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GLOBAL SOLUTION OF A TWO PHASE
FREE BOUNDARY PROBLEM

DANG DINH ANG™*, NGUYEN DINH TRI** AND DANG DUC TRONG*

Dedicated to Hoang Tuy on the occasion of his seventieth birthday

1. INTRODUCTION

In this paper, we consider a two phase free boundary problem with a
kinetic condition at the moving boundary. Let o, 3 : R? — R be two
functions satisfying conditions to be given later. The following problems
(Py)(0 < b < 1)and (Py) will be studied: find a triplet (uy,us, s) satisfying
the diffusion equations in the two phases separated by a moving boundary
located at = s(t), a kinetic condition and some appropriate conditions

as given below:
Problem (P,) (0 <b< 1)

Ulge —u1e =10 O<z<s(t), t>0
(1) {qum—th =0 s(t) <x<(i t >0,
(1.2) s'(t) = Blua(s(t), 1), uza(s(t), 1)),
(1.3) s(0) = b,
(1.4) ur(0,) = f(t), u2.(1,t) =0,
(1.5)  wui(x,0) =h(z) (0 <z <b), us(x,0)=H(z) (b<xz<1),
(1.6)  wiz(s(t),t) = a(ui(s(t),t), uex(s(t),t)), ua(s(t),t) =0,
and
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Problem (FPp) with the conditions (1.3), (1.5) replaced by

(1.3)’ s(0) =0,
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(1.5) uz(x,0) = H(x), 0 <z < 1.

The model of transport phenomena in polymers in [1] is a special case
of our problem with s(t) = 0~ |uy(s(t),t)|™ (§ > 0 : rexalation time) and
there are 1,7 > 0, a3 > 0 such that:

utz(s(t),t) = Pruzq(s(t), 1) — {on +un(s(t),t) — By~ ua(s(t), 1)}

We note that in our model there is a discontinuity for the two phases
at the boundary = = s(t). In [5], we find a variant of our problem with a
kinetic condition s'(t) = B(uq1(s(t),t)) and with the condition us(s(t),t) =
0 replaced by uq(s(t),t) = ua(s(t),t) (i.e. we get a continuity for the two
phases across the curve z = s(t)). This was the object of our earlier paper
[4]. In the present paper we are concerned with a local existence result
for (Py) (0 < b < 1) and we give sufficient conditions for the existence of
a global solution of (P,) (0 < b < 1). We shall give a sufficient condition
for the disappearance of phase in finite time.

For the solution we shall use the method of integral equations. We will
make repeated use of the maximum principle. First, we define the concept
of a solution. For ¢ > 0, we say that the problem (P,) (0 < b < 1) or
(Py) has a solution (uq(z,t),uz(z,t),s(t)) on (0,0) if:

) Uiga, w1 are continuous for 0 < = < s(t), ¢t € (0,0),
) U2qz, Ugr are continuous for s(t) <z <1, t € (0,0),
) uy, U1, are continuous for 0 <z < s(t), t € (0,0),
d) ug,us, are continuous for s(t) <z <1, t € (0,0),
e) u, uz, s satisfied Problem (F,) (0 <b < 1).

Following are the main results of this paper:

Theorem 1.

(i) Let 0 < b < 1. Suppose v > 0,h € C0,b], H € C'[b,1], f €
CY0,T] (T > 0), that o,3 : R?> — R are locally Lipschitzian, and that
h(0) = f(0), H(b) =0, h'(b) = a(h(b), H'(b)). Then there exists 0 < o <
T such that Problem (P,) has a unique solution (uq,us,s) on (0,0).

(i) In the case s(0) = b = 0 we also assume that H € C1[0,1], H(0) =
0, f € CY0,T], that ., 8 are as above, v > 0 and that 3(f(0), H'(0)) > 0.
Then there exists: 0 < o < T such that Problem (Py) has a unique solution
(u1,uz2,s) on (0,0).

Theorem 2. Let 0 < b < 1, let the assumptions in part (i) of Theorem 1
hold, and suppose in addition that

(A) f € CYo,0), f(t) >0 for every t >0,
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(B) h(z) >0 (0<x<b), Hz) <0 (b<z<1),

(C) Bo(u) >0 Vu #0, Bo(0) =0 where By(u) = B(u,v) Vo,

(D) a(u,v) = dv+ g(u)Bo(u) (6 > 0) and there is an ag € R such that
if g(u) >0 then u < ay,
and either

Bo(w)lu+g(u) — ag — k[ < Clu[+ C

for a C >0, with ag = max(ap,0), k= max(sup f(t), sup h(x))
>0 0<a<b

or both the two following conditions hold:

(E1) There are &g, aq, ko, p (a1, ko, p > 0) such that
*g(u) <0 then u > ay,
*lul = o then |g(u)|Bo(u) = kolul?.

