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ON THE EQUIVALENCE,
VIA RELAXATION-PENALIZATION,
BETWEEN VECTOR GENERALIZED SYSTEMS

C. ANTONI!"2 AND F. GIANNESSI!

Dedicated to Hoang Tuy on the occasion of his seventieth birthday

ABSTRACT. A vector generalized system is considered, and a condition is
given under which a relaxation of the domain and a penalization of the vec-
tor function do not change the set of solutions of the system. Applications
are made to Vector Optimization and to Vector Variational Inequalities in
a discrete space.

1. INTRODUCTION

The great development of the theory of constrained extremum problems
and, more recently, that of variational inequalities has led to search for
models which embody both theories. A possible answer is offered by the
so—called generalized systems.

Such theories have received, in their inners, different (and, sometimes,
almost disjoint) developments depending on the kind of space where the
problems have been considered. In particular, this has happened in the
field of constrained extrema: the so—called Combinatorial Optimization
and Continuous Optimization have had a few in common. There is a
strong need of establishing connections among such different developments
to achieve reciprocal benefits.

As concerns constrained extrema there already exist several results con-
necting combinatorial and continuous problems; see, for instance, [7, 12,
13]. One of the tools for investigating such connections has been the relax-
ation of the feasible region; this has provided an equivalence theorem [7],
which has been subsequently exploited both in finite dimensional spaces
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[8, 9, 10, 11] and in infinite dimensional ones [3]. An important con-
sequence of such an equivalence has been the possibility to reduce the
minimization of a binary problem to that of a strictly concave one for
which an elegant method was proposed by H. Tuy as early as in 1964 [10,
14]. Recently [2], in order to extend the above equivalence theorem to
fields different from Optimization, as Variational Inequalities, the inves-
tigation has been extended to the study of the impossibility of a (scalar)
system, which embodies the optimality conditions of a (scalar) constrained
extremum problem as well as Variational Inequalities.

The present paper deals with Vector Generalized Systems, which em-
body at least Vector Optimization and Vector Variational Inequalities;
these two fields have been recently [1, 5, 6] connected with the study of
the impossibility of a system and, consequently, with the separation of
sets.

As concerns the notation, C will denote inclusion and C strict inclusion
(inclusion without coincidence); analogously for O and D. Moreover, given

a convex cone® we define?

r>2cy & x—yelC;xPcy © v—yeC,r>ys v—yeintC;
the notation < and « is defined in analogous way.

2. (GENERALIZED SYSTEMS

Assume we are given the positive integers n and ¢, the convex cone °

C C RY, the sets R, Z C R™, and the vector-valued function F' : R" x
R"” — R’. Consider the problem P which consists in finding y € RN Z
such that the system (in the unknown x):

(2.1) F(z;y)eC, z€ RNZ

be impossible.

Assume we are given a set X C R", such that Z C X. The replacement
of RN Z with RN X represents a relaxation of the domain of (2.1); of
course, this may change the set of solutions of P. This drawback can be

3 All the cones which will be considered have the apex at the origin. As usual, C'is a
cone with apex at the origin iff £ € C' and \ € (R+ \ {O}) imply Az € C.

4 int S will denote the interior of the set .S.

5 Next strict inclusion is motivated by the fact that, when C' = Ré, then the following
problem P has no solutions.



EQUIVALENCE BETWEEN VECTOR GENERALIZED SYSTEMS 569

overcome through a suitable change of the system. To this end, let us
introduce a vector-valued function ® : R® x R™ — R, and consider the
family {P(u)},er of problems, where P(y) consists in finding y € RN X,
such that the system (in the unknown x):

(2.2) F(z;y) + p®(zy) e C, z€ RNX

be impossible. (2.2) shows, with respect to (2.1), a relaxation of the
domain and a penalization of F'.

We want to state conditions under which P and P(u) are equivalent
in the sense that they have the same set of solutions (if any, or none of
them has solutions). To this end we need a preliminary proposition. For
the sake of simplicity, and without any fear of confusion, || - || will denote
an BEuclidean norm both in R* and in R, and a norm of a matrix.

Lemma 1. Let C, C° C R be cones such that C° be closed, and® O #
(CO\ {0}) C intC. Let B, := {x € R* : ||z|| < p} with p > 0, and
U:={xcR':|z| =1}. Then, there exists ny € R such that

(2.3) Vi+nVa€intC, VYn>mny, VYVi€B,, VYVhel'NnU.

