is continuous in (p/, z”’) and is neg-
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(2.25) (—H*2(.,2")" ()= inf ((<,p))+H>@,2")).

pleRnl
By a proof analogous to that of (2.18) one can obtain

a(—H*2(-, Z//))*l(z/) OH*2 (p/(zl, z//)’ Z”)
92" - 2" '

(2.26)

Let m < 0 be arbitrary. From (2.25) we have
* Z/ Z/
(<Ho2) " ) < (i) H (m s 2),
z

2"

which implies

1
<m+— max H*({, z2").
2] I¢'|=—m (¢.")

|2']
Consequently,
—H*2 (. *1 0 0
(2.27) Jim ( (ﬁﬂ)(z):_m,
2’| —o0 z

where the convergence is locally uniform with respect to 2” € R™. For
82 (_H*z (.7 Z//))*l (Z/)

5.2 is negatively defi-
z

each fixed 2”7 € R™ the matrix

nite and

2 (_H*2('7 Z//))*l (Z/) 92 I *2 (p/(zl, z//), Z//) _1

62/2 - _( 6pl2 > ’
Moreover, from (2.24), (2.26) and from Proposition 2.2 it follows that
(—H*2(., z”))*l(z’) is twice continuously differentiable in (2/,2"”) € R™ =
R™ x R™.

Definition 2.4. Under the hypotheses of Proposition 2.3 for each fixed
z' € R™ we define the partial Legendre transform (—H*!(2/, .))*2(2”)
of the function —H*'(2’,p"") with respect to variable p” € R"2 by the
formula:

(2.28) (—H*l (2/, ))*2 (Z//) — g+ (Z/,p//) + <Z”,p”>,
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where p” = p”(2',2") is the solution of the following system of equations:

IR (o ol
(2.29) A Hap(f’p D _

aQ(_H*l (Z/,p”))
ap//2
itively definite, the solution p” = p”(z’,2"”) of (2.29) is unique and is

continuously differentiable in (2’, 2”"). We have the following formulas:

Since the matrix is continuous in (2’ p’") and is pos-

6(—H*1 (Z/, ))*2 (Z”)

(2.30) oo =p"(,2"),
(2.31) (—H*l(z',.))*z(z’”) = SU.}I%) (", p"y+ H (2',p")).
pl/e no
a(_H*1 (Z/, ))*2 (Z”) 6H*1(z’,p”(z’, Z”))
2:32) 9z’ B 0z’ ’
(2.33)
T () *20 11
. CHOGE)E
|z | =00 |Z”|

where the convergence is locally uniform with respect to 2/ € R™. For
H2 (_H*1 (Z/, ))*2 (Z”)

"2
Moreover, from (2.30), (2.32) and from Proposition 2.3 it follows that
(—H* (¢, ))*2 (z") is twice continuously differentiable in (2, 2”) € R =
R™ x R™.

each fixed 2/ € R™ the matrix is positively definite.

Definition 2.5. Suppose that the concave-convex function H (p', p’’) sat-
isfies the conditions (Cy), (C5), (Cg). The function

(2.34) H (7,2 = (-H*(,,2")" (¢)

is called the upper Legendre transform of the function H(p’,p”). The
function

(235) E*(Z,,ZH) = (—H*l(Z/’ ))*2 (Z//)
is called the lower Legendre transform of the function H(p', p”).

Proposition 2.4. Suppose that the function H(p',p") satisfies the condi-
tions (Cy), (Cs), (Cs). Then
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1) The function H (2',z") satisfies the conditions (Cy), (Cs).
2) The function H (z',2") coincides with the upper conjugate ([4]) of
the concave-convex function H(p',p"); i.e.,

(2.36) H (¢,2") = Jinf  sup (", 0y + (", 0"y —H®,p")).
P'ER™ e pna

Moreover,
(237) H*(Z/,Z”) + H(p/,p//) — <Z/,p/> + <Z/I,p//>,
where
OH (p',p") OH(p',p")

(2.38) 8—])' = Zl, T = Zﬁy
or

aﬁ* 7 8ﬁ* 7
(2_39) LZ) — p’, LZ) — p”.

