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REGULARIZED SOLUTIONS OF A CAUCHY PROBLEM
FOR THE LAPLACE EQUATION IN AN
IRREGULAR LAYER: A THREE DIMENSIONAL MODEL

DANG DINH ANG, NGUYEN HOI NGHIA AND NGUYEN CONG TAM

1. INTRODUCTION

Consider the problem of finding a function u, harmonic in the domain

D defined by
D ={(x,y,2) : —oo<my<oo,0<z<¢(x,y)}

and continuous on D, given u, U, uy and u, on the portion of the boundary
represented by the surface z = ¢(x,y). Here ¢ is of class C1.

This is a Cauchy problem for the Laplace equation and is well known
as an ill-posed problem, i.e., solutions of the problem do not always exist
and, whenever they do exist, there is no continuous dependence on the
given data. The reader is referred to [1, 2, 3, 4, 6, 7, 9, 10] on the earlier
literature on the Cauchy problem for the Laplace equation.

For numerical computations, ill-posed problems need to be regularized.
A regularized solution is a stable approximate solution. An important
question arises as to how close a regularized solution is to an exact solution,
especially when the measured data is affected with noise. The problem of
regularisation of the Cauchy problem for the Laplace equation in a rather
general context was considered, e.g., in [5]; using the method of quasi-
reversibility, the authors (loc. cit.) stabilized the problem, but no error
estimates are given. We shall take the approach followed in [1] by taking
the boundary value v(x,y) = u(x,y,0) as our unknown and we shall show
that if the discrepancy between the given values of w,us,u,,u, on the
surface z = ¢(x,y) and their exact values is of the order €, then, assuming
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the exact solution wvg(z,y) to be smooth (in H!(R?)), the discrepancy
between the regularized solution and the exact solution vg(z,y) is of the
order (Inl)~t ase — 0.

2. INTEGRAL EQUATION FORMULATION AND REGULARIZATION

First, we set some notations:

uz(z,y, 6(z,y) = f(z,y)
(1) (2.4, 0(2,)) = 9(z.0)
uy(z,y, d(z,y)) = h(z,y)
u(z,y, ¢(z,y)) = ui(z,y)

These functions, we recall, are given. Let us put

1 1
I'(z,y,
(z,9,2,€,m,¢) = Ar \/(x—£)2+(y—77)2+(2—02
(2) G(xayazvgaT/aC) = F(%?J,nya??ao - F(Ilf,y, 2;67777 _g) ’

Y

where I' is a fundamental solution of the Laplace equation and G is the
Green’s function for the Laplacian corresponding to a Dirichlet condition
at the boundary z = 0.

It is sufficient to determine u(x,y,0) = v(z,y). Once this is done,
u(z,y, z) is known. We shall derive an integral equation in v. In order to
do this, suppose that

(i) %(%y) = Z—Zj(x,y) = 0 for large r = /22 + y2.

(i) f(z,y),9(x,y), h(z,y),u1(z,y) tend to 0 sufficiently fast, say as
1

Va2 +y?
(iii) /14 22 + 42 . v(x,y) is in L?(R?).

Integrating Green’s identity on D.,e > 0, where D. = D \ D. and D! is
the closed ball in D of radius ¢ centered at (z,y,z), and let ¢ — 0, we
then have, after some rearrangements

e e

—0o0 —00

for \/x? + y? — oo.
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oo o0

— u(z,y,2) — / / G,y 2,1, 0E,m)) (€, m)dedn
3) + / / G (2, o 2: €., SE, ) (€, )

— 00 —0

where —oo < x,y < 00,0 < z < ¢(x,y) ,

F1(&m) = h(&m) = F(&m) 5 ¢(£ ) = 9&n)- ¢(€ n)

23

and

Gi(z,y,2:6,n,0(6m) = Ge(x,y,2:6,m,0(&,m))
(4)

0 0
- Gﬁ(xa Y, Z;£7 n, ¢(§7 77))—¢(§, 77) - Gn(xa Y, Z;ga n, ¢(§7 n))a_n¢(€a 77)

23

Letting z — ¢(x,y) in (3), we have (see [8])

/ / (w6 + )(54—77;2(:5 )2 d&dn =

—00 —00

- ey - / / G, g, S, y); €1, S(Em)) f1 (€, m)dedn

5) o+ / / G (2,9, B, y): €1, SE ) un (€, ) dEdn

—00 —00
which is an integral equation in v(z,y). We shall convert (5) into a con-

volution equation.
We note that the function

zv&n)
= déd

— 00 —O0
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is harmonic in the upper half space z > 0. The value H(x,y, ¢(z,y)) is

OH
then the right hand side of (5). Furthermore, we can calculate a—(x, v,
n

¢(x,y)) as the limit from below of the directional derivative of the right
hand side of (3) when (z,y,2) — (z,y,¢(z,y)), 7 being the inner unit
normal to the surface z = ¢(x,y).