Proof. Since ||Va]| = 1 VV, € CON U, and since the scalar product of
vectors of unitary norm is < 1, then Vi > p we have
(2.4)
Vi Va, Vx Vi,V Va2 —
1> (Vi +nV2, V) > (V1i,V2) + [ V2| _> P+77’ YV, e 0N,
Vi +nVall - [IVall = [IVall- [[Vall +nllVall? = p+n

where the 3rd inequality is a consequence of the inequalities ||[V4] < p
and (V1,Va) > —||V4|| > —p, VV2 € C°NU. Since the scalar product of
vectors of unitary norm is 1 iff they coincide, passing in (2.4) to the limit
as n — +oo, we have that

lim ———(V, Vo) =Va, YV el’'NU.
o Vi () Ve
Since CY N U is a compact set included in intC, then” (~ C) N U and

C° N U have positive distance (induced by the norm considered). Hence
(2.3) follows. This completes the proof. d

6 Next inclusion holds as equality iff £ = 1.
7 ~ S will denote the complement of the set S.

Note that, when ¢ = 1, the assumptions of Lemma 1 are fulfilled only
by C = R4 and by C = Ry \ {0} (and, of course, by their opposite); in
both cases C® = R, necessarily (or C° = R_).
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In the sequel, Vx € X, p(x) will denote a vector belonging to the
set projz(x), where projz : X — Z is the multi-valued function which
projects x on the compact set Z.

Theorem 1. Let R C R"™ be a closed set, Z C X C R", Z and X be

compact sets, and let the following hypotheses hold.

(Hy) F: X xX — R’ is bounded on X x X, and there exist positive reals
L,a, and an open set Q D Z, such that

|F(p(@); )|l < Lllz — p(a)[|*, Vo€ QNX, Vp(x) € projz(x).

(Hy) @ : X x X — R* is such that
(i) @ is continuous on X x X;
(ii) Vo,y € Z, ®(x;y) = 0;
(3i) there exists a closed cone Ct with ) # (C*\{0}) C int C, such
that

O(x;y) € (CT\{0}), VexeZ, VyeX\Z;

(4i) Vz € Z there ezist a neighbourhood S(z) of z and a real (z) > 0,
such that

1@ (p(x); )] = e(2) - le —p(2)[|*, Vo € S(2)N(X\ Z), Vp(x) € projz(z).

Then, a real py exists, such that, Yu > p1, a solution of P(u) is a
solution of P.

Proof. To prove the thesis it is sufficient to show that du¢ € R such that,
Vi > po, a solution of of P(u) is achieved necessarily at points z € RN Z;
because of (H)(ii) this claim assures that a solution of P(u) is a solution
of P too.

Let us introduce the sets X := RN X, Z:= RN Z, S(z) := QN S(z),
where S(z) is precisely that of (Hp)(4i). The family {S(z),z € Z} is
obviously a cover of Z ; since Z is compact and Z is a closed subset of Z ,
there is a finite subfamily, say {S’(zl), i=1,...,k}, which is a cover of Z.

ko
Put S := | S(z;) and let p be the quantity max{L/e(z;),i = 1,... ,k}.
=1

Because of (H;) and (Hs)(4i), it holds

F(p(x);z)|| <p, VoeSN(X\2).

|ietran
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Consider the set U := {z € R’ : ||z|| = 1}; because of (Hz)(3i) we have
1

[ (p(x); )]l

We can apply Lemma 1: V;, Vs, CY and C are identified with

[1/1|@(p(x); )] (p(2); ), [1/]|@(p(x); 2)|]@(p(x); x), CF and C respec-
tively. The assumptions of Lemma 1 being fulfilled, we achieve the ex-
istence of a real 7;, such that (2.3) holds, namely, ¥n > n; and Vx €

SN (X\ Z), we have

1 1
@ P T Gy

It follows that, Vi > 71, P(u) cannot have solutions in S N (X \ Z).

Now, let us introduce the compact set Xy := X \ S, and fix 2 € Z.
Because of (Hs)(i,3i), ® is continuous and different from the null vector
on the compact set {2} x X, then we find

(2.5) d(p(z);x) eCTYNU, VYeeX\Z.

(2.6) O(p(z);x) € C.

Mg := min ||®(2;2)| > 0.
JJEXO

We can apply Lemma 1: we choose p = Mp/Mg, where Vi, Vo, C° and

C:aulreiclentiﬁedvvith[”(I)(1 )H] (2;z), [||(I>(1 )H] (2;2), CT and C,

respectively, and Mp =  sup  ||[F(z;y)||. Then, the hypotheses of
(z,y)EX XX

Lemma 1 being satisfied, we achieve the existence of 72, such that, Vn > n
and Vo € X, we have

1 1
O(z;x) € C.

27 G &0 T M EE

Hence, Yy > 19, P(u) cannot have solutions in Xo. If p > py =
max{7, 72}, account taken of (2.6) and (2.7), P(u) cannot have solutions
in X \ Z. This completes the proof. O

Remark 1. Consider the special case, where

(2.8) F(z;y) = fy) — f(z),

with f : X — R’ bounded. It is trivial to check that, if f fulfills the
Holder Condition on the set €2, i.e. 3 L, « > 0 such that

(2.9) If (@) =Wl < L-[lz—yl* Ve,yelnX,

then (2.8) satisfies (H;). The converse is not true as shown by Example
1.
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Note that y is a solution or vector minimum point (in short, VMP) of
P in case (2.8) iff y is a solution of the vector minimum problem

(2.10) ming f(x), z€ RNZ,

where C' defines now the partial order and mincs marks vector minimum:
the impossibility of (2.1) defines y as a solution of (2.10).

