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DIFFERENTIABLE FUNCTIONS AND
THE GENERATORS ON A HILBERT-LIE GROUP

ERDAL COSKUN

ABSTRACT. A convolution semigroup plays an important role in the theory
of probability measure on Lie groups. The basic problem is that one wants
to express a semigroup as a Lévy-Khinchine formula. If (,Ut)teRi is a

continuous semigroup of probability measures on a Hilbert-Lie group G,
then we define

Tf = [ fowda) (1 € C.(G)s ¢>0).

It is apparent that (Tut)tGRi is a continuous operator semigroup on

the space C*(G) with the infinitesimal generator /N. The generating
functional A of this semigroup is defined by Af := ltllrgl %(Tutf(e) —

f(€e)). We consider the problem of construction of a subspace C’(g)(G)

of C, (G) such that the generating functional A on C(g) (G) exists. This
result will be used later to show that Lévy-Khinchine formula holds for
Hilbert-Lie groups.

INTRODUCTION

Let (,ut) teR: be a continuous convolution semigroup of probability

measures on a Hilbert-Lie group G and C,(G) the Banach space of all

bounded left uniformly continuous real-valued functions on G. Then there

is associated a strongly continuous semigroup (TM) teR of contraction
+

operators on C(G) with the infinitesimal generator (N, D(NN)). The ge-

nerating functional (A, D(A)) of the convolution semigroup () is

teR
defined by .
Af i=Tim - (T, () = f(€)

t|0
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for all f in its domain D(A). For finite dimensional Lie groups, infinite
dimensional Hilbert spaces and Banach spaces of cotype 2, we have

C(g) (G) C D(A)

(cf. [4], [6] and [8] resp.). In this paper we shall prove that the above

result is also true for a class of infinite dimensional Hilbert-Lie groups.

At several points we shall use ideas and techniques used in [4]. We first

obtain the Taylor expansion for functions f € C(5)(G). In Lemma 2.1 we

prove that, for every neighborhood of e in any Hilbert-Lie group G the

supremum Ssup % pe(U€) is finite. Using this result and Banach-Steinhaus
t10

Theorem, we prove Theorem 2.8.

1. PRELIMINARIES

N and R denote the sets of positive integers and real numbers, respec-
tively. Moreover let Ry := {r:r > 0}, R} := {r : v > 0}.

Let A be a set and B a subset of A. Then by 15 we denote the indicator
function of B. Let I be a nonvoid set and d;; the Kronecker delta (i, 5 € I).

By G we denote a topological Hausdorff group with identity e. G is
called a Polish group if G is a topological group with a countable basis of
its topology and with a complete left invariant metric d which induces the
topology.

For every function f : G — R and a € G the functions f*, R,f =
fo and Lof = of are defined by f*(b) = f(b1), f.(b) = f(ba) and
of(b) = f(ab) for all b € G, respectively. Moreover let supp (f) =
{a € G: f(a) # 0} denote the support of f. By C,(G) we denote the
Banasch space of all real-valued bounded left uniformly (or d-uniformly)
continuous functions on G furnished with the supremum norm || - ||. A
Hilbert-Lie group is a separable analytic manifold modeled on a separable
Hilbert space, whose group operations are analytic. It is known that the
Hilbert-Lie groups are Polish (cf. [2]).

For the exponential mapping Exp : T, — G there exists an inverse
mapping log from a neighborhood U, of e onto a neighborhood Ny of zero
in T,, where T, is the tangential space in e € G ([5]).

By B(G) we denote the o-field of Borel subsets of G. Moreover, V(e)
denotes the system of neighborhoods of the identity e of G which are in
B(G).

M(G) denotes the vector space of real-valued (signed) measures on
B(G). As is well known, M(G) is a Banach algebra with respect to convo-
lution * and the norm || - || of total variation. M (G) is the set of positive
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measures in M(G) and M (G) = { € M(G) : u(G) = 1} is the set of
probability measures on G.
Now let v, (t) := Exp(tX) for X € H and t € R*.

Definition 1.1. Let f € C,(G), X € H and a € G. f is called left
differentiable at a € G with respect to X (“X f(a) exists” for short), if

X f(a) := Jim = [Lo 7 (a) — £(a)

exists. f is called continuously left differentiable, if X f(a) exists for all
a € G and X € H, and if the mappings a — X f(a), X — X f(a) are
continuous.

Derivatives of higher orders are defined inductively. Differentiability
from the right is defined by replacing L., ) by R, (n)-

The following properties of derivatives are well known for continuously
left differentiable functions (cf. [1]).

Remark 1.2. Let f, g € C,(G), X € H and a € G,
(i) If X f(a) exists, then the mapping X —— X f(a) is linear.
(ii)) If X f(a) and X g(a) exists, then X(f - g)(a) exists also and
X(f-9)(a) = Xf(a) g(a) + f(a) - Xg(a).