Let Mz,y) = H(x,y, d(x,y)) , p(z,y) = %_Z(xvya P(z,y))

Then A(x,y) and pu(z,y) are defined on R?, and depend continuously on
0¢ 0¢ Ouy Juy
$@,y) , 5 (2,9) 2y (@,9) » wilz,y) , =(2,9) , oy (z,y) , f(z,y),

g(z,y) and h(z,y) in the L2-sense. Furthermore, H(x,y,z) can be rep-
resented as a potential with densities A\, u on the domain z > ¢(z,y). In
fact, integrating Green’s identity in the domain

Dp={(z,y,2) : 2> +y* <R*, ¢(z,y) <z < R}

and letting R — oo, we get

H(z,y,z) = / /F(ﬂc,y,2;§,n,¢(§,n))u(£,n)d§dn

-0 —O0

(6) - / / Ty (2, g, 2: €, (6, m)A(E, m)ddn

for —oo < z,y < o0, z> ¢(z,y), where

0
Li(z,y,26,m,6(8,m)) = Fs(w,y,Z;f,n,¢(€,n))a—?(€,n)

0
T (g 256 O, n)>8—‘§<f, 0) — Ty, 2 €, SEm)).

Note that as R — oo, the integral on

Cr={(z,y,2) : 2> +y* = R, ¢(z,y) <z < R}
U{(z,y,R) : 2° +y* < R’}

tends to 0 as a consequence of our assumption on v (i.e., /1 + 22 + y? .
v(z,y) is in L2(R?)).
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Evaluating H (z,y, z) at (x,y, k) where k is a fixed number greater than
é(x,y) for all (x,y) in R?, we have by (6)

/ / (z — k”f 7777)) + k2)3/2 d&dn =

— 00 —O0

/ / T(x,y, k: €1, (€, 1)) (€, ) dédy

Let

F(z,y) = / /F(x,yy/f;ﬁ,n@(é,n))v(&n)dﬁdn

— 00 —O0

- / / Ty (2, y, ks €1, (€, 1) A(E, m)dedn

-0 —O0

Then we have a convolution integral equation in v(§,n)

kv ,
2 / / (z—¢ f 7777)) 2 4 j2)2 = F(z,y), V(z,y) € R,

— 00 —0O0

which is an integral equation of first kind, and we know that this problem is
ill-posed. We shall construct a family (vg), 8 > 0, of regularized solutions
(see [11]), and we pick a regularized solution that is “close” to the exact
solution. We recall that, by regularized solution we mean a function that
is stable with respect to variations in the right hand side of (7).

We now state and prove our main result.

Theorem. Suppose the exact solution vy of (7) in the right hand side is
in HY(R?) and let

|Fo —Fla<e, |.|o=L*(R*) —norm.
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Then there exists a reqularized solution v, of (7) such that

NN !
|ve —wola < K (1n (—)) for ¢ —0,
€

where K is a constant depending only on the H'—norm of vy.

Proof. Letting

k
G(z,y) = :
( (12 + y2 + k2)3/2
we have X
G(s,t) = exp (—k\/ s? + t2> )
where

A 1 T .
G(s,t):%/ /G(m,y)e_l(ms+yt)dxdy.

—0o0 —00

For v in L?(R?), we then have by (7)
G(s,t)i(s,t) = F(s,1).

Now let vg € H'(R?) be the exact solution of the equation

N A

(8) G(s, ) (s,t) = Fo(s,t), V(s t) € R?,
with F' and Fy in L?(R?) such that

9) |F — Fpl2 < e.

For every (8 > 0, the function

. _ G(s,0)F(s,t)
(10) ¥(s,1) 3

G(s,0)F (1)
+ G2(s,t)

is in L?(R?). Let

1 o0 o0 '
vg(x,y):%/ /w(s,t)e’(meryt)dsdt.

— 00 —00
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Then vg € L?(R?) and, by (10), vs satisfies the equation
(11) Bus(s,t) + G*(s,t)vs(s,t) = G(s,t)F(s,t), ¥ (s,t) € R?,

and depends continuously on F(s,t).
We now derive error estimates. From (8) and (11), we have

(12) — Buo(s,t) + G(s,t)(F(s,t) — Fy(s,t)), ¥(s,t) € R

We multiply both sides of (12) by vj3(s,t) — vp(s,t) and then integrate on
R?. Then we have

Blvg — 0|3 + |G (s — o) |3

:_/ /ﬁqfo(s,t) (0. — (5. ) dist

-0 —O0

+ / / G(s,t)(F(s,t) — Fy(s,t)) (Ub(s,t) — qfo(57t)> dsdt

— 00 —0O0
(13)
< Blvo|2|vs — o2 + [F — Fol2|vs — Vol
Let 3 = € and note that |F' — Ep|y = |F — Fyly < e, we have
(14) lv —vof3 + |G (6 — o) 5 < & (|dol2 + 1) [4- — vl
In particular

(15) U — vol2 < (Jol2 +1).