0z 0z"

Proof. The assertion 1) follows from the above-mentioned properties of
the function (—H*2(_, z”))*1 (2"). We prove the assertion 2). The identity
(2.36) follows from (2.34), (2.25) and (2.11). The identity (2.37) follows
from (2.34), (2.22) and (2.8). The relations (2.38) follow from (2.9), (2.18)
and (2.23). The relations (2.39) follow from (2.34), (2.24) (2.26) and
(2.10). O

From the Proposition 2.4 it is easy to get the following

Corollary 2.1. Suppose that the function H(p',p") satisfies the condi-
tions (Cy), (Cs), (Cg). Then for any z = (2/,2") € R™ x R™ we have

OH (#,2") 8ﬁ*(z',z”))
9z 9z
OH (#,2") OH (,2")
(240) = <Z/, T> -+ <Z”7 T>

F* (Z/, Z//) + H(

For the function H*(2',2") we also have:
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Proposition 2.5. Suppose that the function H(p',p") satisfies the condi-
tions (Cy), (Cs), (Cs). Then

1) The function H*(Z',2") satisfies the conditions (Cy), (Cs).

2) The function H*(Z',2") coincides with the lower conjugate ([4]) of
the concave-convex function H(p',p"); i.e.,

(2.41) H*(2,2") = sup inf (" 0"y + (" "y —H®,p"));
p’ER"2 P eER™

Moreover,
(242) ﬂ*(zl,zn)—f—H(p/,p”) — <Z/,p/> + <Z/I,p//>,
where
aH(pl,p//) 8H(p/,p//)

(2.43) a—p’ = Zl, T = lea
or

aﬂ*(Z/’ Z”) aﬂ* (Z/, Z”)
(2.44) s Y, o P

Since the functions H " (2/,2”) and H*(2',2") are both defined in whole
R" = R™ x R™, from (2.37), (2.38), (2.42), (2.43) and from the nonde-

2H VAW /)
generateness of the matrix % it follows that for all (2/,2") €
P
R = R™ x Rne:
(2.45) H'(#,2") = H* (¢, 2").

So we can make the following.

Definition 2.6. Suppose that the concave-convex function H (p’, p’) sat-
isfies the conditions (Cy), (C5), (Cg). Then the function

H* (Z/7 Z//) = ﬁ*(Z/, Z”) _ ﬂ* (Z/, Z”)
is called the Legendre transform of the concave-convex function H (p’, p”).

From Definition 2.6, (2.45), Corollary 2.1 and Propositions 2.4, 2.5 it is
easy to obtain the following.
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Proposition 2.6. Suppose that the function H(p',p") satisfies the condi-
tions (Cy), (Cs), (Cs). Then
1) The function H*(Z',2") satisfies the conditions (Cy), (Cs), (Cs) too.
2) For any £ = (£',€") € R™ x R"2, the function

o — g g — g
ot &6y = o (T8 D28

is a classical solution of the equation (1.1).

3. HOoPF’S LEMMA IN THE MINIMAX AND MAXIMIN CASES

In [1] E. Hopf proved that the infimum or maximum of a family of
Lipschitz solutions of the Hamilton-Jacobi equation is in general also a
Lipschitz solution. In this paragraph we formulate a simple version of his
lemma, applied to the minimax and maximin cases.

Let {v(.,&,£")} be a family of functions defined in D, where D is a
open domain in R", and (¢',£") € R™ x R™2.

