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NONLINEAR MONOTONE ILL-POSED PROBLEMS
IN BANACH SPACES

NGUYEN BUONG

ABSTRACT. In this paper, convergence rates for an operator version of
Tikhonov regularization constructing on the base of subdifferential of uni-
formly convex functional on real reflexive Banach space are obtained with-
out both closeness conditions and parameter selection method. Then, the
obtained results are considered in combination with finite-dimensional ap-
proximations of the space. An example is given for the illustration.

1. INTRODUCTION

Let X be a real reflexive Banach space and X* be its dual space. For
the sake of simplicity, norms of X and X™* will be denoted by one symbol
|.]l. We write (z*,x) instead of z*(z) for z* € X* and x € X. Let A
be a nonlinear operator with domain of definition D(A) = X and range
R(A) C X*. Let fo be an element of R(A).

Consider the nonlinear ill-posed problem

(1.1) A) = fo

By ill-posedness we mean that solutions of (1.1) do not depend continu-
ously on the data fy. Various aspects about regularization of (1.1) were
studied in detail, when A is compact or continuous and weakly closed, and
X = H is a Hilbert space (see, for instance, [5], [11-15]). The variational
method of Tikhonov regularization consists of minimizing the functional

(1.2) Fo(z) = [|A(x) — f5]1% + allz||?,

where o > 0 is the parameter of regularization and f5 are the approxima-
tions of fy with the well-known informations
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Hf(s_fOH < 57 60— 0.

In order to study convergence rates of this method one needs to have, in
general, the following conditions (see [5]): (i) A is Fréchet differentiable,
(ii) there exists a constant L > 0 such that ||A"(x) — A'(y)|| < L||z — y||,
x, y € D(A), (iii) there exists an element w € H such that A™(z¢)w = zo,
where A" (xy) denotes the adjoint of derivative of A at xg being a norm-
minimal solution of (1.1), and (iv) L||lw| < e = 1. Usually, the last
requirement names the closeness condition.

In [13] A. Neubauer estimated e ~ 0.9476 for a modification of (1.2).
We see that the equation in condition (iii) is not explicitly defined because
the operator A™(xg) and the right-hand side zy are not known. Therefore,
the verification of (iv) is in general too difficult to realize. To exceed
this difficulty, in [11] A. Neubauer developed an approach of [9] in the
linear case for nonlinear problems involving compact operators. A big
advantage of this approach is that rates are obtained by merely requiring
smoothness conditions for the exact solution as in the linear case and
parameter selection method.

In [2], when A is a monotone operator in H (see terminologies in [16]),
the author obtained e = 2 for the following operator version of Tikhonov
regularization

A(z) +ax = fs.

In [4], when A is a monotone operator in Banach space X, the conver-
gence rates are obtained for solution of the regularized equation

A(z) + aBx = fs,
where B is a linear and strongly monotone operator, i.e.
(Bx,x) > mBHxHQ, mp > 0.
In this case e = 2mp.

For a real number s denotes by [s] its integer part. In [3], the conver-
gence rates are obtained for the following regularized equation

(1.3) A(z) +aU®(x) = f5, [f5€ X7,
where U? is the nonstandard dual mapping of X satisfying the condition

(U(@), ) = =], U @) = l=]*"", s=>2,
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without closeness conditions when s # [s], Note that (1.3) was studied
in [1]. These results can be applied to investigate nonlinear monotone
ill-posed problems in the spaces of type £,, L,, W, with p > 2 and p # [p].
They are still open if 1 <p <2 or 2 <p=[p| < +oc.

In this paper, we shall show that using the following regularized equa-
tion (cf. [14])

(1.4) A(z) + adp(z) = [,

where Oy is the subdifferential of the uniformly convex functional ¢ on X,
and replacing the smoothness condition (iii) by a more general condition
we can exclude condition (iv). Main results about convergence rates are
presented in Section 2. An example is given in Section 3. Note that, the
results in this paper are more general than the ones in [3].

Below, by a ~ b we mean a = O(b) and b = O(a). The symbols — and
— denote weak convergence and convergence in norm, respectively.

2. MAIN RESULTS

Assume that there exists a uniformly convex functional ¢(z) on X such
that

(0p(x) — 0p(y),x —y) = myllz —y||’, Vo, y € X, m, >0, 2< B #[A].

The existence of such uniformly convex functionals is investigated in [8].
It is shown in [14] that for every fixed a > 0, Eq. (1.4) has a unique
solution z,s, fs € X* and the sequence {z,s} converges in norm of X to
xo if §/a and « tend to zero, where x( satisfies the inequality

(0p(xp), T — z0) > 0,

for all  in the set Sy of solutions of (1.1). We shall prove the following
result.