Example 1. Let usset n=¢=1, R=R, Z =1[0,1] and X = [-1,1].
Consider (2.8) with f(z) = xsin < if  # 0 and f(z) = 0if z = 0. (H;)
is satisfied at « = 1, L = 1 and Q =] — 2,2[. In fact, if x € Z so that
p(z) = x, then F(p(z);z) =0;ifz € (QNX)\Z =X\ Z =[-1,0[, then
|F(0;z)| = |f(z)] = |zsini| < |z|. Thus (H;) holds. Obviously, f does
not fulfill (2.9).

Remark 2. Let us consider two special cases. To this aim, let us introduce
G : R" — RY" and let (G(y),y — )¢ denote the vector whose i-th
component is the scalar product between the i—th row of matrix G(y) and
the vector y — x. The former special case is:

(2.11a) F(a;y) =(G(y),y —x)e -
With the same notation, the latter case is:
(2.11Db) F(z;y) = (G(x),y — x)e -

If G is bounded on R"™, then both functions (2.11) fulfill (H;) at o =1
and L = ||G|| :== sup ||G(x)||, as it is easy to check. Example 2 shows
reR"

that the converse is not true.

Note that y is a solution of P in case (2.11a) (or (2.11b)) iff is a solution
of the Vector Variational Inequality of Stampacchia type (see [6]): find
y € RN Z, such that:

(2.12a) (G(z),y — ) £c 0, Yz €RNZ

(or of the Vector Variational Inequality of Minty type (see [6]): find y €
RN Z, such that

(2.12b) (G(y),x —y)e 2¢ 0, Yre RNZ).

The impossibility of (2.1) defines y as a solution of (2.12a) (or (2.12b)).
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Example 2. Let usset n =¢ =1, C = R+\{O} R=R, Z=10,1]
and X = [0,2]. Consider (2.11a) with G(y) = 1/y/|y — 1| if y # 1, and
G(y) =0 if y = 1; it holds

|[F(p(a);a)| < |z —p(a)]V2, Va €]l,2];

in fact, if z € Z so that p(z) = x, then F(p(z);x) = 0; if z €]1,2][, then

p(x) =1 so that |F(p(z);x)| = \/J;T

Example 3. Let F: RxR — R, F(z;y) = +/|z —y|(x — 1), Z =[0,1],
X =10,2]. Such a function does not fulfill the following condition: there
exist a constant L and an open set 2 D Z such that

|F(z;y)| < |z —yl, YVeeQnX, VyeZ

Such a function fulfills hypothesis (H;) of Theorem 1 at Q = R, L = /2,
a=3/2.

Example 4. Letusset n=¢ =1, R=R, C = RT\ {0}, Z = [0,1],
X =102, F: XxX =R, Flz;y) = (z —y)*(1 —y)(z — 1). Such
a function F' fulfills (Hy), with Q@ =] —1,2[, L = 1, a = 2. In facts, F
is bounded; moreover if z €]1,2[, p(x) = 1 and F(l x) =0;ifx € Z,
p(z) = ¢ and F(z;x) = 0. Each y € [0,1] is a solution of the following
problem P: find y € Z such that

F(z;y) e C, x€]0,1]

be impossible.
Let @ : X x X — R be a penalty function defined as follows:

—(1—x)?, if (z,y) €]1,2] x [0,1],
0, if (z,y) € [0,1] x [0, 1],
O(zy) =9 (1—y)? if(z,y) €[0,1] x[1,2],
—(z—y)?, if (z,y) €]1,2]x]1,2], y <z,
( (z—9)?, if (z,y) €)1,2]x]1,2], y > .

Such a function @ fulfill condition (Hs): it is enough the choose C* = R,
e(z)=1,Vze Z, a=2, L =1. We show that, Vu € Ry, y € [0,1] is not
a solution for P(u). In fact, Va €]1,2],

F(z;y) + p®(z;y) = (2 — D)[(z —y)*(1 —y) — p(z — 1)].

Observe that h?ll(x — )21 —y) —pulz—1)=(1—-1y)3>0.
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We conclude that y € [0, 1] is not a solution of P(u).
Observe that F' does not fulfill (Hs3) of the following Theorem 2 at o =
2, L =1. In fact, for x > 1, p(x) = 1, then the inequality

[F(p(a);y) — Flzsy)l < (x —1)%, Yz € XNQ, Vp(z) € projz(z),
holds if and only if

(z—1)*A1—-y)<(x—1), Vz>1, Vyelo1].

B~ =

5
This is impossible for z = Y=

Moreover, observe that P(u) has not solution: for each y €]1,2] and for
each z € [0,1], Vu > 0,

F(z;y) + p®(z;y) € C.

If Z is finite, then the inequality in (H2)(4i) can be equivalently re-
placed (in the sense that the thesis of the Theorem 1 is still achieved and
the class of the penalty functions ® which satisfy it is non—-empty) with
the following condition:

Vz € Z there exist a neighborhood S(z) and a real (z) > 0, such that

[@(z2)|| = e(2)]|z = 2[l, VoeS(z)n(X\2Z).