Lemma 3.1. Suppose that the family v(xz,&',&") satisfies the following
conditions:

1) The function v(x,&',£") is continuously differentiable in D x R™ X
R and for any fized (£',£") € R™ x R™ satisfies every where in D the
equation:

(3.1) F(z,v(z,&,&"),va(,6,€")) = 0;

2) For each fized " € R™ (respectively, &’ € R™), one has
(3.2) v(z,&,€") — —o00 as |€'| — o0
(3.3) (respectively, v(z, &', €") — +00 as || — oo)

locally uniformly with respect to x € D;

3) For any fized (z,£") € D x R™ (respectively, (x,&') € D x R™),
there exists a unique stationary point £ = &'(x,&") (respectively, " =
&"(x,&")) for the function v(z, &', £"). Moreover the function ' = &' (x,£")
(respectively, " = £"(x, ")) is differentiable in x;

4) If we set

(3.4) w(z, ") = sup v(z,&,£") = v(z,{(2,£"),£")

£,€Rn1
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(respctz'vely,
(3.5) w(z,{') = 6,,161‘115”2”(93,5/75") =v(z,¢,¢"(2,¢)) ),
then
(3.6)

w(z,&") — +oo as €] — +oo locallyuniformly with

respect to x € D)

(respectively,
(3.7) w(z, &) — —oo as €| — oo locally uniformly with

respect to x € D).
Then the function:

w(z) = inf w(x. &)= inf sup v(x, & &"
(0) = i, 0l €)= ing | s o(n€’ )

(respectively, u(z) = sup w(z,")= sup inf wv(z,¢,¢"))
é’/eRnl é’/eRnlgueRn2

18 a Lipschitz solution of the equation:
F(z,u(x), uz(z)) =0
in the domain D.

Proof. From the conditions of the Lemma and Hopf’s Lemma 2.2 in [1]
it follows that for any fixed " (resp. &) the function w(x,&”) (resp.
w(z, ")) defined by (3.4) (resp. (3.5)) is differentiable in = and satisfies
everywhere in D the equation:

(3.8) F(z,w(z,&"),we(x, ")) = 0.

From (3.8), (3.6) (resp. (3.7)) and Hopf’s Lemma it follows that u(x) is a
Lipschitz solution of the equation:

F(z,u(x),us(x)) = 0. O
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4. HOPF’S FORMULA IN THE MINIMAX AND MAXIMIN CASES

In this paragraph we shall prove the following main result:

Theorem 4.1. Assume that the Hamiltonian H(p',p”) and the initial
function o(x’', x") satisfy the following conditions:

1) H(p',p") defined on R™ = R™ x R™ is a concave-conver function,
satisfying the conditions (Cy), (Cs), (Cs);

2) o(a’,2") defined on R™ = R™ x R™ is twice differentiable with
respect to x' and is globally Lipschitz in x”:

(4.1) lo(2',¢") — o(a’,2")| < L(2").|¢" — 2",

where L(z') € LY (R™, RT);

loc

3) There exists T > 0 such that for any fixred £ € R™ one has

Jim {iote. e ot e em (P75 ) = o

where the convergence is locally uniform with respect to (t,z',z'") € (0,T)x
R’nl X RTLQ ’.

4) For any (t,2',2",£") € (0,T] x R™ x R™ the following system of
equations with respect to &' :

(G )

(4.2) & —t

has a unique solution & = &' (t,x', ", £"), which is continuously differen-
tiable in (t,z’, x");

5) There exists a constant My, which can be positive, such that for any
0" € R™m

82 roen

(4.3) sup <9’Lf),9/> < M6 %

(¢.¢"eR ¢’

6) There exists a constant My such that for any t € [0,T], (p',2") €
R™ x R™

* / 2 2
aH 2(p7z ) >M2‘

4.4 H*(p', 2" —tM
( ) (p y & ) 1 ap, =
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Then the function

(45)  wu(t,z)= nf = sup {0(5175")+tH*(wl;€,’x/,_f”)}

EIIGanf’ERnl t
is a global Lipschitz solution of the problem (1.1), (1.2).

