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ON THE ALMOST PERIODIC
n-COMPETING SPECIES PROBLEM

TRINH TUAN ANH

ABSTRACT. We consider the n-dimensional Lotka-Volterra competition
equations with almost periodic coefficients. Conditions for the existence
of a globally asymptotically stable almost periodic solution with positive
components are given. This is a generalization of a result in [5].

INTRODUCTION

Consider the Lotka-Volterra equations for n-competing species
n
(0.1) up = wi[bi(t) = Y ai(t)u,], 1<i<n,
j=1

where n > 2 and a;j, b; : R — R are continuous and bounded above and
below by positive constants. Given a bounded function g(t) on (—oo, +00),
let g, and gp; denote tinzf% {g(t)} and sup{g(t)}, respectively.

€ teR

In [5] K. Gopalsamy considered the system (0.1) in which a;j, b; (1 <
i,j < n) are assumed to be almost periodic. He showed that under the
conditions

(OQ) b’iL > ZaijM (bjM/aij), 1=1,...,n,
JjEJ;
and
(03) Qi , > ZCLZ']'M, izl,...,n,
JEJ;
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where J; = {1,...,i—1,i+1,...,n}, the system (0.1) has a unique solution
u®(t) such that each its component is almost periodic and bounded above
and below by positive constants. Moreover, if u(t) is a solution of (0.1)
such that u;(tg) > 0 (1 < i < n) for some ty € R, then . lim  (u;(t) —

— 400
(1)) = 0.
In this paper we will show that alone conditions (0.2) imply the asser-
tion of the above mentioned theorem of K. Gopalsamy.
The case of n = 2 was treated by S. Ahmad [1]. It is well-known, for

example in [2], that for i = 1,...,n the logistic equation
(0.4i) U =U|[b;(t) — au(t)U],

has a unique solution, say U?(t), defined on (—o0, +0c) which is bounded
above and below by positive constants.

Our main result is the following: If

(i) There exists a positive number €1 such that

(0.5) bi(t) > Y ay(HUNt) +e1, 1<i<n, teR,
j€J;
and
(ii) There are positive constants €2, aq,...,q, such that
(OG) Oéiaii(t) > Z aji(t)Oéj +e0, 1<i<n, te R,
Jj€J;

then the system (0.1) has a unique solution u’(t) = (u{(t),...,u(t))
defined on (—oo0, +00), whose components are bounded above and below by
positive constants. However, u;(t) —ul(t) — 0 ast — +o0 (1 <i < n) for
any solution u(t) = (u1(t),...,un(t)) of (0.1) with u;(ty) > 0 for some
to € R. If, in addition, a;;, b; (1 <1,j <n) are almost periodic then the
above solution u®(t) is almost periodic.

The case of n = 2 under conditions (0.5) and (0.6) was treated in [8].
The periodic case under conditions (0.5) and (0.6) was considered by A.
Tineo and C. Alvarez [7]. The ecological significance of such a system is

discussed in [4, 5].

1. EXISTENCE

In this section we do not assume the almost periodicity conditions on
the coefficients a;; and b; (1 <1,57 <n). We shall prove the existence
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of the solution u°(t) as mentioned above. The following proposition was
given by A. Tineo and C. Alvarez [7].

Proposition 1.1. Let u = (uy,...,uy,) be a solution of (0.1) with
ui(tg) > 0, i =1,2,...,n, for some to € R. For each i = 1,...,n,
let U; be a solution of (0.41) such that U;(to) > ui(to) (or U;(to) < u;(to)).
Then U;(t) > u;(t) fort >ty (Ui(t) < ui(t) fort < to, respectively).

We now recall the topological principle of Wazewski (see, for example
[6]). Let f(t,y) be a continuous function defined on an open (¢,y)-set
Q C R x R"™. Let 2° be an open subset of  with the boundary 99° and
the closure Q0. Recall that a point (tg,10) € QN INC is called an egress
point of Q° with respect to the system

(1.1) y' = f(ty),

if for every solution y = y(t) of (1.1) satisfying the initial condition

(1.2) y(to) = o,

there is an ¢ > 0 such that (t,y(t)) € Q° for tg—e <t < ty. An egress point
(to, o) of Q0 is called a strict egress pointif (t,y(t)) & QO for tg < t < to+e
for a small € > 0. The set of egress points of Q° will be denoted by QY
and the set of strict egress points by Q2,.