(E2) For an M > 4max(|ag|,4ag, a1,16k/3), H(z) satisfies the fol-
lowing inequalities:

s {H)|+ (@)} < mm{fﬂﬁ (;;0 (2

where My =4 +~~1 sup SBo(u).

lul <M
Then (Py) has a global solution on [0,T*) with T* = co or such that
llengl s(t) =1.
t *

In the latter case if we make the following additional assumption
(Es) sup|f'(£)] + sup [b'(z)]+ sup |o(u,v)| < M/16
>0 0<z<b

|ul,|v] <M
and
f(t)y>M/8 vt >0,
then
T*<(1—b i -1
<( ){M/&l\EEMBO(“)}
Remarks
1. If g : R — R satisfies limsup g(u) < 0, liminf g(u) > 0 and So(u) =

u—-+0o00

Clu|™(n > 1), then the conditions (D), (EF7) hold. For example, we can
take g(u) = a0 —u (see [1]) or g(u) = —uful?(p > 0), g(u) = —u(1+|u])~"
2. If either

sup o (u) < o0, fu+ g(u)| < C(lu] + 1)
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or
|Bo(u)] < C(lu| +1), |u+ g(u)| is bounded

then condition (E) holds.

3. Condition (Ey) is satisfied if H is sufficiently small in C[b,1]. If
sup fo(u) < oo then for every H € Ct[b,1],h € C[0,b], f € C1[0, 00) with
u€ER
sup f(t) < oo, we can always choose M large enough so that (F5) hold.

>0
4. In the case b = 0, the method of this paper can be applied to one

phase problems.
The remainder of the paper is devoted to the proofs of Theorem 1 and

Theorem 2.

2. PROOF OF THEOREM 1

For 0 <7 < t, we put

e 1 (@97
K(xat7£77—)_2 W(t—T)exp< 4(75—7')),
Gl(xvt;£77—) K $,t;€,7> - K(—l‘,t;f,T),

= K(
GZ(xat;§7T) = K(x77t’£777-) + K(2 - xﬁt;fa’W)»
No(z,t;€,7) = K(x,7t;€,797) — K(2 — 2,9t £,97).

These are Green’s functions which will be used. Consider first the case
s(0) =b>0 (0 <b<1). Integrating the identities

(Grure — Greur)e — (Grur), =0,
v(Gauge — Goguz)e — (Gauz)r =0
over the regions {({,7) : 0 < & < s(7),e <7 <t—¢}, {({&7):s(7) <

£ <1l,e <71 <t-—c¢}, respectively and letting € | 0, we get after some
rearrangements
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(2.1) ui(z,t) = [ Gi(z,t;£,0)h d§+/f T)G1e(x,t;0,7)dT

+ [ Gi(x,t;8(7), T)M(S(T),T)S'(T)dT

+ / Gi(z,t; (1), 7)a(ur (s(7), 7), uge (s(7), 7))dr
0

—/Gm@¢w@yﬂm@@%ﬂm,0<x<qw

and
1

(2.2) wmﬂz/%@mmH@%—

—’7/Gz(fli,t;S(T),T)u2g(s(7'),7')d7', s(t) <z <1.

Letting = T s(t) in (2.1), differentiating (2.2) with respect to x and letting
x | s(t) in the result thus obtained, we get

_2/G1 )4, 0)h @+2/fﬁm@@m¢mﬁm7
/Gﬂ() s(r), D) {w(r)s' (7) + a(w(r), vo(r))}dr

0
—2/G15 ()dr,
0
(2.4) Mw:2/Nx()t£mW@M£
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where

w(t) = ui(s(t),t), v(t) = uae(s(t),t), s'(t) = B(w(t),v(t)).

We shall consider the system of integral equations (2.3), (2.4) in w,v
which can be shown to be equivalent to the original problem (P;) (0 <
b < 1). For a local existence of (2.3), (2.4) we consider the operator T of
C0,0] x C0, 0] into itself, defined by

T(w,v) = (wy,v1),

where
b t
wi(®) =2 [ Gi(s(0).t: €0 +2 [ (7)Chels(0),t10,7)ar
+2 / G1(s(t), t;s(7), ) {w(7)s' (1) + a(w(T),v()) }dr
0
—2 [ Gie(s(t),t;s(r), T)w(r)dr,
/
(25 () =2 [ Nals(0).t:€,0) ' (€)de -
b
— 2y / Gaoy(s(t),t;s(7), 7)v(T)dT.
0
We put

2le = sup |2(t)], [|(21,22)ll0 = |21]6 + [22]0 V2, 21,22 € C[0, 0]
0<t<o

and denote by B,(M) the closed ball with center (h(b), H'(b)) and ra-
dius M in C[0, 0] x C[0,c]. By the conditions of the theorem,there exist
constants k{, M7 such that

1B8(21, 22) = B(71, 22)| < k(|21 — 20)] + |22 — 22)]),

(2.6) o , - B
(21, 22) — a(Z1, 22)| < ko(lz1 — 21)| + [22 — 22)])

for every z1, zo, Z1, Zo such that
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|21 = h(D)| + |22 — H'(D)] < My, |21 — h(b)| + |22 — H'(b)| < M.