Now let f € C,(G) be a twice continuously left differentiable function.
Then the mapping

Df(a): X +— X f(a) (D*f(a): (X,Y)+— XY f(a))

is continuous and linear (resp. symmetric, continuous and bilinear) func-
tional on H (resp. H x H) for all a € G. Also

(Df(a),X)=Xf(a) and (D?f(a)(X),Y)=XYf(a)

foralla € Gand X,Y € H.

We denote by C3(G) the space of all twice continuously left differ-
entiable functions f € C,(G) such that the mapping a —— D?f(a)
is d-uniformly continuous and ||Df]|| := sup |[Df(a)| < oo, |D*f] =

a€G

sup | D?f(a)|| < oo. It is easy to see that the space C(G) is a Banach
acG

space with respect to the norm

I£ll2 = [IFIl + I DA+ ID* £, f € Ca(G)
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and

RaCQ (G) C CQ(G)

is satisfied for all a € G. However Cs(G) is not dense in C,(G) (cf. [6]).
By a;(a) := (log(a), X;) (i € N) we define maps a; from the canonical
neighborhood U, in R. Now we call the system (ai)ieN of maps from U,
in R a system of canonical coordinates of G with respect to orthonormal

base (Xi)z‘eN’ if for all a € U, the property a = Sxp< > ai(a)XZ) is
i=1

satisfied.

Lemma 1.3. Let f € C

o0

2(G). Then
0) (L a@x:)f =3 a
2o

(a)X;f foralla € U,.

i=1
0 (E o)
forall a,c € U,.
Proof. (i) For any a € U, there exists a X € H with X = log(a). Then
we have X = i(X, X)X, = iai(a)Xi. Thus

G(OX)F) = % al@aeXX;f

i=1,=1

Xf(e) = 5| F0n(0) = (Df(e), )

=Y ai@)(Df(e). Xi) = D _ai(a)X

Now let b € G be an arbitrary point. Then R,f € C2(G), whence the
assertion. The statement (ii) can be proved similarly. O
In the following we give the Taylor expansion for functions f € Cy(G).

Proposition 1.4. Let f € Co(G). Then the Taylor-expansion of second
order for f at e € G is given by

o0 1 oo (0. @]
)+ L as@Xif (0 + 330 P a0 XX @

i=1 i=1 j=1
for all a € U., where @ is a point of Ue.

Proof. Let f € C3(G) and X € H. Then the function x : t — f(7y (1))
is twice differentiable on R and therefore admits a Taylor-expansion valid
up to second order:

X(#) = X(0) + X (0) £+ 3 X"(1) -
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for t € [—[t], |t]]. Since x'(0) = X f(e) and x"(t) = X X f(75(¢)) it follows
from Lemma 1.3 that

s

fOx(@) = fle) + > (X, Xi)Xif(e)

1

(2

>

=1

+ Z@x, Xi) (EX, X)X X f (7« (F))

=1

DN | =
<

for some ¢ € [—[t|,|¢]]. This yields the assertion. O

Remark 1.5. The Taylor-expansion of f € Cy(G) can be written in a
closed form, i.e.

fla) = f(e) + (Df(e),log(a)) + %<D2f(5)(10g(a)), log(a))

for all a € U, and for any @ in the canonical neighborhood U..

2. CONVOLUTION SEMIGROUPS OF PROBABILITY
MEASURES AND THE GENERATORS

For any probability measure p on G, we define the operator 7, on

Cu(G) by
T,f ::/fau(da) (Bochner-Integral).

It is easy to see that 7,C,(G) C Cy(G) and T, =T, 0T,.

A convolution semigroup is a family (“t)teRi in MY(G) such that
to = €c and pg x py = psyq for all s, € RY. ('ut)teRj; is called con-
tinuous if %5% pr = €. (weakly). It is well known that the convolution
semigroup (,ut) teR? is continuous iff the corresponding operator semi-
group (TM) teR: is (strongly) continuous. Hille-Yosida theory establishes
a bijection between (strongly) continuous operator semigroups (Tm) teRy
and their infinitesimal generators. N is defined on its domain D(/N) which
is dense in C\,(G). It is clear that N commutes with the left translations,
- L,D(N)C D(N) and L,oN=NolL, forallacgG.
teR in M!(G) admits a Lévy

measure 17, i.e. 7 is a o-finite positive measure on B(G) such that n({e}) =

A continuous convolution semigroup (,ut)
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i 5 / fdpg = / fdn,

for all f € C,(G) with e & supp(f) (cf. [7]).

