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INVARIANCE OF THE GLOBAL MONODROMIES
IN FAMILIES OF POLYNOMIALS OF
TWO COMPLEX VARIABLES

HA HUY VUI AND PHAM TIEN SON

Dedicated to Hoang Tuy on the occasion of his seventieth birthday

ABSTRACT. We consider global monodromy fibrations defined by a family
of polynomials of two complex variables. The main result gives certain
sufficient conditions for the conjugacy of global monodromies.

1. INTRODUCTION

1.1. Let f: C* — C be a polynomial function. It is well-known that
there exists a finite set Ay C C called the bifurcation set of f such that
the restriction:

J:CM\ [T (Ap) — C\ A4

is a locally trivial C'*°-fibration (see, for example, [P], [T], [V]). This fi-
bration allows us to introduce the global monodromy fibration which, for

r>max{[t|| t€A;} and S}:={teC]| [t|=r},
is the restriction
f{zeC" | |f()l=r} —5,.
Fix tg € S}. The geometric monodromy associated with the path s —

toe?™s, s € [0, 1], is a diffeomorphism of f~!(tg) onto itself which induces
an isomorphism

h:Hy 1 (fN(t0), Z) — Hu_1(f(to), Z)

that will be called the global monodromy of f.
We will give sufficient conditions for a family of polynomials of two
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variables fu(z,y), a € [0,1], such that the global monodromies of fy and
f1 are conjugate.

1.2. Let us recall some facts on the topology of polynomials of two vari-
ables. We say that a value ¢y € C is regular at infinity if there exist a
small § > 0 and a compact K C C? such that the restriction

f:f_l(D(s)\K—>D5, Ds = {tl |t—t0| <(5},

is a trivial C'*°-fibration [N]. If ¢¢ is not regular at infinity, it is called a
critical value at infinity of f. If we denote by Cf (resp., A ) the set
of critical values (resp., the set of critical values at infinity) of f, then
Ar =CrUAj o (see, for example, [HL]).

Let d be the degree of f(x,y) and f4(x,y) be the homogeneous part of
degree d of f. In CP? we consider the family of curves

Vi={@:y:2) | 2f(.5) —t=" =0}

We see that V; is the compactification of V; = f~1(¢). For any t, the
curves V; intersect the line z = 0 at the points of {(z : y : 2) | fa(z,y) =
0,z=0}={A1,...,As}. Let - (A;i) be the Milnor number of V; at A;.
For tg € C put

S

A(to) = Z[Nvto (Ai) — pgr, (As)]

=1

for t general enough.
It is proved in [HL] that ¢y € Af « if and only if A(tp) > 0. For every

polynomial f, let
A= D AW
teAf,oo

The total Milnor number of a polynomial f denoted by u(f) is defined by

Clz, 9]
(for fy)

Also, we put o(f) := #A5 ~, and d(f) := deg f(z,y).
In this note, we always suppose that all fibers of polynomials are re-
ducible. In particular, this implies that the polynomials are primitive

([AL[S))-

1.3. In the next section we will prove the following

pu(f) := dime
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Theorem. Let f,(x,y) be a family of polynomials of two variables whose
coefficients are smooth complez-valued functions of a € I := [0,1]. Sup-
pose that the numbers p(fo), AN fa), 0(fa) and d(f) are independent of c.
Then the global monodromies of the polynomials fo and fi1 are conjugate.

The above result can be considered as a global analogue of the Le-
Ramanujam theorem [LR]. In [HZ] a stronger result is proved for families
of M-tame polynomials of n variables (n # 3). Note that for M-tame

polynomials f, A(f) = o(f) =0.

2. PROOF OF THEOREM 1.3

2.1. Let f € C[z,y]. Suppose that Ay C D, :={t € C| [t| <r}. Let

S} =aD,,
Br ={(z,y) € C* | ||(z,y)|l < R},
Br = {(l',y) eC’ ’ H(xay)H < R}a
S% = OBg.

First of all we show that there exists Ry > 1 such that the fibrations

(1) fifost) — s,
(2) fifNSY N Br, — S,
(3) fifHSY N By — S,

are isomorphic for R > Ry. To this end we need the following.

Lemma. Forr > max{|t| | t € Ay}, there exists Ry > 1 such that all
fibres f~1(t), t € S}, are transversal to all spheres S3, with R > Ry.