Proof. We set

@6) ot € ) =o€+ (T8 T8

We verify that the function v(t,z’, 2", &', £") satisfies all the conditions of
Lemma 3.1. According to Proposition 2.6 the function v(t,z’,2”,&’,£") is
a continuously differentiable function and for any fixed (¢',£") € R™ it is
a solution of the equation:

(47) V¢ + H(’Ux/, ’Uw//) = 0.

From Condition 3) of the theorem, it follows that the condition (3.2) of
Lemma 3.1 for the function v(¢,2’, 2", &', £") is satisfied. Given any fixed
(t,z', 2", &") € Q x R", in order to maximize v(t,z’, 2" £, &") over R™
we solve the following system of equations

u(t, ', 2", ¢, ¢")

(4.8) 5

=0

with respect to £’. We have

8U(t,$/,$//,€/,€/,) _ 80—(5/76//) B 8H* (1,/ _5/ 33'// _§/I> '
o¢’ o¢’ 0z t 7t

So from (4.8) it follows that

aH* (CL'/ _ Sl CL'” _ €II> B 80_(5/76//)
0z t 7t ¢

(4.9)

Since

(4.10) H*(Z,2") = (—H*2(.,z"))*l(z’),
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we may use (2.24) with

! — 5/ 2 — f” 80@1,5//)
S = . 7 o/ . : p/(Z/, Z”) _ 85/

to deduce from (4.9) that

(4.11)

_8H*2 (30(5/,5”) ! — &//> B ! — 5/ .
op/ oe Tt ot

So we have

| DH" (00(€,€") o' — ¢ _
(4.12) €~ 175 ( o )—:1:.

Condition 4) of the theorem guarantees that the solution &' = £’ (¢, 2’, 2", ¢")
of the system (4.12), which is continuously differentiable with respect
to (t,2’,2"), determines the unique stationary point & of the function
v(t, 2’ 2" £, ¢") for any fixed (t,2',2",¢").

Now we set

(4.13) w(t,z',x",&") = sup v(t, 2’ , 2", &, &").
&/

From (4.10), (4.11) and from the definition (2.22) of (—H*2(.,2"))™" (2')

we have

w(t,:z;',x",f”) _ 'U(t,CCI,ZBH,fl,gH) _ 0_(5/7&//) + tH* (I‘/ — 5/ x// ; 5//>

t ;
(4.14) = o i - T5)) T (RF)
Oo (& & el o (e & v en
:U(£I,§//)+t< o-(gg/f ),IL' tg >+tH*2< U(gglg )7111 tf )7

where ¢’ stands for &'(t,2’,2”,£”). On the other hand, for any z/,¢' €
R™ £" € R™ there exists 8/ € R™ such that

) /7 " , ,
82(7(9/, 5//)
o€’

o(',€") = a(¢,€") +

+%<($/—fl> ,$,—£,>.
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So we have
8 / 124
o (e, €") +< U(gg/g ),x/ _ £/>
82 0/ 1"
(4.15) — o, ") — %<(x' _ g')%, ).

From (4.14), (4.15) it follows that

wlt, o0, ") = ol €") + ey (22068 720

o6 1
1 / ! 820’(0,75//) / !/
—§<(1’ —ﬁ)TW -¢&)
a / 11 "N
= 0('77/;5//) + %H*2< O-(gg,/5 )’ - t s )
toa, (00(,€") 2" =&
Tt ( ocr Tt )
/ / 82 0,7 " / !/
(4.16) -5l - EEH o).