In fact, choosing a suitable neighborhood S(z) of z, we have p(x) = z.
If Z is not finite, then the above condition might be in contrast with
assumptions (Hs)(i,ii).
Let us consider the following condition:
(Hy)' It is possible to find a vector-valued function ¢ : X — R, such
that:
(i) ¢ is continuous on X;
(ii)) Ve € Z, ¢(x) = 0;
(3i) there exists a closed cone Ct with () # (C*T\{0}) C int C, such
that
¢(x) € (CT\{0}), VeeX\Z;

(4i) Vz € Z there exist a neighborhood S(z) and a real e(z) > 0,
such that

()| = e(2) - |z — p(2)[|* , Vo € S(2) N (X \ Z), Vp(x) € projz(x).

Note that, if we set ®(z;y) = ¢(y) — ¢(x), Vz,y € X, then (Hy) of
Theorem 1 is fulfilled if (Hs)" does.
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When ¢ = 1, Theorem 1 collapses to Theorem 1 of [2].

The following theorem consider a special class of problem P: the cone
C is equal to Rﬁ; it gives a condition assuring a solution of P is a solution
also of a suitable problem P(u), for p large enough.

Theorem 2. Let R C R" be a closed set, Z C X C R", Z and X be

compact sets, and let the following hypotheses hold.

(H3) F: X x X — R’ is bounded on X x X and there exist positive reals
L, o and an open set 2 D Z, such that

| F'(z;9)—F(p(x); y)|| < L-||lz—p(x)||%, Vz,y € QNX, Vp(x) € projz(z).

(Hy) It is possible to find ® : X x X — R, such that:
(i) @ is continuous on X x X;
(ii) Vz,y € Z, ®(x;y) =0; Vo € X, ®(x;-) is constant on Z;
(3i) there exists a closed cone C~, with O # (C~\ {0}) C int (—C),
such that:

O(z;y) € (C7\{0}), VeeX\Z VyeZ;

(4i) Vz € Z, there exists a neighbourhood S(z) of z and a positive
real £(z), such that

[@(x; p(2))[| = e(2)-lz=p(x)[|* , Vo € S(2)N(X\Z), Vp(x) € projz(x).

Then, there exists ps € R, such that, Yu > pe, a solution of P is a
solution of P(u).

koL
Proof. Let S := |J S(zi) be a finite cover of Z. Let us introduce the sets
i=1

X :=RNZ,Z=RNZ,S5(z) = QNS(z), where S(2) is the neighbourhood
of (Hy) (4i). Because of (H4)(3i), Vo € SN (X \ Z) we have

-
|®(; p())||

where U := {z € R’ : ||z|| = 1}. We can apply the Lemma 1. To this
, 1= 1,...,k}; Vi, Va, C° and C are

O(z;p(z) € € N,

purpose let us set p = max<{ ——
e(zi)

identified with

[1/11®(z; p(2) N[F (25 y) — Fp(x); )], [1/][®(; p(2)) 12 (2; p(2)),
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C~ and —C, respectively. Hence, the assumptions of Lemma 1 being
satisfied, we achieve the existence of 3 € R such that, Vn > n3, we have

(2.13) F(z;y) — F(p(z); y) + n®(x; p(x)) € int (=C),
Ve SN(X\Z), VyeZ, Vpx)eprojz(z).

Then, because of (Hy) (ii), V1 > n3 we have
(2.14) F(z;y) = Fp(x);y) + n®(x;y) € (=0),
Vee SN(X\Z), VYyeZ Vp(x)e projz(x).
Now, we will prove that dn4 € R, such that, Vn > 14 we have
(2.15) F(z;y) +n®(x;y) € (—C), Ve e Xo:= X\ S, Wy e Z.

In fact, @ is continuous and different from the null vector on (X \ Z) x Z;
this fact and (Hy) (3i) imply

-
1 (2 y)

We can apply the Lemma 1 with p = (1/M)||F||, where

O(z;y) e CTNU.

M .= i P(x; :
(wgglolel (@ y)

V1,Vg,CoandCareidentiﬁedWith[H(I)( )|d (z;y), [H‘I)( )”} (z;y),

C~ and —C, respectively. Hence, the assumptlons of Lemma 1 being sat-
isfied, we achieve the existence of 4, such that, Vn > n4 (2.14) holds.
Now, let y be a solution of P. Then, Vx € X and Vp(z) € projz(x),
account taken of C' = (R \ {0}), there exists an index 4, such that

(2.16) (F(p(x); 7)) <0,

where (-); denotes i—th component. We conclude that, Yu > ps =
max{ns, 14}, we have, Vx € X,

(2.17) F(x;9) + p@(x;9) ¢ C.