Now, we want to prove T(B,(M;y)) C B,(M;) for small o. But this
follows from:

(2.7)  |wi(t) — k()| + Jvi(t) — H'(b)| < Co'/? + C(0), 0 < t < 0,
where C'(o) | 0 as ¢ | 0 and (w,v) € B,(Mj). Hence, it is sufficient to

prove (2.7).
Note that

t

(2.8) s(t) = b+tki(b) + /{ﬁ(w(T),v(T)) — B(w(0),v(0))}dr, 0 <t < o,

0

where
k1 (b) = A(h(b), H' (D)) = B(w(0),0(0), (w,0) € By(My).
In view of (2.6), (2.8) we have
(2.9) 1s(t) — b| < o{|k1(b)| + k(M1}, 0<t<o.

By (2.5) we can find a constant C' such that
1
01(0) ~ H'(D)] £ O 4 HB)] |1~ [ 2Ma(s(0), 16,00
b
1
(2.10) +4/K(s(t),fyt;§,0) |H'(§) — H'(b)|d¢, 0<t<o.
b

Substituting ¢ = (s(t) — €)(2t'/?)~! into the integrals of the right hand
side of (2.10), we get

1
(2.11) ‘1—2/N2(s(t),t;§,0)d§ < Ci(0), 0<t<o,
b

where C1(0) | 0 as o | 0.
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To estimate the last integral in the right hand side of (2.10) we note
that if

(2.12) (s(t) = D)2/~ < ¢ < (s(t) —p)(2t7/%) 7

then
b<&<s(t)— (s(t) — 1)t4

By (2.9) the above inequalities give
(2.13) b<¢<Cy0)+0b, Cx(o)] 0 as o0

whenever (2.12) holds.
Accordingly, we have

(2.14) / K (s(8),71:€,0)[H'(€) — H'(b)|de

wo(t)  p1(t)
<{ / + / be S (s(t) — 2¢11/2) — H'(0)|d¢

e1(t)  pa(t)

w1(t)
<Csw  H(©-HO)+C s [H(O [ e,
b<E<Cy(0)+b b<e<1
w2 (t)
where
s(t)—b s(t)—1 s(t)—1

@O(t): 2\/¥ ) <;Dl(t): 2% ) 902(75): 2\/5

In view of (2.13), (2.14) and since tliII(l) wi(t) = —o0, i =1,2, we get

(2.15) / K(s(8),74:€,0)|H'(€) — H'(b)|d€ < Cs(0), 0<t<o,

where C3(0) | 0 as o | 0.
Combining (2.10), (2.11), (2.15) we get

(2.16) o1 () — H'(b)| < Co'/2 + |H'()|C1 (o) + 4C5 (o).
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By the same estimates as for (2.16) we get
(2.17) lwy(t) — W (b)] < Co? + Cy(o), 0<t<o,

where Cy(o) | 0 as o | 0.

In view of (2.16), (2.17) we obtain (2.7). Hence, for o > 0 sufficient
small we get (wy,v1) € By (M), i.e. T(B,(My)) C B,(M;). By (2.6) and
using similar estimates as in [3], it can be shown that 7" is a contraction
on B, (M) for 0 > 0 small enough. Hence T" has a unique fixed point in
B, (M) which is the solution of the system (2.3), (2.4). This completes
the proof for the case 0 < b < 1.

Consider next the case b = 0. We define ky in the same way as
for kj in (2.6) with h(b) replaced by f(0). We also use the notations
M, B, (M) with similar meanings as before, with (h(b), H'(b)) replaced
by (f(0),H’(0)). Letting 0 < by < 1 in the following arguments, we
consider M, o such that:

(218) 0< M< min{Ml,k1(4M1k2)_1}, 0<o< 2b1(3k1>_1

where k1 = 5(f(0), H'(0)) > 0.
For (wg,vy) € B,(M), we define T3 (wq,vg) = (we,vs). Here wa(t) =
uo(s(t),t), where ug(zx,t) being the solution of the system

S(t) = Oftﬁ(wo(T),vo(T))dT

(2.19) Uoe —Uot =0, O0<ax<s(t), 0<t<o
UJO(Ovt) = f(t)a uox(5<t)7t) = a(w()(t)vUO(t))
and
1