0 and

Lemma 2.1. Let (“t)teR* be a continuous convolution semigroup in
+
MY(QG). Then for every U € V(e)

1
sup —ut(U) < 00
tery T

Proof. Let U and V be two neighborhood in e € G with V' C U. Since G
is normal (as a topological space), there exists a function f € C\,(G) such
that

0<f<1, f(V)={0} and f(U")={1}.
Then we have %,ut(UC) < %/fdut for all t € R%.. Since f € Cy(G) with
e ¢ supp(f) it implies that

i [ s = [ san

Hence the assertion. O

Let H be a separable Hilbert space with a complete orthonormal system
(Xi)z. N and G a Hilbert-Lie group on H. Moreover, let

H, = <{X1,X2, e ,Xn}>

be the space of all linear combinations of Xi, X»,..., X, and H. the
orthogonal complement of H,, in H (for all n € N). Then H/H;- and H,,
are isomorphic. Clearly

G = Exp(HT)

is a closed subgroup of G for all n € N. The quotient spaces G/G,
are finite-dimensional Hilbert-Lie groups. Now let p, be the canonical
projection from G onto G/G, and {b : i = 1,2,...,n} a system of
canonical coordinates with respect to {X1, Xs,..., X,,}. We now define
the functions d} := b} o p,, € Co(G); then X;d} exists and

X;d? = X;(b} opp) = X;b op, =0
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holds for all j >nand¢=1,2,...,n.

Definition 2.2. Let GG be a Hilbert-Lie group on H, and (Xi)ieN an
orthonormal basis in H. For any n € N we define

Q%AG%:{fe@«ﬂ;&f:OEMMi>nwd

&XﬁzObmﬂi>nmj>n}

Remark 2.3. Let f € Cu(G) be a left uniformly differentiable function
with respect to X which satisfies the condition X;f = 0 for all ¢ > n
(n € N). Let m, be the orthogonal projection from H onto H,,. Then we

have
Xf=m,(X)f forall X e H.

So f is continuously left differentiable and clearly (0(2)7n(G))n en IS a
monotonic increasing sequence of Banach subalgebras of the Banach alge-
bra Cy(G). Further properties of C(2) ,(G) (n € N):

(i) C(2),n(G) are || - [[2-closed in C3(G)
and

(i) For any probability measure p € M'(G), we have

TMC(Q)’n(G) C 0(2),n(G) for all n € N.

= C(2),n(G). Now consider the subspace

Ci»)(G) = | Coym(@).

neN

C(2)(G) is obviously a linear subspace of C3(G) with T,,C(2)(G) C C(2)(G)
for probability measures u € M'(G). Especially C'(z)(G)H'H2 is a Banach

Az ==~ 2

space with 7,,C(2)(G)" = C C(2)(G)
Definition 2.4. For n € N let {b : i = 1,2,...,n} be a system of
extended canonical coordinates with respect to {X1, Xo,...,X,}. Then
we say that the Hilbert-Lie group G has the property (K), if

by € Cio)n(G) foralli=1,2,...,n, n>no,

and for any ng € N.
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Every commutative Hilbert-Lie group and every finite dimensional Lie
group have clearly the property (K). In the finite dimensional case we
have ng = dim(G). Since C(9),(G) C C(2),5n+1(G), a system {b?,bgﬁ :
1=1,2,... ,n} C C(2),n+1(G) of canonical coordinates exists with respect
to {X1,Xs,..., X+1}. We also have the following

Proposition 2.5. Let G be a Hilbert-Lie group with the property (K).
Then a system (d”)neN of functions in C(2)(GQ) ewists with
d; =0 foralli=1,2,...,n9
and
d, =b, for alln > ng.

This system (dn)
respect to (XZ)

nen S called a system of local canonical coordinates with

ieEN”
Now let G be a Hilbert-Lie group with the property (K). We define
for any n € N the functions

q)n(a) = Zdi(a)Qv ac G7
=1

where (di>i:1 , . is asystem of local canonical coordinates with respect

to {X1,Xs,...,X,}. Then @, € C),(G) and ®,(a) > 0 for all a €
G\ {®,, = 0}. Therefore

Xi(ﬁn(e) = 0, XZXJ(I)H(€> = 2(5@', Z,] = 1,2, Lo

(cf. [3], Lemma 4.1.9 and 4.1.10).
The following lemma is a consequence of Banach-Steinhaus Theorem
and Hille-Yosida theory (cf. [3], Lemma 4.1.11).

Lemma 2.6. For every f € C(2) ,(G) and every e > 0 there is a g := g €
C2)n(G) N D(N) such that ||f — glla <&, f(e) = g(e), Xif(e) = Xi(g(e)
and X;X;f(e) = X;X;g(e) fori,j=1,2,...,n.

Proposition 2.7. Let G be a Hilbert-Lie group with the property (K),
(’ut)tER* a convolution semigroup in MY(G) and ®,, (n € N) be as
+

above. Then the suprema

1
sup ;/‘I)nd/it

tER?
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are finite for every n € N.