Theorem 2.1. Suppose the following conditions hold:
(i) A is [B]-times Fréchet differentiable in some neighbourhood of Sy,
(ii) There exists a constant L > 0 such that

141D (@) — AVD ()| < Lljx — 2],

for x, z € S(xg,r), where S(zg,r) is a ball with center xy and radius r,
and
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(iii) The equation

1 1
(A/*($0)+§A(2)*($0)y1 + §A(3)*($o)yly2 + .t
1 *
WA([’QD (mo)ylyg...y[g]_l)w = 8@(%0)

has a bounded solution w(y1,...,y(-1), ¥i € S(xo,7), i =1,...,[B] — 1.
Then for a choice o ~ 0%, 0 < u < 1, we obtain

a5 — zoll = O(8%), = min {(1—p)/B, u/B}.

Proof. By virtue of Egs (1.1), (1.4) and the monotone property of A and
O we have

amg|[zas — 2o|” < 8)|zas — ol — a{dp(20), Tas — o).
From this inequality and condition (iii) of the theorem it follows that

amy||zas — zol|” < 8||zas — moll + 04<w(y1, s Ya-1); (A/(l‘o)

1 1
+ 514(2)(500)3/1 + 514(3)(330)?112!2 +--

+ ﬁA([ﬁ])(ﬂfo)yl; e Yi8)-1) (To — Tas) ),

where y; € S(xo,7).
Using Taylor expansion (see [16]) and taking y; = z,5 —xo we can write

Al(zo) (0 — xaa)—%A@)(l‘o)(ﬂco — Zas)’ + %A(?’)(l‘o)(ﬂco — Tas)’—
(1)1
[6]!

sl < Lllzas — ol /(18] + 1)

-t A (20) (20 — 205)P = A(w0) — A(@as) + Tas.
Hence we obtain

amy||Tas — 20|” < 8)|Tas — 2o + al|was]| (6 + al|0p(zas) ||
+ L||was — ol BT /(8] + 1)),
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where w5 = Was(Tas — o, -, Tas —Zo)- The rest of the proof is proceeded
similarly as in [4]. O

Remark 2.1. Note that for the proof of this theorem we only need the
differentiability of A in some neighbourhood of zo. If A®)(z) = --- =
AUBD (z4) = 0 (for instance, A is linear on Sp) condition (iii) of Theorem
2.1 has the common form as in condition (iii) in the introduction with the
right-hand side d¢(xg). We shall see this in an example in Section 3.

For numerical approximations one has to approximate the infinite di-
mensional Banach space X by a sequence of finite-dimensional subspaces
X,

XicXeC ... CX,...CX, Puix—x, n—+oo, Vre X,

where P, denotes the bounded projection from X onto X,,. Now, instead
of (1.4) consider the finite-dimensional problems

(2.1) A () + adp, () = fsn, x€ Xy,

where A, = PXAP,, 0p,, = P;0pP, and fs, = P} fs. It is easy to verify
that A, and Oy, are monotone and continuous in X,. Therefore, Eq.
(2.1) has a unique solution z7; for o > 0, f5 € X*, and the sequence
{als} converges to z45 as n — oo (see [14]).

Theorem 2.2. Suppose the following conditions hold:

(i) A is [B]-times Fréchet differentiable at some neighbourhood Uy of
507

(ii) There exists a constant L > 0 such that

1AWPD () — ABD () < Lz —y|, = € So, y € Uy,

and
(iii) & = a(n, d) is chosen such that a, 6 /o — 0 and

(@I = Paell + LI = PP+ /(3] + 1) fa =0, Var € So,

as n — oo, where I is the identity operator in X and ~,(z) is defined by

(@) = maX{IIA’(w)(I =Pl %IIA(Z)(I)(I = Po)lllI(] = Po)ex],

o A @ = PO = PP,
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Then the sequence {z7s} converges to xg.

Proof. From (2.1) we have

(An(@as) = An(@n) + a(0p, (25s) — 00 (Tn)), Ths — Tn)
(2.2)
= (fon — An(2n), 305 — Tn) + )00, (Tn), Tn — T5),

where x,, = P,x, x € Sy. As
A(Poz) = A(z) + A'()(Poz — 7) + %A@)(x)(an 2
1 n
4ot WA([ﬁ])(pnx_x)[ﬁ] + ",
Ir™ (| < LI(I = Po)2) [P /(18] + 1)), = € So,

from (2.2) together with (fs, — An(zn), 205 —n) = (fs — A(xy), x0s —zp)
and I — P, = (I — P,)? it follows that

mellas = @all® < (84 Bl @I — Pa)e]
+ LI = Pl /(18] + 1)) s — @all/a
(2.3) + (0p(xn), Xy — xhs), T = Ppx, x € Sp.