(2.20) walt) =2 [ Nals(0)t: € 0) ' (€)de -

0

- QV/GQm(s(t),t; s(7), T)vo(7T)dT.
Note that

(2.21) S(t) = thy + / (Blwo(r), vo(r)) — B(F(0), H'(0))}dr.
0



476 D. D. ANG, N. D. TRI AND D. D. TRONG

Similarly as for (2.9), we can use (2.18),(2.21) and the Lipschitzian
condition on ( to get

0<k1/2 <s'(t) <3ki/2,

0< tk1/2 < S(t) < 3tk1/2 < 30’]61/2 < b <1

Hence (w1, v2) is well-defined (see Appendix 1). In the same way as for
(2.16), we obtain the same estimate for |va(t) — H'(0)|. Therefore, if o is
small enough, then

(2.22) lva(t) — H'(0)| < M/2 0<t<o.
To estimate |w — f(0))|, we put
(2.23)  w*(z,t) = |f = f(0)|o + z(e + |a(wo, v0)]) £ (uo(z,t) — f(0))

fore >0, 0<zx<s(t), 0<t<o.
Then we have

ul, —uf =0, u(0,t) >0, ul(s(t),t) >0 (0<z<s(t), 0<t<o).

Hence, by the maximum principle u® (x,t) > 0 for every 0 < z < s(t), 0 <
t < o. Letting € | 0 in (2.23), we have therefore

(2.24) uo(z,t) = F(O)| < [f = F(O)lo + z|a(wo, vo)lo-

We note that 0 < = < s(t) < 3k10/2 for every 0 < t < o. Hence, in (2.24),
for o sufficiently small, we have

luo(x,t) — f(0)| < M/2, 0 <z <s(t), 0<t<o.
Since ws(t) = ug(s(t),t) the above inequality gives
(2.25) lwy — f(0)|s < M/2.
By (2.22), (2.25), we have
Ty(B, (M) C B, (M).

Now, we prove 73 is a contraction on B,(M). For (wg,vy) in B, (M),
we define 5(t), ug(x,t), v2(t), w2 (t) as in (2.19), (2.20). Standard estimates
(see e.g. Friedman [3]) give

(2.26) (V2 — Ualo < 001/2||(w0 — Wo, vo — o)||o

for a C' > 0 independent from o.



GLOBAL SOLUTION OF A TWO PHASE FREE BOUNDARY PROBLEM
In order to get the necessary estimates for |wo — wsl|, we put

U(z,t) = ao(x,t) —up(xz + s(t) — 5(t),t),
¥ (t) = max(5(t) — s(t),0).

We note that U(5(t),t) = ws(t) — wo(t) and that

(2.27) Upe — Up = upz(x + s(t) — 5(¢),t)(s'(t) — §'_(t)) = F(x,t),

for every (z,t) in the set
D, ={(x,t): ¥(t) <z <5(t), 0<t<o}.
By Appendix 1 we have

luoz (z,8)| <C 0<z<s(t), 0<t<o
e (2, 8)] <C 0< 2 <3(t), 0<t<o,

(2.28) {

where C' is a generic constant independent from o.
Hence, by (2.6) (with k{, replaced by k) and (2.28) we have

477

(2.29) |F(x,t)] < Cls'(t)—F (t)] < Cka||(wo—10, vo—T0)|l» ¥(z,t) € Dy,

Y

(2.30) o (2, t) — uo(y, 1) = | [ tox(&,t)dE — [ uoy(,t)dE
|/ | ot ]
<C(lzl+1y]), 0<z<3(t), 0<y<s(t).

From (2.27), (2.30) we get

(2.31)  |U(@),8)] < Cls(t) —5(1)] < ;Ctkzll(wo — W0, V0 — U)o
On the other hand, from (2.6), (2.19) we get

(2.32) U= (5(), )] < ka||(wo — wo, vo — 0ol
Consider the function

U(a.t) = ef(1—e) sup |F(o0)| + suwp [U((0),1)]
(z,t)ED, 0<t<o
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(2.33) +x(e + sup |Uy(5(t),t)|) £ U(z,1),

where € >0, d=30k; >5(t)>2>0, 0<t<o.
We have

(2.34) UE —UE <0, UE(yp(t),t) >0, UE(5(t),t) >0, V(x,t) € D,.
By (2.34) the maximum principle gives
U*(5(t),t) >0 Vtel0,0].

Letting € | 0 in (2.33) gives

(235  [UGE®).0] < Cs0{ swp [Fla )]+ sup |Ua(5(0),)]]
(z,t)ED, 0<t<o
+ sup |U((t). ).