If X is a topological space, V' a subset of X, a continuous mapping
m : X — V defined on all of X is called a retraction of X onto V if the
restriction 7T|V of m to V is the identity. When there exists a retraction of
X onto V, V is called a retract of X.

Remark 1.2. For a; < b; (1 < i < n), let X be the n-parallepiped
{(z1,...,2n) t a; < x; < b, 1<1i<mn}in the Euclidean space R",
and V its boundary. Then V is not a retract of X. For if there exists a
retraction m : X — V', then there exists a continuous map of X into itself

1y---5dn

5 Ty >—7T(I1,...,$n),

without fixed points, which is impossible by the fixed point theorem of
Schauder.

Theorem 1.3 (Topological principle, see [6]). Let f(t,y) be continuous on
an open (t,y)-set  with the property that initial values determine unique
solution of (1.1). Let Q° be an open subset of Q) satisfying Q0 = Q°.. Let
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S be a nonempty subset of Q° U QY such that S N QY is not a retract of
S but is a retract of Q0. Then there exists at least one point (tg,yo) in
SNQ° such that the solution (t,y(t)) of (1.1), (1.2) is contained in Q° on
its right mazximal interval of existence.

Theorem 1.4. If conditions (0.5) hold, then the system (0.1) has at least
a solution u°(t) defined on (—oo,+00) satisfying

m < up(t) <UP(H), 1<i<mn,

where n; is a positive number such that
1 i 17 9 ] fUO t }.
7 <m1n{61/a u, inf (1)

Proof. Consider the system

n

(1.3) v = v [ —bi(—t) + Zaij<—t)vj], 1<i<n.
j=1
Set Q0 = {(t,vl,...,vn) P —00 <t < oo, m; <v; <UX(—t), 1 <i< n}

Q= {(t,vl,...,vn) t—oo<t<+oo, v; >0, 1< < n} By Proposition

1.1, any point (¢,v1,...,v,) in
A= U {t,vl,...,vn) e :v; =U2(~t), —c0 <t < —l—oo}
i=1

is a strict egress point of 2°. By (0.5) and the definition of n; (1 <i < n),
it follows that any point (t,v1,...,v,) in

B: U{(tav].)-.-,vn) Gm:’vlz/{h}
1=1

is a strict egress point of Q0. Therefore Q0 = Q% = AU B. Let us
take S = {(O,vl,...,vn) cm < v S UP0), 1 <4< n} Then S is a
parallepiped. By Remark 1.2, S N QY is not a retract of S.

Define
7:Q0 - SNQY,
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V1 —M 0
— = (U%0)—m),...,
U?(t)_nl( 1( ) 771)

T + %(US(O) _ nn)).

(t,Ul,...,vn) — <O,7]1—|—

The map 7 is clearly continuous with respect to the subtopologies on QY
and S N QY of the Euclidean space R™*! and its restriction to S N QY is
the identity. Therefore S N QY is a retract of QY. By Theorem 1.3, the
system (1.3) has at least a solution v°(t) satisfying n; < v?(t) < UP(—t)
for t > 0. In fact, u*(t) = v°(—t) is a solution of (0.1) for t < 0. By
Proposition 1.1, conditions (0.5) and the definition of n; (1 < i < n), it
follows that the solution %(¢) of (0.1) with @(0) = v°(0) satisfies
ni < u;(t) < UZ-O(t), for t>0and1<17<n.
et t<0
u*(t), ,
=10 1S
u(t), t>0.
Then u°(t) is a solution of (0.1) satisfying n; < u?(t) <U2(t) t € R, 1 <
i <n). The theorem is proved.