It follows from (4.10) that

—H*2(p',z”) — inf (<Z/,p/> . H*(Z/,ZH)) S —H*(OI,ZH).

z'€ R™1
So we have
vy (00(8,€") 2" =" af oy T =&
(4.17) H( s >2H<07 : )
T
By (4.16), (4.17), (4.11), (4.3), (4.4) and (4.1), for p’ = 80(55’,5 ) and
S/ — fl(t,x/,x",g”), we obtain
AN !N E * ,:L‘”—f"
w(t,$,$,£)20(x7€)+2[—[ (O, r )—|—
t . , CL'//—€// 1 , , 620(9/,5//) , )
ZH*2 _ = _ - >
+oH2 (0, =) - 5((@ €>—ag2 ' — ¢y >
(4.18)
. to /x”_fﬂ
> ool &") + S H (0. %)
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¢ . (E”—f” OH*2 m”—f” 2
+—(H2(p’, )—MltJ — (7', ) )2
2 ¢ CC//_g/ (9pt t
/ 1 * /
> 02!, &)+ SH (0, —==) + 5 Mz >
7 1 7 ¢
> o2, x") —i—t[—L(a:’)w + §H*(O’,%)} + §M2.

From (4.18) and from the co-finiteness of the function H*(0’, 2”) it follows
that

w(t, ', 2", £") — +o00 as |€"] — oo

locally uniformly in (¢,2,2"”) € Q. So all the conditions of Lemma 3.1
have been verified. This implies that the function

(4.19) u(t,z’,2") = 1£r}/f w(t, o', 2", &")

is a Lipschitz solution of the equation (1.1). From (4.19), (4.18) it follows
that there exists a constant M3 such that

(4.20) u(t,z’,2") > o(2',2") + tMs.

We denote by & (t,z’, ") the solution of the system

OH*? (80(5’, x')

I 11 — /
& —t oy oe ,O) x.

It is clear that as ¢t — 0

4'21 /t / 1 /.
( )£O(7xax)_>x7 t - (9]?’

a' =&t a',2”) OH™ (60(x',x”) O").

By (4.19), (4.13), (4.6) we have

U(t, .T/, I’//) S w(t, .T/, %”, f”) |§”:x”

129y  — vl e )., =
F_ gl (!
et (FS )

From (4.20), (4.21), (4.22) we conclude that

u(t,z’,2") — o(2',2") as t — 0. O
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Theorem 4.2. Assume that the Hamiltonian H(p',p”) and the initial
function o(z', x") satisfy the following conditions:

1) The function H(p',p"), defined on R™ = R™ x R™, is a concave-
convex function satisfying the conditions (Cy), (Cs), (Cs);

2) The function o(z’',2"), defined on R™ = R™ x R™, is twice differ-
entiable with respect to ' and is globally Lipschitz in x':

(4.23) lo(&,2") —o(2!,2")] < L(2").|€ — 2|
where L(z") € L$2 (R™, RT);

loc

3) There exists T > 0 such that for any fired £’ € R™ one has

A {lo€.e —oteaty o (S5 ETE ) = oo

where the convergence is locally uniform with respect to (t,2', ") € (0,T)x
Rnl X Rng ’.

4) For any (t,z’,z",&") € (0,T] x R™ x R™ the following system of
equations with respect to £ :

" OH™ x/_gl 60(5/75//) o
(4.24) g—tap,,( T e ) =2

has a unique solution " = &"(t,2',x”,&") which is continuously differen-
tiable in (t,z', x");

5) There exists some constant My, which can be negative, such that for
any 0" € R™:

(o€

(4.25) 2

i ,0//> Z M1|0/l|2;
(¢,§")ER™

6) There exists a constant My such that for any t € [0,T], (2',p") €
R™ x R™
8H*1 (Z/,p//) 2

(4.26) H* (', p") — tM; ‘ 5

< M.

Then the function

/ !/ 12 1
_ . 1o LT =8 7" = ¢
(120)  ulta) = sup - inf {o(€ ) + o (< )|

is a global Lipschitz solution of the problem (1.1), (1.2).

Proof. The proof is analogous to that of Theorem 4.1. O
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5. AN EXAMPLE

We consider the following Cauchy problem

(5.1) %_%<%>2 %(5;,)2 du du

(t,2',2") € (0,T) x R X R,

1
(5.2) u(t, 2, z")|,_ = ho(z") + by (z")a" + §h2(:c")(a:’)2,

(2',2") € R x R,

oz’ dz"

Y
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where A = const, the functions ho(x”), hi(z”), ha(z”) are globally Lip-

schitz, and
(5.3) ho(z") < M.