In fact, since g is a solution of P and ® is null on Z x Z, (2.17) holds for
x € Z; (2.15) implies (2.17) for = € Xo; (2.14) and (2.16) imply (2.17) for
x €SN (X\ Z). This completes the proof. O
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Note that hypothesis (Hsz) of Theorem 2 can be weakened by replacing
the condition “z,y € QN X” with “c € QN X, ye 2.7

3. THE CASE OF A DISCRETE DOMAIN

We will now analyse a special but very important case, namely that
of a discrete problem. Indeed, we will consider the case Z = B"™, where
B := {0,1}; the case where Z is a bounded subset of Z" can be reduced
to the present one by well known transformations [12]. More precisely, we
consider now the following case:

(3.1)
C=RiLN\{0}, Z=B", Ct={veRL:vy=v = =0}, C” =-CT.

The “natural” relaxation of Z isnow X = Xg :={z ¢ R" : 0 <z < e},
where 8
el :=(1,...,1). As “penalty term” we choose: ® : X x X — R,

p(y) —p(@)
(3.2) O(z;y) = : ,

v(y) — p(2)
where ¢ : R® — R, o(x) := 27 (e — z).

Under assumptions (3.1), the function ® defined in (3.2) fulfills, at
a = 1, the conditions (Hz) of Theorem 1 and (H4) of Theorem 2. In fact,
(Hg)(i), (ii) and (3i) and (Hy4) (i), (ii) and (3i) are obvious. As concerns
(Ha)(4i) and (Hy4)(4i), let us note that, if S(z) is small enough so that
p(x) = z, then ¢ satisfies the following condition: Vz € Z there is a
neighbourhood S(z) of z and a real £(z), such that

() 2é(z) - |lz—=2|, VoeeS()n(X\2),
as it has been proved in [Gy, Th. 3.1; Gs, Th. 4]; therefore, Vz € Z and
Ve € S(z)N (X \ Z) we find

o(r)
[®(p(z); )| = [|®(x;p(x))]| = : = Vi|p(z)| > VEE(2)||z — 2|
o(x)

8T as apex will mark transposition.
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which proves (Hy)(4i) and (Hy)(4i), by setting £(z) = v¢4(z), and com-
pletes the proof. Hence, we have proved the following:

Theorem 3. Under the case (3.1)-(3.2), let the function F wverify at
a = 1, the hypothesis (Hs) of Theorem 2. Furthermore, F be such that
F(x;x) =0, Vx € Q. Then, there exists us € R such that, Yu > ps, P
and P(u) have the same solutions.

Remark 3. When F : X x X — R is of the kind

F(z;y) = f(y) — (=),

where f: X — Rf, or

F(z;y) = (G(y),y — 2),

where G : R” — R/*", then it fulfills the condition F(x;z) =0, Va € Q.

In the Theorem 3 we have considered the hypothesis (Hs) at o« = 1 since
this is enough with the special ® we have chosen. Concerning such a choice,
note that the above theorem is still valid if we select any strictly concave
functions ¢1,..., @, such that, V;, ¢; : R® — R, p;(x) =0 Vz € Z,
wi(xr) >0 Vr € X\ Z; moreover, Yy € Z, there exist a neighbourhood
S;i(y) and a real constant €;(y) such that

pi(@)| = ea(y)llz —yl|*, Vo e Si(y)N(X\ 2).

Note that, Vi, the above condition is a slight generalization of the condition
on the function ¢ in [7], and it is equivalent to (Hz) of Theorem 1 at £ = 1.
Then, we can put ¢ = (¢1,...,¢¢), and, Vr,y € X,

(3.3) O(z,y) = d(y) — o(x).

Condition (Hy) (4i) for ® follows choosing, Vz € Z, S(z) = N¢_,S;(z) and
e(z) = Vemin{e;(y), i =1,...,¢}.

The following theorem gives a condition which assures that, Vy € X,
the function F'(-;y) + p®(-;y) is component—wise strictly convex.

This is a straightforward extension of Theorem 3.2 of [7] and Theorem
2 of [8].

Theorem 4. In the case (3.1)-(3.2), let F : X x X — R be a function
fulfilling the hypotheses of Theorem 3 at @ = 1. If F € [C?*(X x X)]Y,
then there exists a real g such that, Vi > pyg, P and P(u) have the same
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solutions, and, Yy € X, the function F(-;y)+pu®(-;y) is component—wise
strictly convex.

Proof. Yy € X, let H;(x;y) and PAI@(x, y) be the Hessian matrices at x, of
the i—th component of F(-;y) and F(-;y) + a®(-;y), respectively. Hence,
Vi=1,...,¢, we have

A

H(x;y) = Hi(x;y) + 201,

where I,, denotes the n x n identity matrix. Vi € {1,...,¢}, Vr € {1, <, n}
let ;- : X X X — R be the function where \;.(z;y), r =1,...,n are the
eigenvalue of the Hessian H;(x;y). Because of the continuity of F', A;. is
continuous. Hence

4 1= max max [ Air(759)| < +o00.