0<t<o

In view of (2.29), (2.31), (2.30), (2.35) we get
(236) ’(wg — ’11_)2)<t>’ < CO’”(U)O — ’11_)0,1)0 — 770)”0 0 <t<o.
By (2.26), (2.36) T} is a contraction on B, (M) provided

1 1 2b1}

0<0'<m111{@,@,%

Hence, T7 has a unique fixed point in B, (M). This completes the proof
of Theorem 1.

3. PROOF OF THEOREM 2

We first consider the case where condition (E) is satisfied. We define

(3.1) { A={T >0: (P) has a unique solution on (0,0), Yo € (0,T)
' T* = sup A.

If T* = oo, then (P,) has a unique global solution. If T* < oo then we
have to prove that tlTijIp* s(t) = 1. Suppose for the contrary that

lim s(t) = b" < 1.
T
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From assumption (C) we get s'(t) = Bo(u1(s(t),t) > 0. Hence
(3.2) 0<b<s(t)<b*<1 (0<t<T™).

Let ¢ be any number such that 0 < ¢ < T™*. Consider us(x,t) in the
region
Dy, ={(x,t) :s(t) <z <1, 0<t<o}.

Since

uz(x,0) = H(x) <0, u2,:(1,t) =0,

the strong maximum principle for parabolic equations (see [2]) implies that
ug attains a maximum us(s(t),t) = 0 on the curve z = s(t), 0 <t < 0.
Hence we have

v(t) = ugy(s(t),t) <0 Vte[0,0] C[0,T7).
Since o is any number in (0,7™) we get
(3.3) v(t) <0 0<t<T™
Now we put

k = max {sup f(t), sup h(z)},
>0 0<a<b
z(x,t) = up(z,t) — k,
,0): 0 <z < b},
) 0<t<o},
(t),t): 0<t<o}.

Cl {(I
Co ={(0
Cg {(S

Then
(3.4) z(x,t) <0 on Cy UCs.
From assumption (D) of the theorem we get

(3.5) 22 (5(t),) = Ouna(s(t), 1) + gk + 2(s(t),1))s'(1).
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We note that z,, — z; = 0 on
Dy, ={(z,t):0<x<s(t), 0<t<o}.

By the maximum principle, z attains a maximum on C; U Cy U (5. If a
maximum is attained on C7UC5 then by (3.4) we have z(x,t) < 0 for every
(x,t) € Di,. If z attains a maximum on Cs at (s(tg),t0) (0 < to < o),
say, then we will have

(3.6) zz(s(to), to) = 0.

From (3.3)-(3.6) we get g(k+z(s(to),t0))s (to) > 0. Hence, by assump-
tions (C), (D) of the theorem we have

either z(s(tg),to) =0 or z(s(to),t0) +k < g
and thus we conclude that
z(r,t) < max{ag,0} = af V(x,t) € Di,.

In either case
2(z,t) < of  V(x,t) € D1y

and we have 2(s(t),t) < ag. Since ¢ is any number in (0,7*), it follows
that:

(3.7) 2(s(t),t) <af 0<t<T*

By (2.2), (1.6) we get for x | s(t)

t

(38) / Ga(s(t), t; 5(r), 7)o (r)dr = / Ga(s(t), t: €, 0)H (€)d.
b

0
Since Ga(s(t),t;s(1),7) >0, v(r) <0, using (3.8) we have

t

(3.9) V/Gﬂd&tﬂﬂﬂNMﬂWTSSw|H@N

b<z<1
0

On the other hand, we have

(3.10) K(=s(t),t;s(1),7) < K(s(t),t;s(7),7)
<3Gy (s(t), t; 5(7), 7)
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the latter inequality following from v > 1.
In view of (3.9), (3.10) we have

t

(3.11) /Gl(s(t)7t; (1), T)|o(r)|dr < ~y71/? biligl |H (x)|.
J <z<

Using Green’s function as in the beginning of Sec. 2 we have

b
(3.12) z(s(t),t) —ag =2 /(h(ﬁ) —k —ag)Gi(s(t),t; €, 0)d¢

t

+2/Gl(s(t),t;s(T),T)év(T)dT

o

+2 / Gi(s(t), t;5(7), 7)s'(7)(w(7) + g(w(7)) — k — o )dT

0
t

+2/G15(s(t),t;0,7')(f(7')—k—a(‘f)dT
0

Recall that w(t) = uq(s(t),t), v(t) =u
Noting that Gi¢(s(t),t;s(7),7) > 0, we have by (3.7)

(3.13) /(2(3(7'), 7) — ag )Gie(s(t),t;5(7), 7)dr < 0.