2. UNIQUENESS AND ASYMPTOTICITY

In this section we also do not assume the almost periodicity conditions
on a;; and b; (1 <4,j <n). From now on, R’} denotes the set of points
x = (x1,...,2,) in R™ such that x; > 0,1 <i < n. Moreover u(t, tg, z) :=
(ui(t,to,x),...,un(t,to,z)) denotes the solution of (0.1) defined by the
initial condition wu(tg,to,z) = x. Remember that wu(t,to,x) is defined on
[to, +00) and u(t,to,x) € R for t € [tg, +00) if x € R’}. We shall prove
in this section that with (0.6) the conditions in Theorem 1.4 give a unique
solution u®(t) and u(t) — u;(t,tg,z) — 0 as t — +oo (1 < i < n) for
any solution u(t,to, ) with u(to,%o,x) = € R’}.. To do this we need the
following theorem by A. Tineo and C. Alvarez [7].

Theorem 2.1. Suppose that there are positive constants aq,...,Qy, 01
such that
(2.1) O./Z'am'(t) > 01 + Z ajaji(t), t>0 1<7<n.

JjeJ;

If K C R is a convex set and there are positive constants ex, My such
that e < u;(t,0,2) < My fort >0 andx € K, 1 <i <mn, then there are
positive constants §, k depending on 61, a1, ...,an, €k, Mg such that

|u(t,0,z) —u(t,0,y)|| < ke °z —y||, for t >0 and z,y € K,
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where || - || is the usual Euclidean norm of R™.

Theorem 2.2. Suppose that the system (0.1) satisfies conditions (0.5)-
(0.6). Then the system (0.1) has a unique solution defined on (—oo, +00)
whose components are bounded above and below by positive constants.

Proof. The existence follows from Theorem 1.4. We now prove the
uniqueness. Suppose by contradiction that the system (0.1) has two dif-
ferent solutions defined on (—oo,+00), say u!(t) and u?(t), such that
0 <ufy <uby <400 (1<i<n, £=1,2). We claim that

(2.2) m <ut(t) <Ut) (teR,1<i<n, {=1,2)

where 7; is as in Theorem 1.4. If it is false for some ¢ € {1, 2}, then one
of the following alternatives occurs:

(i) There exist t1 € R and 49 € {1,...,n} such that uf (t,) > U2 (t1),
or

(ii) uf(t) < U2(t) (1 < i < n, t € R) and there exist t; € R and
io € {1,...,n} such that uf (t1) < ;.

If (i) holds then by Prop081tlon 1.1 we have u () > Uiy (t,t1,Z), for
t < t1, where Z = u*(t;) and U;,(t,t1, Z) is the solutlon of (0.4ip) with
Uio(t1,t1,Z) = Zi,. By the uniqueness of the solution Uy of (0.4ip),
it is not hard to prove that Ui((’)(t,tl,Z) — 400 as t — ty for some
ty € [—o0,t1). Hence uf (t) — +oo as t — tz, which contradicts the
boundedness of u’.

Suppose that (i) holds. It is easy to see that if uf (¢) < n;, then

Z a’LQ_] > b ( ) Z Qi (t)UyO(t) — Qigig (t)nio'

JE€Jig

It follows by (0.5) that
Z alo] > €1 — Qigig (t)nio > €1 — QigioMNig > 0.

It implies from classical arguments that uf (t) — 0 as t — —oo, which
contradicts uf_; > 0. Since (i) and (ii) are exhaustive, the claim is proved.
Fort e R,set Ky ={x e R":m; <x; <UX(t), 1 <i<n}. Itiseasy

to see that K; is a compact convex subset of R’ . If we set g9 = 1r<n'ii1 ;i
<i<n
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and My = sup U2(t), then 0 < g9 < My < +oo. We know that
1<i<n
—oco<t<+oo

u(t,0,2) = u(t + to, to, x) is the solution of
(2.3) = [bi(t+to) — Y ag(t +to)u;], 1<i<mn,
j=1

with (0,0, x) = u(to, to, ) = x, tg € R. Furthermore,
g0 <w;(t,0,2) < My fort>0,1<i<nandzec K.

From conditions (0.6) and Theorem 2.1, it follows that there exist positive

constants dg, kg depending on eg, My, €2, a1, ..., a, such that
(24) [t 0,2) = 7(t,0,)l| < koe ™ |z —yll, t =0, @,y € K.
Hence

(2.5) |Ju(t, to, z) — u(t, to, y)|| < koe™ ) ||z —y||, t > to, z,y € Ky, .