Proof. We first recall some characterizations of the values of Ay .
Suppose tg € C. For § > 0, R > 1, put

o,10(R) = inf —_lgradf(z)[l.
l=ll=R, f()€Ds

The Lojasiewicz number at infinity of the curve f~1(tq) is defined by

. . In R
Lot (f) = gli% ngnoo Splilt;%( ) '
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It is proved in [H1, H3| that ¢y € Af o if and only if Lo+, (f) < 0.
In particular, tg € Af o if there is a sequence {z,} C C? such that
|zl — o0, [[grad f(z,)|| — 0, and f(z,) — to as n — oo.

For a polynimial f let

af 8f>

gradf = <8 " Oy

Assume for the contrary that there exist z, € C2, )\, € C such that
|zn|| — 00 as n — oo, and gradf(z,) = Anzn. By a version at infinity of
the Curve Selection Lemma, there exists a real meromorphic curve

Y (0,¢] — C?
T+ 2(T)
such that f(z(7)) € S}, gradf(z(r)) = A7 )2(7'), and ||z(7)|| — oo as

7 — 0. Since |f(2(7))| = r, f(2(7)) = to +a17° + --- for some to € S}
and p > 0. We have

9@15;222 _ <g§,gradf(z<7))> = X 2e).
Then . —
1 df(z(7 1 df(z(r d
SO & T ar . —a ol
It follows that
‘df(Z(T))‘
T dT
T FG];
dr
Let [|z(7)|| = by7® +---, B < 0, then |A\(7)| < C|’T||25_ = C|T|p*25 or

some ¢ > 0. We have

lgrad f (=())| = IX(D)]2(7)]] < elrl?~7.

Since p > 0 and 5 < 0, ||gradf(z(7))|| — 0 as 7 — 0. Thus, according to
the result mentioned above, ¢y € Af ~, which is a contradiction and the
lemma is proved.

Now, using this lemma we can construct a vector field tangent to
f~1(S}) and pointing to the infinity. In fact, there exists a smooth vector
field v(z) such that
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(i) (v(z),gradf(z)) = 0,

(ii)) (v(z),z) > 0.
(By the Lemma, we can construct such a vector field locally, then extend
it over f~1(S!) by a smooth partition of unity). Put

w(z) = 5D (2] + 1),

This vector field is completely integrable, and let p,,(7) be its integral

curve with p.,(0) = zo. By condition (i), if zo € f~1(t) N Bg,, then
P2, (T) € f71(t). Moreover,

deZ;lf—T)H — <dp207_(7-)7pz0 (7_)> + <pz0 (7_), dpon(T)>
= e P2 ) (o))
= 2Re(w (on( ), Pz (7))
= szo( )+ 1.
Hence
arctan ||p., (7)||* — arctan ||z]|* = T,

[y (7')H2 = tan(7 + arctan Hzoﬂz).

Let 79 = g — arctan R2. Then p., (1) — 00 as ||zg]| — Ro. Thus, the
mapping

FHSR) N BRy 3 20 = pzo(m0) € f71(Sy)
is an isomorphism between two fibrations.

2.2. In this step of the proof, we show that the conditions

imply the existence of a number r > 0 such that Ay C D, for all a € I.
We will show that there exists r such that Cy, C D,. Let Xf be
the set of all critical points of f,. It is enough to show that there exists
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R > 1 such that ¥y, C Bpg for all a € I. In fact, if we choose Ry such
that Xy C Bg, and put

rad
CoR = T2 fo, Sk — 5%,

 legradfoll |
then u(fo) is the degree of po r : p(fo) = d(vo,r), R > Ry. Consider the
mapping
grad f, 3 3
Pa,R = O Sy
lgrad fall =" '
Then, for all sufficiently small o, d(pq.r) = d(go,r) = 1(fo). Suppose
that there exists z(a) € Xy, such that ||z(a)]] — o0 as @ — 0. Take oy
sufficiently small with ||z(a1)|| > R and Ry > [|2(a1)||. We have

d(QDOé1,R1) > d(QOOQ,R) = d(SOO,R) = :U'(fO)'

On the other hand, u(fa,) > d(@a, r,)- These inequalities give a contra-
diction to the condition u(f,) = const.

We now show that there exists r such that Ay -, C D,, for all a € I.
Without loss of generality, we can suppose that for ¢t € C, and « sufficiently
close to 0, the map

Rag = ¢ Sl — C
(x,y) — x

is proper. Considering f,(x,y) —t as a polynomial in Clz,t][y], we put
A(a, z,t) = discy (fo(x,y) —t). Let

A(Ck, x, t) = QO(a7 t)xm(a) +q1 (Oz, t);[;m(a)_l 4+ ...

We first claim that the degree m(«a) in = of A(a,z,t) is constant. In
fact, m(«) can be computed in terms of d(f), u(fa), A(fa) as follows.