In this case,

1 1
(5.4) H(p',p") = =50) + 50")° + W',
1
(5.5) o(x',2") = ho(2") + hy(2")2" + §h2(x”)(a:')2,
1 1
(56) H*Q(p/72//) — 5(]_ + )\2)(1)/)2 _|_ 5(2”)2 . /\p/ZH,
G7) HE) = (L)~ S+,
* 1 2 2
(5.8) H*(,2") = % +A2)( (2')? + (2)? + 222'2")
We have
8 /’ 124
(5,9) % — hl(x”) + hg(l‘”)x/,
620(.%’/,11;'”)
(510) T = hQ(CE”),
*9 (o] S
(5.11) OH”W,27) 8(]]99”2 ) (102 -2,
OH*2 p/7zll 2
(5.12) % = 1+ ()’

_ 2)\(1 4 )\2)17/2” + )\2(2//>2.
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One can verify that all the conditions of Theorem 4.1 are satisfied.
Indeed,

1) The function H(p’, p") is concave-convex and satisfies the conditions
(C4), (C5), (Cs).

2) From (5.5) it follows that the condition 2) is satisfied.

1
3) We choose T' = m if My > 0, and T arbitrary if M; < 0.
Then for ¢ € R fixed

Jim(ho(€")+ ha(€")€ + 3ha(€")(€+

b (= R+ € 2 - )~ ¢) = —ox,

where the convergence is locally uniform with respect to (¢,2’,2") €
(0,T) x R x R.
4) The equation (4.2) takes the form

"o_

(5.13) ¢ — t<(1 + X) (ha (&) + ha(£)¢) — pY fﬁ) =z

This equation has the unique solution:

(1 + )\Q)hl(é‘//) + x/ _ )\(x// _ 5//)

g =t
N 1 —t(14 A2)ho(g") ’

which is continuously differentiable in ¢,z’, 2", where (¢,2',2") € [0,T] X
R x R.

5) Since ho(z”) < My, from (5.10) it is easy to see that the condition
(4.3) is fulfilled with the same M; as in (5.3).

6) By (5.6) and (5.12), (4.4) clearly holds if we choose My = 0. Indeed,

OH*2 /, " 2 1
H*e (p/’ Z”) — M, # = 5(1 -+ )\2)(1 — QtMl(l + )\2))(}7/)2

1
— A1 = 2tM (14 X)p'2" + 5(1 — 2tM M) (2")2.
Since the discriminant of the quadratic form in the right side is equal to

—1 + 2tM;(1 + A?), the condition (4.4) is satisfied with My = 0 for all

tZOlfMl SOand for all t € [O,T], where T = m, lfMl > 0.
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From Theorem 4.1 we conclude that the function

1
ult, ', a") = gk, sp {ho(€") + (€€ + Hhal€”)(E)+

(5.14)

1 ! "2 " 11\2 / / " "
= (—( = _ 2 _ _
e S PR G S R SIS )}
is a solution of the problem (5.1), (5.2) in the domain Q = (0,T) x R?,
where T' is arbitrary if M; <0, and T = m if My > 0.
There are the following two particular cases of the formula (5.14):
1) If ho(z”) = h1(2") = 0, then

1
u(t,z’,2") = inf

g//eR{ 2(1 = t(1 4+ A2)ha(€)) (ha(€")(')*

o 2)\h2(£”)x'(a:” . 6//) + (% . hz(f”))(l‘” . 5//)2} };

2) If ho(2") = ha(z"”) = 0, h1(2") = az”,a = const, then

a
2(a?t? 4 (1 + Aat)?)

u(t,z’, 2" = (—at(2')? +2(1+ Aat)z'z" + at(2”)?).
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