It follows from (2.2) and (2.5) that
(2.6)
[l (t1) — u?(t1)]] < ko.e Byl (t) — u(to)]|, t1,t0 € R, t1 > to.

Hence
(2.7)
[u! (to) — u?(to) || > kg " T 0|l (1) — P (t1)], t1.to € R, t1 > to.
1 (d+1)p
Ifty =0and tg = ——1In , where d = su { su r— }
1 "= 5 Ml (0) — u2(0)] e, o Il

and p > max{1, ko }, then by (2.7) we have
(2.8) lut (ko) = w*(to)l| = ko "p(d +1) = d + 1.

On the other hand, we have u!(ty), u%(tg) € K,. The definition of d then
implies ||ul(tg) — u?(to)|| < d, which contradicts (2.8). This proves the
theorem.

Theorem 2.3. Suppose that the system (0.1) satisfies conditions (0.5) -
(0.6). Then u;(t,to,x) —ud(t) — 0 as t — +oo (1 < i < n) for any solu-
tion u(t, to, z) with x € R, where u®(t) is the solution given by Theorem
2.2.
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Proof. Let K be a convex compact subset of R". It is enough to show
that u;(¢,0,2) —ud(t) — 0 ast — +oo, for 1 < i < n and v € K.

For each ¢ = 1,...,n, denote by U;(t,to,z) the solution of (0.4i) with
U;(t,to,x) = x;. From (0.5) it follows that there exists a v > 0 such that

(2.9)  bi(t) = yau(t) = > ai;()([U(#)+7) >0, 1<i<n, teR.
j€J;

It is not hard to prove that U;(t,0,z) — U?(t) — 0 as t — +o0 uniformly
for x € K, 1 <i < n. Consequently, there is a ty > 0 such that

(2.10) Ui(t,0,2) <UXt)+v, t>ty, z€ K, 1<i<n.

We claim that

(2.11) ui(t,0,2) >~ = min{ui(to,O,x),’y}, t>tg, 1 <i<n.
Suppose that it is false. For each i = 1,...,n let us define g;(t) =

vi — u;(t,0,2). Then there exists i € {1,...,n} and t; > ty such that

gi(t1) > 0. Since g;(to) < 0, there exists to > o such that g;(t2) > 0 and
gl (t2) > 0. It implies

0< —bi(tz) + aii(tz)ui(tg, 0,1‘) + Z aij(tg)u]' (tg, O,SC).

JjeJi
Hence
(2.12) 0 < =bi(ta) + ai(ta)y + > aij(ta)u;(t2,0,z).
JEJ;
By Proposition 1.1, it follows that
(2.13) ui(t,0,2) < U;(t,0,2), t > 0.

From (2.10), (2.12) and (2.13) we have

0 < —bi(ta) + aii(t2)y + Y asj(t2) (UL (t2) + 7).
JjE€J;

which contradicts (2.9). Hence our claim is proved.
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It follows from (2.10), (2.11), Proposition 1.1 and the definition of U (¢)
that there exist positive constants £x and M g such that 25 < u,(t,0,z) <
My for x € K, t > tg, 1 < i < n. Consequently, since K is compact,
there exist positive numbers e, My such that e < u;(¢,0,z) < M for
t>0,1<i<n,z e K. The proof follows now from Theorem 2.1.

3. ALMOST PERIODICITY

In this section we assume in addition that a;;, b; (1 < i,j7 < n) are
almost periodic. Suppose that f = (f!,...,f") : R — R" (n > 1) is
continuous. Recall that f is almost periodic if for each € > 0 there exists
a positive number ¢ = /() such that each interval (o, + /), o € R,
contains at least a number 7 = 7(¢) satisfying sup || f(t+7) — f(t)]|co < €,

teR

where ||f(t)|loco = max {If{(t)|}. We recall Bochner’s criterion for the

almost periodicity: f(t) is almost periodic if and only if for every sequence
of numbers {Tm}l , there exists a subsequence {ka}zoz1 such that the
sequence of translates {f(t+7'mk)}:;1 converges uniformly on (—oo, +00)
(see, for example [3]).