Moreover, let us observe that, Vz,y, v;(x,y) is an eigenvalue of ﬁi(x;y)
if and only if v;(x;y) — 24 is an eigenvalue of H;(x;y). Then, for any
fo> pg = %max{m,uzam}y V(z,y) € X x X,

Vir('r;y> = )\ir(x;y) + 2,&

is eigenvalue of lﬁlz(m, y) and it results v;,(x;y) > 0. This completes the
proof. Ol

4. DISCRETE VECTOR OPTIMIZATION AND
VARIATIONAL INEQUALITY

n

Let us now consider the special case of (2.10), where Z = B" and

C =R \ {0}, namely the problem:

(4.1) mine f(z), =€ RNB".

y is a vector minimum point of (4.1) iff the system (in the unknown z):
(4.2) fly)— f(x)eC, ze€RNB"

is impossible. When ¢ = 1, then (4.1) becomes a scalar binary optimization
and (4.2) becomes the obvious inequality: f(y) < f(x), Vx € RN B™.

With the positions Z = B™ and F(z;y) = f(y) — f(z), (4.2) becomes
(2.1). Now consider the vector minimum problem:
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(4.3) ming[f(z) + pd(a)], =€ RN X,

where ¢ : R” — Rf, ¢ = (¢,...,9), o(x) =27 (e — z) and u € R.

Corollary 1. Let the following hypothesis be satisfied.
(Hs) f:R"™ — R { is bounded on Xg, and there exist a positive real L
and an open set 2 O B™ which make true the inequality

[filx) = filw)| < L-lz —yll, Yo,y € QN Xq, i=1,....4,

where f; denotes the i—th component of f.
Then, there exists a real us € R, such that, Y > ps, (4.1) and (4.3) have
the same solutions. If, in addition, f € C?(X), then there exists ug € R,
such that, Yp > pr = max{us, us}t, f + p® is component—wise strictly
concave.

Proof. Put ® : X x X — R*, ®(z;y) = ¢(y) — (). According to Remark
1, under assumption (Hs) the function F(z;y) = f(y) — f(x) satisfies
(Hy) of Theorem 1 and (Hs) of Theorem 2. Moreover, assumption (Hs) of
Theorem 1 and (Hy) of Theorem 2 are fulfilled by the present ® given by
(3.2), because of what has been shown in Sect. 3. As concerns the 2nd part
of the thesis, it is enough to note that (4.1) and (4.3) are equivalent to P
and P(u), respectively. Hence, Theorem 4 can be applied. This completes
the proof. U

In the special — but important — case where R is a polyhedron, note that
Corollary 1 shows a class of vector minimization problems with strictly
concave objective function, i.e. (4.3), having? a (vector) minimum point
necessarily at a vertex of the feasible region. In general, this is not true
as the following Theorem 5 and Examples 5, 6 show.

Theorem 5. Let g : R" — R be component-wise concave, and P C R"
be a non—empty polytope. Then, at least a vector minimum point of the
problem:

(4.9) ming g(x), x € P

happens at a vertex of P.
Proof. Consider the problems

a; == a;g}qiilgi(x)’ i=1,...,0; Sy:=P,

9 Because of their equivalence with (4.1) whose solutions are obviously vertices.
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and the sets
S; = argming;(z), i=1,...,¢.
reS;_1

We obviously have
Sig‘si—la i:1,...,£,

and, because of the concavity of g, Sy, ...,.Sy are unions of faces of P. We
will show that each element of S, is a VMP of (4.9), so that the thesis
will follow. Consider any z° € S,. Ab absurdo, suppose that 2° be not
solution of (4.9). Then, Jy,0 € P, such that:

g(ywo) <c g(x0)7

so that Jigo € {1,...,¢} such that

(4.10a) Gio (Ye0) < 9i,0 (2°) = i o

(4.10Db) Gi(yw0) < gi(2%), Vi=1,...,€, i#ig.

yzo must belong to Sy. In fact, Vi =1,...,¢0 —1,
Ypo € Si\ Siv1 = Gir1(Ye0) > gir1(2°) = aitq,
which contradicts (4.10b). Since
g(z) = (a1,...,a¢), Yz €Sy,

we have g(y,0) = (a1,...,ar) which contradicts (4.10a). Finally, observe
that the sets S1, ..., Sy are unions of faces of P. This completes the proof.
O

Remark 4. The above proof shows that the set of solutions to (4.9) contains
a union of faces. If for any k € {1,...,¢} Sy is a singleton, then obviously
its (unique) element is a VMP of (4.9), and the subsequent S; are equal
Sk. Such a proof suggests a method for finding a solution of (4.9); indeed,
this method does not require the concavity of g. However, it does not
necessarily find all VMP; for instance, if g is component—wise strictly
concave, then the method does not find the VMP (if any) which fall in
int P whatever the ordering of the components of g may be. Moreover,
note that the thesis of the above theorem can be achieved with the same
proof under the assumption that only one component of g (which in the
proof must be considered as g;) be strictly concave.
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Unlike the case £ = 1, when ¢ > 1 a VMP of (4.9) is not necessarily
a vertex of P (in spite of the strict concavity of g), as Example 5 shows;
this conclusion does not change, if we make the further assumption that
the (global) maximum points of the several g; fall in the interior of P, as
Example 6 shows.