In view of (3.7), (3.11)-(3.13) we deduce that
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ag > z(s(t),t) 2 ag —2 sup [h(§) —k — ag]|
0<E<b
(3.14)
—2sup |f(t) — k — af | — 207" Y2 sup |H(z)]
>0 b<z<1

/ G ((8), £ 5(r), 7)s' (7) (w(r) + glw(r)) — k — o )dr.
0

From (3.14) and (E) we get

t

|44ﬂiﬂSﬂﬁ+ﬂb/kh@@%#%ﬂﬂﬂl+V@ﬁ%ﬂmh

0

for an My > 0. By Gronwall’s inequality the above inequality gives
(3.15) |2(s(t),t)| < M3 fora Ms >0, 0<t<T".

From (2.4), (3.15) we deduce

(3.16) |ugs(s(t),t)] = |v(t)] < My for a My > 0.

In view of (3.15), (3.16) the maximum principle gives

|U1(3§',t>| §M4+k OSCL’SS(t), 0§t<T*7
(3.17)
lug(z,t)] < max{My, sup H'(z)}, st)<z<1, 0<t<T™
b<z<1

By (3.12), (3.17), and the local existence theorem we can extend the
solution (uy,ug, s) of (Py) on the interval [0, 7%+ | with §; > 0 sufficiently
small. Hence T* +¢6 € A, T* 4+ 6; < supA = T*. This contradiction
completes the proof of the first part.

Now, we consider the case assumptions (£;) hold, i = 1,2. In this case,
if we put

Ay ={T > 0: (P,) has a unique solution on (0, 0)
(3.18) such that ||(w,v)|le <M Vo € (0,T)}
Ty =sup Ay
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then (3.3), (3.7), (3.9) also hold for every ¢t € [0,T%). If T} = oo, then
(Py) has a unique global solution. If 7" < oo we have to prove that

tlTijrg s(t) = 1. As for the first part, we suppose by contradiction that
1

tlTl% s(t) = b] < 1. Then
(3.19) 0<b<s(t)<by <1 vt € [0,17).
In view of (2.4), (3.3) we have

1

(3.20) 0> w(t)>2 / H'(€)No(s(t), t; €,0)d¢

b
oy / o(r) Ko (5(8), 1t 5(7),yr)dr,
0

where K was defined at the beginning of the Section 2 and the inequality
K. (2—s(t),vt; s(1),y7) > 0 has been used. Noting that s'(¢t) = Go(w(t))
we have by (3.18)

(3.21) Ky (s(t), 7t s(1),77)| < (29) " Ga(s(t), t;s(1),7) sup Bo(w)

Jul <M
for every ¢, 7 such that 0 < 7 <t <17
By (3.9), (3.21) the inequalities in (3.20) give
(3.22)
w(B] < Aty sup fo(w) sup {[H()| + [H' ()]}, 0<t<Tf.

|lu| <M b<z<1

Consider uj(x,t) on Dy, (as defined in the first part of the proof with
o being any number in (0,77)). If u;(z,t) has a minimum on C7; UC5 (see

Fig. 1).
Then by assumptions (A), (B) and (3.7) we have
(3.23) 0<up(x,t) <k+af V(x,t)€ Dy,.

If uy(z,t) has a minimum on Cj at (s(t1),t1), 0 < t; < o, say, then
u1,(8(t1),t1) < 0. Hence, by (3.3), (D) and (1.6) we get
(3.24) du(t) < —g(w(ty))s'(t1).
Thus
g(w(t1)) <0

or
|w(t1)| < o1
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Fig. 1

Olu(ty)] = [g(w(tr))|s'(t1) = kolw(t1)]".

In any case, by the assumptions on the function g we have in view of
(3.22), (3.7)

(3.25) |w(t1)| < max{k + af , |aol, a1, M5}
with

Ms = {6ky "(4+~" sup Bo(u)) sup (|H(x)| + |H'(z)])}"/7.
lul <M b<z<1

From (3.7), (3.23), (3.25) we get
(3.26) lw(t)| < max{k + of , |ao|, a1, M5}, 0<t<o<Ty.

Since ¢ is any number in (0,77), (3.26) holds for every ¢ in (0,77).
Now, from assumption (E2) we get in view of (3.26)

(3.27) lw(t)| < M/4  Vte|0,TY)

and in view of (3.22),

(3.28) ()| < M/4  Vtel0,T7).
By virtue of (3.27), (3.28) we then have

(3.29) w(t)| + o) < M/2 < M Vte[0,T7).
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Now, just as for the first part of the proof, we can extend the solution
(u1,ug,s) on the interval [0, 7} + d2) with dy > 0 sufficiently small, which
is a contradiction. This completes the proof of the second part.