Similarly, letting 3 = ¢ in (12) and multiplying both sides by (s% +

t2) (v}(s, t) — (s, t)) and then integrating over R?, we have
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e|V/ 82 + 2 (V. — v0) |2 + |GV s2 + 12 (6. — 6p) |2
—/ /6zfo(s,t) (s +1%) (ﬁg(s,t)—zfo(s,t)) dsdt

v [ [ VEEE e

~ By(s,)V/s2 1 2 (v;(s, £) — zfo(s,t)> dsdt
< e|Dvola| V52 + 2 (46 — 40) |
+ éyﬁ — Fola| V5 1 (6 — o) |2
(16) <|Dv0|2 n > V5% 1 12 (6. — 10) |o,
where
|Dvgl3 = /OO /00 (5% + t2)vio? (s, t)dsdt.

In particular,

(17) |\/ 82+t2( —’U())| (|D'Uo|2—|—i) .

Since
(18) |ve — vola = |V — Vo2

and

|DUE Dv0|2 = |\/ 52+t2 —’Uo |2,

from (15) and (17) we get
(19) |ve — voll g1 (r2) = |ve — vol2 + [Dve — Dugla < K,

where

1
Kl = |’Uo|2 + |D’Uo|2 + 1 + E

1
= [Jvo|lg1(r2) + 1+ To
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Now, for any t. > 0,

// |0(s,t) — ¥o(s, t)[*dsdt

s2412<t2

< // ekt G2 (s, 1) 0. (s, 1) — Vo (s, t)|?dsdt

s2412<¢t2

< 2t / /GQ(s,t)Wg(s,t) — (s, t)|*dsdt
= &M |G (0. — W) |3
< e Kye (Jviglz + 1)

(20) = Kyee?Fte,

0. (5,t) — vp(s,t)|*dsdt

s2412>12
< / / (5% 4+ 2) t 2|0 (s,t) — vio(s, t)[*dsdt
=172 / / |V 82 + 12 (V.(s,t) — Vo (s, 1)) |*dsdt
< Kqt?
(21) < Kot 2,

where
Ko = Ky (Jvgl2 +1).

Next consider the equation

1
(22) yPett =~

The function h(y) = y2e?*¥ is strictly increasing for y > 0 and h(RT) =
R*™. Then the equation (22) has a unique solution t. and t. — oo as
€ — 0. Hence, we have

1
21+ k)t. > 2Int. + 2kt =Iln— -
5



74 DANG DINH ANG, NGUYEN HOI NGHIA AND NGUYEN CONG TAM

Letting ¢ < 1, we have

(23) ol <2(1+k) <ln é) o

By (20), (21) and (23) we have

—2
1

ve —vol3 < 2Kst;? < K? (111 (-)) ;
€

K? =8(1+k)*K,

where

as desired. This completes the proof of the theorem.

REFERENCES

1. D. D. Ang, D. N. Thanh and V. V. Thanh, Regularized solutions of a Cauchy
problem for the Laplace equation in an irreqular strip, J. of Integral Equations and
Applications 5 (1993), 429-441.

2. L. Amerio, Sui problemi di Cauchy e di Dirichlet per l’equazione di Laplace in due
variabili, Atti della Reale Accad. d’Italia 21 (1943), 393-425.

3. J. Douglas, Approximate solution of physically unstable problems, Ecole C.E.A.E.D.F,
Paris, (1965).

4. E. M. Landis, Some problems of the qualitative theory of elliptic equations of the
second order (the case of several independent variables), Russian Math. Surveys
18 (1963) 3-62.

5. R. Lattes and J. L. Lions, Methode de Quasi-reversibilite et Applications, Dunod,
Paris 1967.

6. M. M. Lavrentiev, On the Cauchy problem for the Laplace equation, (in Russian),
Isvestia Akad. Nauk 20 (1956), 819-842.

7. C. Pucci, Sui problemi di Cauchy non “ben posti”, Rend. Accad. Naz. Lincei 18
(1955), 473-477.

8. W. J. Sternberg and T. L. Smith, The theory of potential and spherical harmonics,
The University of Toronto Press, Toronto, Canada, 1952.

9. G. Talenti, Un problema di Cauchy, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 18
(1964), 165-186.

10. G. Talenti, Sui problemi mal posti, Boll. Un. Mat. Ital. 15A (1978), 1-29.

11. A.N. Tikhonov and V. Y. Arsenin, Solutions of Ill-posed problems, Winston, Wiley,
New York, 1977.

DEPARTMENT OF MATHEMATICS, HO CHI MINH CITY UNIVERSITY