Example 5. Let usset n =1, P =[0,1], C =R, \ {0}, g1(z) = 1 — 22,
g2(x) = x(2 — z). It is easy to check that every element of P is a VMP of
(4.9).

Example 6. Let us set n = 1, P = [-3,3], C = Ry \ {0}, q1(z) =
(x+3)(7T—2x), g2(x) = (3 —x)(x + 7). It is easy to check that the VMP
of (4.9) are now z = £3 and all the elements of | — 1, 1].

The case where a VMP of (4.9) is necessarily a vertex of P is a very
special one. For instance, it happens if the function g is component—wise
strictly concave and vert P C lev—g g;, ¢ = 1,...,¢, where lev denotes
level set.

Corollary 1 suggests a method for solving (4.1), which is based on the
theory introduced in [14] (see also [10]), and will be shortly outlined. To
this end we will consider the special, but wide, case where R = P. Because
of Corollary 1 the combinatorial vector problem (4.1) can be replaced with
the continuous vector problem (4.3). If p is large enough (i.e., u > ur),
then, because of Theorem 5 (see Remark 4), a VMP of (4.3) is a vertex
of PN Xg. Therefore, a method can start by finding a vertex, say z°, of
PN Xg. It is not restrictive to assume that z° be a local VMP of (4.3);
otherwise this can be achieved by jumping from one vertex to an adjacent
one until it has been obtained. Now, consider the family of strictly concave
(scalar) problems:

(4.11) ming;(z;p), re€PNXg;i=1,...4

where g;(z;p) := fi(x) + pp(x). If i is such that 2¥ is a local'® (scalar)
minimum point of (4.11), then Tuy Theory [10, 14] gives us a “cutting
halfspace”, say H;, such that

xr e PN XQ
gi (5 ) <gz‘($0;ﬂ)

(4.12) IO¢H¢; { } = xE(PﬂHi)ﬂXQ.

This condition means that, if there exists an x at which g; takes a value

10 I the sense of not necessarily global.
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less that g;(2°; 1), then z must belong to H;. For all other indexes i Tuy’s
“cutting halfspace” collapses to a supporting halfspace of P N X¢; it will
be denoted again by H;. The former (latter) set of indexes will be denoted
by I'™ (respectively I7). If IT # (), then from (4.12) we easily deduce that:

T € PﬂXQ
(4.13) o = zePn(() H)nXq.
g9(x;p) <c g(z"; p) eI+

This condition means that, if there exists an x at which g takes a value
less (in vector sense; with respect to C') than g(x%; 1), then  must belong
to (] H;; hence such an intersection plays a role for vector problems as
ielt

Tuy’s cut does for scalar ones. The case I = () is a degenerate one for
all Tuy’s cut, and requires a special analysis: the present vertex can be
replaced with any of the adjacent vertices, since they are alternative local
VMP. From (4.13) we have that the condition:

(4.14) IT#0, PnXg=0,
where
P = Pn ( N Hi>
=3 B

is a sufficient condition for z° to be a VMP of (4.1) at R = P. If (4.14)
is not satisfied, then we can replace, in (4.11), P with P; and repeat the
above reasoning. Noting that the set

Pm( N ~H1>mXQ

iel+

does not contain any alternative VMP of (4.3); while they might happen
in the sets

Pﬂ(NHr)ﬂ(gQ{ }Hi>mXQ, relt.

According to Remark 4, an alternative method for finding a VMP of
(4.1) may consists in solving ¢ scalar problems, having a strictly concave
objective function and a union of vertices of P as feasible region.

Let us now consider the special case of (2.12a) where Z = B" and
C = RY \ {0}, namely the following Vector Variational Inequality: find
y € RN B™, such that

(4.15) (G(y),z—y)¢e £c 0, Yz e RNB".
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With the positions Z = B™ and F(z;y) = (G(y), z—y)¢, (4.15) becomes
(2.1). Now, consider the problem which consists in finding y € RN Xo,
such that

(416) (G(y),a: - y>£ - Mq)(xay) gC 07 Ve e RN XQ’

where @ is the function in (3.2) and p € R.

Corollary 2. Let G : R" — RY" be bounded on X¢g. Then, there
exists a real pg € R, such that, Yy > us, (4.15) and (4.16) have the same
solutions.

Proof. Let F : Xg x Xg — RY be defined by F(x;y) = (G(y),y — z).
According to Remark 2, such a function fulfils (H;) of Theorem 1. (Hj)
of Theorem 2 holds, since

| F(z15y) — Fx2;9)|| = {G(y), y — 1) — (G(y),y — x2)|
<G - flzr — 22l Vai, 20,y € Xg

The present @ fulfils (Hz) of Theorem 1 and (Hy) of Theorem 2 as
shown in Sect.3. Hence, Theorems 1 and 2 give the existence of a real
us € R such that (4.15) and (4.16) have the same solutions. O

In the special — but important — case where R is a polyhedron, note that
Corollary 2 shows a class of Vector Variational Inequalities with bounded
operator, i.e. (4.16), having — because of the equivalence with (4.15) — a
solution necessarily at a vertex of the domain. In general this is not true
as simple examples show.