To get the last result of Theorem 2 we note that

s(t)
(3.30) w(s(t), 1) = f(t) + / wi(E,)dE 0<t< T,
0

By the estimates derived in Appendix 1 we have

(3-31)  |ure(z,t)] < sup [f/(t)[ + sup |e(w(t),v(t))]+ sup [I'(z)]
t>0 0<t<o 0<z<b

for every (z,t) € D1, (0 <o <TY).
In view of (3.29), (3.30), (3.31) the assumption (Ej3) gives

lui(s(t),t)] > M/8 — Ms(t)/16 > M/16 0<t<o.

Since ¢ is any number in (0,77), the above inequalities hold for every
t € [0,75). This gives

t

1>s(t)=0b+ /ﬂo(ul(s(T),T))dT > M2|Lr|1iZnM/16ﬁo(u)t +b
0

for every t € [0,77). Hence we have

Tr<(1- b){Mz‘{LrﬂiZ%mﬁo(u)}‘l-

This completes the proof of the Theorem 2.

Appendix 1

The purpose of this appendix is to establish two propositions necessary
for the proof of Theorem 1.
Consider the system

(A1)
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Proposition A. Let 0,7 > 0, p, f € C*[0,T], f2 € C[0,T], h € C*[0,¥],
h(0) = f1(0), A/ (b) = f2(0) and 0 < 8 < p(t) for 0 <t <T. Then (A.1)
has a unique solution u(x,t) on D such that u,u, € C(D), s, Uzpy €
C(D). Moreover

{ lu(z, t)] < |filr + x| falr + [hls

A2
A2 V@) <@\ filr + felr + W]s V(wt) € D,

where |flo = sup |f(t)] for f € C[0,0] and d = |p|r.
0<t<o

Proof. We first study the case fo € C1[0,T], h € C?[0,T]. Consider the
system

pe — D =0 Y(z,t) €D
(A.3) 5(z,0)=h"(z) 0<x<b
0(0,1) = fi(t), Tx(p(t),t) = f5(t) — p'(t)0(p(1), ).

In the same way as for (2.1), (2.3) we can transform (A.3) into the
following equations

b ¢
O(x,t) = /Gl(aj,t;ﬁ,O)h"(ﬁ)d£+/f’(t)Glg(x,t;O,T)dT
0

0
(A.4) +/G (@, & p(7), 7) {D(7)p () + f5(7) — @(7) }dr
/Glg x,t; p(7), T)w(T)drT,
0

b t
at) = 2 / G (p(t), £ €, 00" (€)dE +2 / £ (G (p(t), £:0,7)dr+

(A.5) +2 / Gi(p(t),t; p(7), 7) {0 (7)p'(7) + fo(7) — w(7)}dr
0

-2 [ Gielp(t).t5p(r). 7Y (7Y
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where w(t) = 0(p(t),t) and G; is as in (2.1).

(A.5) is a linear Volterra integral equation of second kind. Hence there
is a unique w € C0,T] satisfying (A.5). From (A.4) we get the solution
o€ Cy(D\ {(0,0), (b,0)}) (the space of all bounded continuous functions
on D\ {(0,0),(b,0)}). Putting

t

u(z,t) = h(z) + /@(m,T)dT

0

we get the solution of (A.1). Integrating (A.4) with respect to t, we get an
integral equation in u (of the same form as (2.1)). By differentiating with
respect to x the equation thus obtained we can prove that u, € C(D). To
prove (A.2) we use the same argument as for (2.35) with the functions

wi (w,8) = |filr +2(e1 + |folr) + |hls £ ula, 1),

wy (x,t) = (d =) (er + |fi|7) + W] + | folr + g (2, t)
to get wli > 0 for every (z,t) € D. Letting &1 | 0 in the inequalities thus
obtained we get

{ \filr + 2| fol7 + |Blp £ u(2,t) >0

A6
(46) (d—2)|fi|r + |falr + [W|p £ ue(z,t) > 0.

This completes the proof in the case fo € C[0,T],h € C2[0,b].

Now, for fo € C[0,T],h € C0,b], we choose sequences {fa,} C
C[0,T], {h,} C C?[0,b], hp(0) = f1(0), h!,(b) = f2,(0) such that
{ fgn — fg in C[O,T]

A7
(&.7) hyn — h in C0,0].

By the first part of the proof the system

Ungz — Unt = 0 (IE,t) eD
Un(x,0) = hy(x) 0<z<b
un(ovt) = fl(ﬂ? unx(p(t>7t) = on(t)

has a unique solution u,, satisfying wu,,, u,, € C(D). Using the same argu-
ment as for (A.6), we have

|(un - um)(x,t)| S x|f2n - f2m|T + |hn - hm|ba
|(Una — Umz) (2, )] < |fon — fomlT + |h’II’L - h;n|b
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In view of (2.7), the above inequalities show that {u,}, {un.} are
Cauchy sequences in C'(D). Hence there is ug with ug,ug, € C(D) and
Up — Ug, Une — Uge in C(D). It can be shown that ug satisfies (A.1).
This completes the proof of the proposition.