For generic systems of coodinates, 7, + has only simple critical points
and the number of these points is exactly equal to m(«). Let

(xl (057 t)a n (Oé, t))? R ('Tm(oz) (Oé, t)a Ym(a) (a7 t))

be critical points of 7, ;. In the plane of z’s, choose z¢ # z;(a,t),i =
1,...,m(«a). We connect xg with x;(a,t) by paths T; such that each T;
has no points of self-intersection, and that T; N T; = {xo} (i # j). Put

m(a)

Oa,t = W;y%( U Tz) .

=1
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Then, O, ¢ is a deformation retract of f;!(¢) (see [H2]). Hence,

X(fa ' (#) = Xx(Oay) -

The set O, can be identified with an 1—dimensional graph of d(f,) +
m(a) vertices and 2m(«) edges. Thus

X(Oa i) = d(fa) +m(a) = 2m(a) = d(fa) — m(e).

Since f, is primitive, by [B] we have

X(fa' () =1 = p(fa) = Mfa)-

These equalities imply

m(a) = d(fa) + p(fa) + A(fa) — 1 = const.

This means that for any a € I, go(«, t) is the non-zero polynomial in ¢ (pos-
sibly of degree 0). Since the coefficients of go(«,t) are smooth complex-
valued functions of o € I,

#{t | qo(avt) = O} > #{t | qo(07t) = 0}

Here, we have a strict inequality iff there exists t(a) € C such that
qo(a,t(a)) = 0,t(a) — o0 as @ — 0. On the other hand, according to
a result of [H2],

Af o ={t(a) € C |g(t(a)) = 0}.

It follows from the condition o(a) = const that there exists » > 0 such
that Afa,oo Cc D,.
Now, we can repeat the proof of [L].

2.3. Lemma. Suppose that r is chosen as in 2.2. Then there exist
Ry > 1 and oy > 0 such that for any a € [0, ap], the maps

(4) fa: f&'(Sp) N BR, — S,

are C* locally trivial fibrations. Moreover, the fibrations defined by fo
and fo, are differentiably isomorphic.

Proof. By Lemma 2.1, there exists Ry > 1 such that for all t € S}, the
fibres f; ' (t) are transversal to S %,- We claim that there exists ap > 0 such
that if o € [0, ap], all fibres f;'() with ¢t € S} are transversal to S3, . In
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fact, if it is not so, there exist z(a) € S3,, AM(a) € C, t(a) = fa(z(a)) € S},
and gradf,(z(a)) = A(a)z(a). By the Curve Selection Lemma, we may
assume that z(a), A(«), t(a) are real analytic functions of «. Letting
o — 0, we see that there exist z(0) € S , A(0) € C, to € S} such that
grad fo(2(0)) = A(0)2(0), fo(2(0)) = to. This means that the fibre f; (o)
is not transversal to S})’%O. Hence we obtain a contradiction.

Now, suppose Rg, ag as above. Let I; := [0, ag]. Consider the map
©:C*xI) — CxLi: (2,9,0) = (falz,y), @) .

Let
2O = @_1(571’ X {O}) M (BRO X {0})7

¥ =& 1(Sh x {ap}) N (Bgr, x {ag}),

1

T

M
SOO 0 (m7y70)'_)f0(xvy)

—

DY
Spl ! (I7yaa0)’_>fa0 (Ivy)

Since rank ® = 2 over ®~1(S! x I), by Lemma 2.1, ¢ (resp. ¥;) is a
compact manifold with boundary. Furthermore the map ¢o (resp. ¢1)
has no critical point in the interior of ¥, (resp. ¥1), and its restriction
to the boundary has maximal rank. Thus, by a version of the Ehresmann
lemma for the case of manifolds with boundary, ¢o and ¢, are locally
trivial fibrations. To see that these fibrations are isomorphic we suppose
that Q and V are open neighborhoods of I; and S}, respectively. By the
choice of Ry the restriction

P: 0 (VXN (Sh, xQ) —V xQ
is a submersion over V x Q. Let v be a vector field on V' x  defined
by v(t,a) = (0,a0). Then we can construct in ®~1(V x Q) N (S, x Q)
a vector field v; which is tangent to S%O x ) such that for every z €
OV x Q)N (8%, x Q),
D,®.vi(z) =v(®(z)) = (0,0) -

Let z; € @1V x Q) N (S}, x Q). There exist a neighborhood U; of z; in
d~1(V x Q) and a diffeomorphism

0;: Uy — [U;N (Sh, x Q)] x (R1,R2) , 0< Ry < Ry < Ry,
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such that for every R € (Ry, Ra),
0:(Ui N (S% x Q) = [U; N (S, x Q)] x {R},

and ®0; ! has maximum rank on [U; N (8%, x Q)] x {R}. This is possible
because for R sufficiently close to Ry, the restriction of ® to ®~1(V x Q)N
(8% x ) induces a submersion over V x 2. Thus, we can define a vector
field w; on Us such that for every z € U; N (S%, x ), wi(z) = v1(z) and
for every z € U; N (S% x Q), R € (Ry, Ry), the following hold.