Proof. An application of Lemma 2.6 to the function ®,, € C(y),(G) yields
the existence of a function ¥,, € C9) ,(G) N D(N) with the property

| Py, — Uplle <e, V,le)=d,(e) =0, X;U,(e)=X;P,(e)=0
and XZXJ\IJn(e) :XZX]@)n(e) = 2513, Z,] = 1,2,...,71.

The Taylor expansion of ¥,, € Cg) ,(G) N D(N) in a neighborhood W7 of
e with Wy C U, has the form

W) = 3 37 dia)ds (@)X X0 (a),

i=1 j=1

for all « € Wy with @ € W;. Since ||®, —V,||2 < € and X;X;V,,(e) = 26,
1,7 = 1,2,...,n there exists a neighborhood W5 of e with the properties

—e < X;X;¥,(a) <e foralli,j=1,2,...,n, i #j,
2—e< X;X;¥,(a) <24¢ foralli=1,2,...,n,
. 1
whenever a € W,. Putting §,, := d,(e) := 5(2 —¢e—¢(n—1)) and
W .= W; N Ws, we obtain

Uy(a) > 6,y di(a)® forallacW.
=1

1
Since ¥, € Ci),(G) N D(N), we obtain sup Z‘/\I/ndut’ < oo by
teR?
1%

1

Lemma 2.1. Thus sup n /q)nd,ut < 00, and since ®,, is bounded, the
teR’

assertion follows from Lemma 2.1. O

Now let G be a Hilbert-Lie group with the property (K) and (dl)z en @

system of local canonical coordinates with respect to (XZ)Z en- By Lemma
2.6 there exist functions z; € C(2) ,(G)ND(NN), (n € N) with the property

21(6) = dl(e) = 0, iji(e) = dez(e) = 5ij7 Z,] = 1,2, BRI I8
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Theorem 2.8. Let G be a Hilbert-Lie group with the property (K) and
('“t)teR* a convolution semigroup in P(G). Then the generating function
+

A of (ut)teRi on C2)(G) exists, i.e.
C2)(G) C D(A).

Proof. Let f € C(2),(G) (n € N) and setting

g(a) = f(a) — f(e) — . zi(a)- X;f(e) forall a €@,

where the function z;, 4 = 1,2,...,n are as in above. Then g € C'(z) (GQ)

with g(e) = 0, Xjg(e) = X f(e) - ZXZz()Xf() ife)— Z%
X;f(e) = 0. The Taylor expansion of g in a neighborhood W C Ue glves

Z Z di(a)d;(a)X; X 9(@), acW.
=1 j=1
Thus there is a constant k; € R such that

lg(a)] < ki-|lgll2 - ®Pn(a) forallae W.

It follows from Proposition 2.7 that

1

- d
t/gut
w

(1) sup
teR?

b gl sup [ @udps <.
teR”

1 1 1
Clearly, |- /gd,ut‘ < ||g||2-§ut(WC), and sup |— /gdut‘ < oo. Hence,
tWC teR* tWC
there exists a constant k3 € R independent of ¢ such that
1 *
@) B /gdut <ky-|lgle forall t € R

We

Adding the inequalities (1) and (2)

T f(€) = £(0)] = 7 30 Xif(€) - Tuzi(e)] < ks~ I, ¥t € RS,
=1
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where k3 is a constant (independent of t). Since z; € D(IN) and z;(e) =0,

1
we have sup ;Tmzi(e) < oo forall e =1,2,...,n. Hence we obtain a

teR”
constant k(n) € R% depending only on n such that

(T f(0) — F@)] < k) - 1£1

for all £ € R} and f € C(2),,(G). By Theorem of Banach-Steinhaus the
limit

hm[ fe) = f(e)]

t10 t
exists for every f € Cig)(G). O
Remark 2.9. Let G be a commutative Hilbert-Lie group and (Mt) tere @
+

convolution semigroup in M1 (G). As in the proof of Proposition 2.8, we
can find a constant k(n) € R% (independent of a € G and t € R’ ) such
that

15,500 ‘_\ T (Laf)(e >—<Laf>(e>]\
) || Laflly = k() - 1 £]2,

for all f € C(),(G) and a € G. Banach-Steinhaus Theorem now yields
the existence of the limit

Nf(a) = lim - [ f(a) = f(a)]

t10 t

uniformly in @ € G. This implies the existence of the infinitesimal gener-
ator N on Cg)(G).

Remark 2.10. Let G = H be a separable Hilbert space and Cl(f)(H )

the space of all twice Fréchet differentiable functions f € C,(H) such

that [[f']| := sup [[f"(z)| < oo, [If]| := sup [|f"(z)]| < oo and f” is
reH reH

uniformly continuous in z. Then we have C.°) (H) C D(N) (ct. [6]) and
Co(H) = CP (H).
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