Proposition 3.1. For each i = 1,...,n, the solution U2(t) of (0.4i) is
almost periodic.

Proof. Let us fix ¢ = 1,...,n. Take ¢ > 0. By Bochner’s criterion,
it follows that (b;(t), a;:( )) is almost periodic. Therefore there exists a
positive number ¢ = /(&) such that each interval (o, a+¥); a € R, contains
at least a number 7 = 7(¢g) such that

(3.1) sup |b;(t +7) — b;(t)| < e and sup |a;(t+7) — ayu (D) < e.

teR teR
1
Take an arbitrary 7 as above. Define W;(t) = IOk From (0.4i) it follows
that '
d
p (Wi (t) = Wit + 7)) = —bi(t) [Wi(t) = Wit +7)] + [bi(t + 7)
(32) —bz(t)}Wz(t—FT) +ai,-(t) —aii(t+7').

Consider the following equation
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Since b;r, > 0, it is not hard to see that if Z(t) is a bounded solution of
(3.3) defined on (—o0,+00), then

it { (£) = aui(t +7) + (bit +7) = bi(#)) Wil ”)}gz@)
teR bi(t)
<su , te R.
telg{ bi(t) }
Therefore, from (3.1) it follows
1
E(l + U—O>
Z(t)| < ————L~ | forany t€R.
sz
Since ! ! is a bounded solution of (3.3), we have
i — i un ution .3), we hav
Ut UP(t+7) ’
1+ =
B 1 ‘ U
Pt UP(t+7) bir
Consequently,
2
<1 T 7o >(UPM)
UP(t) = U (t+7)| <e L
bir
(1 T o )(U’OM)Z
Thus, if € =¢ Zlf , then we can choose £(g) = ¢(¢). There-
iL

fore, by the definition, U?(t) is almost periodic. The proposition is proved.
In the proof of the following theorem we use the idea in [1].

Theorem 3.2. Suppose that all conditions in Theorem 2.3 hold. If, in
addition, a;;, b; (1 <1i,j <n) are almost periodic, then the solution u°(t)
in Theorem 2.3 is almost periodic.

Proof. Let {Tm} , be an arbitrary sequence of numbers. Since b;(t),
a;;(t) and U (1) (1 < i,7 < n) are almost periodic, there exists a sub-
sequence {ka}kz:1 of {ka}:j:l such that b;(t + 7, ), @ij(t + Ty ),

U (t + Tm,,) converge uniformly on (—oco, +00) to functions by (t), aj;(t),
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U?(t), respectively. It is not hard to see that b}, = bir, bfy, = binr,
ajj;, = Gijr, G = aijn, U = Uy and Uy = Uy (1 < 4,5 < n).
Furthermore, by Proposition 3.1 it follows that for each i = 1,...,n the
logistic equation

(3.41) U' = U[b;(t) — a5 (H)U],

has a unique solution defined on (—o00, +00) which is bounded above and
below by positive constants. It is easy to see that UP*(t) is that unique
solution.

Since b;(t + 7, Zaw (t + Tm,,)U (t + T, ) (1 < i < n) converges

Jj€Ji

uniformly on (—oco, +00) to b} (t) — > aj;(t)U7*(t) as k — oo, it follows
JjeJi
that
(3.5) bi(t) > > an(UY(t)+e1, 1<i<n, tcR.
JjEJ:

Similarly, we have
(3.6) aiaj(t) = Y ay(taj +e, 1<i<n, teR.

Jj€Ji

By Theorem 1.4 and 2.3, it follows that the system
(3.7) u, = uz[ Zam uj} 1<i<n,

has a unique solution u®* defined on (—oo, +00) such that

where n;, A; are positive numbers satisfying
. * . 0% . . 0
n; < min {el/aiiM, tléllf); U, (t)} = min {el/aiiM, tléllg U, (t)},

A; = UPJ\Z = UiOM

Let us denote S = {(ul,...,un) eER":n <wu; <A, 1<i < n} We
claim that u®(t+ 7,,, ) converges to u%*(¢) uniformly on (—o0, +00) as t —
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oo, which will show that u°(¢) is almost periodic. Suppose by contradiction
that the claim is false. Then there exist a subsequence {kaz }Zl of
{ka}zo:p a sequence of numbers {Sy}, and a fixed number o > 0 such
that [u®(Se + Tim,,) — u®*(Sp)|| > a for all .