Now, we consider the system

T =0 V(z,t) € D
mp  [Emowsd veoen

U(Oat) = fl(t)7 um(pl(t)7t) = f2(t) Vt € (07T]7

where p;1(0) = 0 and
Dy ={(z,t): 0<x<pi(t), 0<t <T}.

Proposition B. Let 6,,T > 0, f; € C1[0,T], fo € C[0,T], p1 € C[0,T],
and p1(0) =0, pi(t) > 61 > 0,Vt € [0,T]. Then (A.8) has a unique solution

u(z,t) on Dy such that u,u, € C(D1), Uz, us € C(D1). Moreover,

(A.9) { [u(@, D) < |filr + 2l folr

[uz (z,t)] < (di — )| filr + [ fo|T

with (z,t) € D1,dy = |p1|7. Here the notation |f|, is as in proposition A.
Proof. We first study the case fo € C1[0,T]. Put

p(t) = p1(t) +e (e >0),
H.(z) = ax®/6 4+ bz?/2 + cx +d
with
a = (1+p1(0)e) 7' (f3(0) = p1(0)£{(0)), b= f1(0),
¢ = f2(0) —ae®/2 —be, d= f1(0).
Consider the system

(A.10)
{ufm—ufzo O<zxz<p:(t), 0<t<T

us(0,1) = f1(t), ug(pe(t),t) = folt), v (x,0) = He(x) (0 <z <e.

We have the compatibility conditions
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Hence, by using the method of Green’s function (see e.g. the proof of
Proposition A) we can show that (A.10) has a unique solution u® on D,
where

D, ={(z,t): 0<z<pAt), 0<t<T},

such that u®, us,u, € C(D.) and

» xy xx

(All) { |u6($7t)’ S |f1|T+I’|f2|T+ |H€|€

uz(z, )] < (dv +e =) [filr + [folr + [H]e

By the integral equation for uj(p.(t),t) (see (A.5)) we can use Gron-
wall’s inequality to prove that there exists a C' > 0 such that

(4.12) ui (pe(t),8)| < C Vi €(0,T],

where C' is a generic constant independent from e.
In view of (A.12) we can use the maximum principle to get

(A.13) Jug (2, 1)| < max{C, [H/|c,|filr} V(x,t) € De.
Now let &€ > £ > 0. In the same way as for (A.6) we have

(A.14) [uf(x,t) —u(x +&—e,t)| < sup |fi(t) —u® (€ —¢,t)|
0<t<T

+ sup |H.(z) — Hs(zx+¢—¢)| VY(x,t) € D..
0<z<e

Since f1(t) = u(0,t) we have

(A.15) Ifit) —uf(E—¢e,t)| <|e—¢| sup |uS(x,t)|.
0<z<p1(t)

From (A.11), (A.15), (A.14) we get
(A.16) |I(z,t)] < Cle—¢| V(z,t) € D,

where
](:Eat) = ’U,E(I‘,t) - U’E_(m +é— Eat) :
Noting that ,,(p°(t),t) = 0 we have
pa(t)
Blet) = -2 [ LEOLa(e 0

T
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Hence

Pe (t) Pe (t)

(A.17) Ig(x,t)gzL(/ Ig(g,t)dg)(/ Iﬁx(g,t)dg)

x x

Similarly, we have

pe(t) pe(t)
(19 [ Plends 1005001+ [ e La(E Dl

In view of (A.13), (A16)-(A.18) one has
(A.19) I}z, t) < Cle —&| Y(z,t) € D..

From (A.16), (A.19), we infer that {u®}, {uZ} are Cauchy sequences
in C(Dy). Letting ¢ | 0 we get the solution of (A.8). From (A.11) we get
(A.9) as € | 0. This completes the proof in the case fo € C1[0,T].

Now, if fo € C[0,T], we choose a sequence {g,} in C1[0,T] such that
gn — fo strong in C[0,T]. By the first part, the system of

ugw - u? =0, un<07t> = fl(t)a ug(pl(t)7t) = gn(t)v ‘v’(x,t) €Dy

has a unique solution u” satisfying u”,u? € C(D;). In the same way as
for (A.11) we have for every m,n € N
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[(u" —u™) (2, )| < x|gn — gmlT,
|(U;L _u?)(%t)’ < |gn _gm|T ‘v’(x,t) S Dl‘

The above inequalities show that {u"}, {uy} are Cauchy sequence in
C (D). Using the same argument as for the proof of Proposition A, we
complete the proof of Proposition B.
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