5. FURTHER DEVELOPMENTS

-
Let us consider the special case of (2.10), where R = R", Z = |J Z,
k=1
with Zj, convex and compact, f : R® — R! component-wise convex,
C =R \ {0}, namely the problem

(5.1) ming f(z), € | Z.
k=1
Obviously, y is a solution of (5.1) iff the system (in the unknown z)

(5.2) fy)—fyec, zel]
k=1
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is impossible.

With the positions R = R", Z = 0 Zy and F(z;y) = f(y) — f(=),
(5.2) becomes a special case of (2.1). Asksillme we are given the compact sets
Xk O Z and the functions ¢ : X — R, k =1,<,r, (where X = th Xk)
such that Ja € R for which each ¢ fulfils (Hs2)" of Sect.2 at k€:1: 1,
Ct =R,. It is easily seen that ¢ : X — R, with

(5.3) p(x) == ][ on(@)*"
k=1

fulfils (Hs)’ of Sect. 2. In fact, it is trivial to verify (i), (ii) and (3i). In the
following formulas k£ as index will denote that we are referred to Z; and
X}, instead of Z and X. ¢ fulfils also (4i):

o(@) = [] @)™ = [T éu(@)"/" = TJler2) - llz = pia)1°
k=1 k=1 k=1

= [Tex@* I lle = pe@)1*”” = [T er()*" - llz = p(2)|
k=1 k=1 k=1

Ez) -z —p@)|* . &)= [[en(x)*"",
k=1

where the 1st inequality comes from (Hs)" at ¢ = ¢, k =1,...,r, and the
2nd inequality is due to the fact that ||z — p(x)|| = min{||z — px(x)||, k =
1,...,r}

The function ® : X x X — R, defined by
p(y) — o(z)
(5.4) P(z5y) = :
p(y) — p(z)

can be chosen as “penalty term”. The “decomposition” (5.3) may help in
setting up ¢, and in conceiving solving methods. For instance, if Z is a
polytope defined by

Zy ={zeR": Az >b"}, k=1,...,r

where A*F € R™+*" p* ¢ R™* then, with obvious notation, we can set

or(x) == maX{O,exp ( — afZafjwj — bf) -1, i=1,... ,mk},
j=1
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where A¥ = (¥, i =1,...,ms,j = 1,...,n), b¥ = (b¥,... bk )T oF

YK yYmy ) e
being positive parameters. A particular — but interesting — case is that

T
where Z is not convex, while the sets Z;, X; and |J X; are all convex.
k=1
For instance, at n = 2,r = 2 it happens to the sets:

Z = ([0,2]x]0, 1))u([0, 1] x[0,2]), Z;1 := (]0,2]x[0,1]), Z2 := ([0, 1]x]0, 2]),

X1 =7, Xo:= {(:131,.’132) € Ri w9 <2, x1 —22 <1, 1 + 22 < 3}-

It would be interesting to define a decomposition of the Tuy Vector
Method outlined in Sect. 4 which corresponds to the decomposition (5.3).
To this end it might be useful to investigate about the properties of
given by (5.3) and those of the ¢y; in particular as concerns the (strict)
concavity and the fulfilment of (Hg) and (Hy).

An interesting application of the above decomposition should be to the
case where (5.1) is replaced with one of the Variational Inequalities (2.12).

As concerns further developments of the topics analyzed in the preced-
ing sections, we stress the importance of extending Theorem 4 to other
“penalty functions” than (3.2).

Some real problems lead to vector systems, in particular Vector Vari-
ational Inequalities, when we want to analyze equilibrium aspects. The
extensions of the present results would be of much interest. Connections
between the present kind of penalization and the classic one for Variational
Inequalities has to be investigated. When the operator of a Variational
Inequality escapes from know classes which allow us to solve it, then a
result like Theorem 4 would lead to a strictly antitone operator which
might less worse that a generic nonmonotone operator.

Another particular case of (2.1) is that of Complementarity Systems.
Strictly connected with Variational Inequality, they are very important
in several fields of applications and, in special, in Structural Mechanics,
beside in equilibrium problems. Their investigation in vector form is at
the beginning.

An interesting extension of Theorems 1 and 2 would be to a metric
space. In [3] there is a result for an optimal control problem in infinite
dimensional space.

The coefficients p; of the penalty terms must be chosen, in the nu-
merical applications, large enough. This might be a drawback. Hence,
it would be useful to find their infima or meaningful upper bounds of
these infima; possible connections between p; and Lagrangian Theory of
multipliers might help.
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At least from computational point of view it would be useful to inves-
tigate connections with fixed—point problems and with the theory of gap
functions.
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