(i) w;(2) is tangent to (S% x ),

(il) D,®.w;(2) = (0, ap).
Let iy,42,... ,i, be indices such that (Us; )1<;<n is a covering of d~1(SL x
I)N(S%, xI1). Let U be a compact neighborhood of ®~1 (S} x I;)N (53, x
I) contained in U, U;,. In U := @~ 1(V x Q)N (Bgr, x Q) \U we consider
a vector field vo such that for every z € Uy, D,®P.v3(2) = (0, ). This
is possible because ® induces a submersion of Us on V' x Q.

Let {¢; , - ,¥; ,¥,} be a partition of unity associated with U;,, - -

U, ,Us. Then the vector field w defined by

n
w = Z%jwij + P02
i=1

is differentiable with compact support. For every z € ®~!(S! x I;) N
(8%, x Ir) we have

(i) w(z) is tangent to S%, x Iy,
(ii) D,®.w(z) = (0, ap).
Moreover, for every z € ®~1(S! x I;) N (Bgr, x I1), D,®.w(2) = (0, ap).
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This vector field is completely integrable and, if p, : R — &~ 5V x Q)N
(Br, x ) is an integral curve with p,(0) = z, then for z € ¥, we have
pz(l) € 1.

Thus, we obtain a diffeomorphism ¥ from ¥y onto ¥; which makes the

following diagram
20@ >h >> 3

AV, VVavp, VYV
Sla > id >> S}

commutative. Thus, ¢y and ¢y are isomorphic. The proof of Lemma 2.3
is now complete.

2.4. Now we prove that the monodromies of fy and f; are conjugate.
First, we will show that their fibrations are of the same fibre homotopy.
Indeed, by Lemma 2.3, the fibrations

(5) fo: fo (SN Bgry, — S}
and
(6) fao + fay (S}) N Br, — S

are isomorphic. By Lemma 2.1, there exists R; > 1 such that the fibration
(7) fao  fag (S3) N Br, — S,

is isomorphic to the global monodromy fibration of fi. If Ry < Ry, ev-
erything is clear. Suppose that Ry < R;. The fibration (6) is contained
in the fibration (7). Hence we have to prove that the inclusion of (6) in
(7) is a fibre homotopy equivalence. To prove this, by a result of [D] it is
sufficient to show that the inclusion of the fiber F = f1(t) N Bg, of (6)
in the fiber F = f L(t) N B, of (7) is a homotopy equivalence for every
t € 8. We claim that the inclusion F' in F gives an isomorphism 7 of

homology groups Hq(F') and H;(F). In fact, the function HzH‘QN is Morse
F

and the index at each critical point is 0 or 1 [AF]. Thus F is obtained from
F, up to homotopy type, by attaching cells of dimension < 1. It follows
that the group Hy(F, F) is free. In the sequence

0 — Hy(F) — Hy(F) — H{(F,F) — 0,

we have by [B]

vank Hy (F) = u(fo) + A(fo) = 1(Fag) + Afao) = rank H, (F).
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Thus Hl(ﬁ ,F) = 0, and the inclusion of F' in F is an isomorphism of
homology groups. Since F is connected, the inclusion of F' in Fis a
homotopy equivalence.
Put
X = fo (8;) N By,

X = fojol(Sv}) N BR1'
Consider the Wang diagram

0@ >>> Ho(X)@Q >>> Hy(F)Q > h —id >> H{(F)@ >>> H;(X)@ >>> 0
Q.QAAAQANAAQANAAQAAA
0@ >>> Hy(X)Q >>> H{(F)Q > h —id >> H1(F)Q >>> H;(X)Q >>> 0,

where the vertical arrows are the inclusions and h, h are associated with the
monodromy maps 7 and ¢;. By the Five-Lemma, the inclusion X C X
induces isomorphisms N
Hy(X) = Hy(X)
Hi(X) = Hi(X) .
These imply N
n(h—idn~t=h—id .

Hence nohon™! = h. Thus, Theorem 1.4 is proved.
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