Applying the technique in the proof of Theorem 2.2 in [4], we get the
conclusion of our theorem. O

Remark 2.2. From the above proof we can see that this theorem is still
valid if condition (iii) is replaced by

(iil”) m(@)/a =0, y(2) = (I = Pu)z)l, Yz e S.

Theorem 2.3. Assume that conditions (i) - (iii) of Theorem 2.1 and (iii’)
hold, and:
(*) There exist two constants L' > 0, v' > 0 such that

(0p(y) — Bp(xo), 2) < L'lly — ol ||2ll, Yy, 2 € S(xo,7).

Choose a ~ (§ + )", 0 < u < 1, where

A = max { (1 = P)zoll,  sup [I(Z = Pl I(I* = P ol }-
Y, €S(z0,r)
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Then
|z6s — zoll = O<591 + 752>,

where
01 = min{(1 — p)/(8—1),p/B}, 02 =min{61,7' /(8 —1)}.
Proof. Since

|A(Pnwo) — f5]l <6+ [Blyn(zo) (1 — Pn)ol|
+ L||(I = Py)zo|| P /([8] + 1)1,

from (2.3) (with = z¢) and condition (*) it follows that

am, |25 = won”

< (8 + [81n(@0)3n + LA /(18] + 1)) 225 — woul
+ a(0¢(20), Ton — T4s) + (Op(Ton) — Op(x0), Ton — 2q5)

< (3 + [Bhn(@o)in + LI /(8] + D!+ L'aq) ) 25 = wonl
+ alw, Alzo) — Alay)) + allwllrsl

1
Tas = Alxls) — A(zo) + A'(z0) (w0 — x05) — EA(Q)(%)(%O —als)?

1 —1)Bl-1
+ 5 A® (@o) (w0 — als)* — - + WA(W(%)(% )

w=w(xhs — Tg,...., Tas — Tg), and
Irasll < Lllwis — ol P+ /([8] + 1)!
< Lljzgs — zoal /(18] + 1)! + O(Fn).

Let C; be a constant such that || P,|| < Cy. Then

(w, Alwo) — A(w2))
= (@, fo = fon + fon — An(@25)) + (w, An(ali5) — A(w))
< Jlwll (G + C1(6 + alldp(ia)) + {(Pa = D, A(als))-
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Because of locally bounded property of a semicontinuous and monotone
operator (see [6]), there exists a positive constant Cy such that

(w, A(zo) — A(z3s)) < |wl|(Fn + C10 + Caar) + Cof (I = Pro)w]].

Consequently, for a constant C's > 0 we get
Lijwll
a(1me = g1 5yl #hs — 2ol ) s = ol
< (3 + [81vn(@0)in + LA/ (8] + D!+ L'a7) ) 2225 = wonl

+ |l (€18 + Coa + Cyn ).

By [10], we have
|25 — onll = O(6™ +732).

Thus
x5 — wol| = O(6% +352). a

Remark 2.53. If X is a Hilbert space, we can take the functional p(z) =
|z]|?, 2 < B < 3. Then m,, = 22~° and condition (iii) of Theorem 2.1 has
the form

(4 () + A" o)y ) = Dip(ao).

For the Banach spaces of Lebesgue’s type £, L,, WP 1 <p<2ifs=2,
we can construct ¢(z) as in the Hilbert space case. For the case 2 < p,
s = p and p # [p], our results are still true if we use dp(z) = U”(z) (see
[3]). And we have m, = 227?/p. If p = [p|, the number j is chosen so
that p < 8 < p+ 1. We can also use other forms of p(z) (see [8]).

3. APPLICATION

Consider the nonlinear singular integral equation in the form (see [7])

(3.1) /t—s )+ Fa) = folt), 0<A<1,

where fo € L,(]0,1]), 1 < ¢ < +oo and the nonlinear function F'(t)
satisfies the following conditions:
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- [F(t)] < a1+ aglt|P™t, a1, ap >0, pTt gt =1,
F(tl) S F(tz) iff tl S tg, and
- F is differentiable.
Thus, F is a monotone operator from X = L,([0,1]) into X* = L,([0, 1]).
In addition, assume that F' is a compact operator. Then (3.1) is an ill-
posed problem, because the operator K defined by

Kzx(t) = /(t — 8) x(s)ds,

also is compact. The above theoretical results can be applied to this
problem. Note that in the cases 1 < p < 2 the smooth condition (iii) in
the introduction now has the form

(3.2) (K* + F™(x0) + %F(Q)*(xo)y>w = Jdyp(xp),

where z((t) is a norm-minimal solution of (3.1) and ¢ is as in Section 2
with 2 < p < 3. If F(z(t)) = const. for all solutions z(t) of (3.1), then
equation (3.2) has a simpler form K*w = dy(zg).
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