Since b;, a;; and U? (1 < 4,5 < n) are almost periodic, we may as-
sume, without loss of generality, that b;(¢ + Tk, Se), aij(t+ Ty, + Se),
Uio(t—kkaZ + S;) converge uniformly on (—oo, +00) to b;(t), aij(t), UO(t),
respectively, as £ — oo. Hence b*(t + Sp) — b;(t), ai;(t + Se) — a4;(t),
Ut +S;) — U°(t) (1 < i,j < n) uniformly with respect to ¢ on
(—OO,—H)O) as { — +oo and BiL = b1, (A)lM = bim, dijL = Qi;L, &ijM =
aijar, UY = U and U9, = UY,. Since u®(t) € S for all ¢ in (—o0, +00),
we can assume without loss of generality that u®(S, +Tmy, ) = §asl — oo,

where ¢ € S. Similarly we may assume that u%*(S;) — £* € S as £ — oo.
Therefore ||¢ — €*|| > a. For each £ = 1,2,..., u%(t + Tmy, T S¢) 1s a
solution of the system

(3.81) w, = uy [bi(t + Ty, +S0) — Zaij(t + Ty, + S,g)u]‘], 1< <n.
j=1

Consider the solution 4°(t) of

(3.9) ol = [Bi(t) - zn:aj (t)uj}, 1<i<n,

j=1

having the initial value 4°(0) = £. We have two systems (3.81) and (3.9),
where the right-hand side of (3.81) converges uniformly to the right-hand
side of (3.9) on any compact subset of R"*! = {(t,uy,...,u,) : t €
R, u; € R, 1 <i < n}asl — oco. Also the initial values satisfy the
property that uO(kae + S¢) — € as £ — oo. Hence it follows that u®(¢ +
Ty, + Se) converges to @°(t) uniformly on compact subintervals of the
domain of 4°(¢). This implies that a°(¢) € S for all t € R.

Now recall that u%*(¢) is the unique solution of (3.7) with u%*(¢) € S
for all t € R. For each integer £, u’*(t + S;) is a solution of

(3.101) =g | B (E+ Se) = > al(t + Sg)uj], 1<i<n,
j=1

with u%*(S;) — £* as £ — oo.
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Since b} (t+S¢) — bi(t), alj(t+Se) — ay;(t) (1<4,5 <n)asl— oo
uniformly with respect to t on (—oo, +00), it follows that if 4°*(t) is the
solution of (3.9) with 4%*(0) = &*, then u*(t + ;) — a%*(t) as t — oo
uniformly on any compact subintervals of the domain of 4°*. By the same
argument given before, we have 4°*(t) € S for any t € R. We also have
4°(t) € S for any t € R. Using the same argument as in the proof of
the fact that (3.7) has a unique solution u%*(t) € S for t € R, we get
that (3.9) has a unique solution defined on (—o00, 4+00) which is in S for
any t € (—oo,+00). Hence 4° = 4. But 4°(0) = &, 4°*(0) = &* and
|€ — &*|| > o > 0, which is a contradiction. The theorem is proved.

One can show that conditions (0.3) imply conditions (0.5) and (0.6) by
using completely the same argument in [7]. Thus, from Theorems 1.4, 2.2,
2.3 and 3.2 we get the following corollary.

Corollary 2.3. Suppose that b;, a;; (1 < i,j < n) are continuous and
bounded above and below by positive constants. If conditions (0.2) hold,
then the system (0.1) has a unique solution u° defined on (—oo,+00),
whose components are bounded above and below by positive constants and
wi(t) —ud(t) — 0 as t — +oo, 1 < i < n, for any solution u(t) of (0.1)
with u(tg) > 0 for some ty € R.

If, in addition, a;j, b; (1 <1i,5 < n) are almost periodic then u°(t) is
also almost periodic.
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