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BOUNDARY VALUE PROBLEMS IN C AN C”

HEINRICH BEGEHR

Boundary value problems which are unconditionally solvable for one
complex variable are in general not solvable for several complex variables.
This phenomenon will be explained in the case of the Schwarz problem for
polydiscs. Besides analytic functions, inhomogeneous Cauchy-Riemann
systems are investigated. These systems in several complex variables are
overdetermined.

Another overdetermined system in two complex variables is considered
by introducing a proper hypercomplex variable and solved under Riemann-
Hilbert boundary conditions on some submanifold of the boundary under
consideration.

The theory of bianalytic functions is used to reduce the stress boundary
value problem in orthotropic elasticity to boundary value problems for
analytic functions in plane domains.

This paper is the improved version of [17] in which formula (16) was
incorrect. As for the Poisson equation (n = 1) the solution should contain
fundamental solutions (Green functions) in the kernels of the integrals.

1. SCHWARZ PROBLEM IN C AND C"

Let D := {|z| < 1} be the unit disc in C, D" := {2z = (21,...,2) :
|zi] < 1} the polydisc in C"(1 < n), and 0D" := {z = (21,...,2,) : 2| =
1} the distinguished boundary of D™.

Schwarz problem. Given a real-valued function v on D", find an
analytic function w in D™ such that Rew = v on 0D™.

For n = 1, a solution to this problem is given by the Schwarz integral

1 d
(1) $1(:) = 5 [ 1OTEF
I¢I=1

|z| < 1.

The general solution is S, +ic with arbitrary real constant c. Its real part
is the Poisson integral
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_Zd
L[ oz lZRde

@ P(z): o

2
ci=1

giving the unique solution to the Dirichlet problem for harmonic functions.
For references see e.g. [12, 15, 2].

The Schwarz integral is a simple conclusion from the Cauchy formula.
The latter w analytic in D and continuous on D states for

1 dc
w(z) =5 (OCT’ 2] <1
I¢]=1
Note that
! Zd¢
0=5— w(C)ﬁ» 2] <1
I¢l=1

Adding the complex conjugate of the second to the first equation gives the
representation formula

1 Crzac 1 i
) v =5 [ RewOF= g / mw(Q)F . [l < 1
I¢|=1 I¢|=1

Repeating this for analytic functions in D™ gives

@) wlo) = G [ Rew(O)2

oD™

CEZ —1}%+i1mw(0), z € D",

¢

where

see [14, 4, 6]. The question arises whether (4) represents an analytic
function satisfying the Schwarz condition Rew = v on D™ when Re w(()
is replaced by any continuous real-valued function v(¢) . As can be seen,
this is the case if and only if
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1 dc
(2mi)™ / V(O)Re [2§ —z 1} C
oDn
_ 1 ¢ ¢ ¢
 (2m)" / ”“)[c—z -2 -1 ¢
oDn
_ 1 TG [
= G / V(C)kl:[ [Ck B 1] .
oD" =1
. 1 - 1-— |Zk|2 de
-~ (2m)m / W(C)kl:[l G — 21 G
oDn =
A necessary and sufficient condition for this relation is
n-l 4 /V(C)Kﬁ v _1>_ Zk+1
k=1 (2772')”8Dn o G = 2w Cht1 — Zk+1
. Z Zk+1
i (,,1;[1 ¢, -7 1> Ch+1 _ZIH-I}
& CV ZV = dCl/
5 + = —1 =0,
(5) ><V_Hk+2<gy—zy C, — %, ),/:1 Gy

see [4]. Obviously, there is no condition (5) for n = 1.

Theorem 1. Let v be real-valued continuous on D™ and satisfy (5) in
D™. Then for any real c,

18 analytic in D™ with
Rep=v on 0D".

A particular solution to the inhomogeneous Cauchy-Riemann equation
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wz = f in plane domains D with f € L,(D), 1 < p, is given by the
Pompeiu operator

dédn
(—z’

(7) Tf(z) = —= / £(0) C=¢tin 2 eC.

Boundary value problems which can be solved for analytic functions can
also be treated for inhomogeneous Cauchy-Riemann equations, see e.g.
[15, 10, 11, 5, 16, 8]. In the case of several complex variables, the overde-
termined inhomogeneous Cauchy-Riemann system

wEk:fkra kae:fZZk7 1§k7€§n7

n
in polydomains D™ := x Dj can be solved similarly by iterating the
k=1

Pompeiu operators T}, of the involved domains Dy. A particular solution

1S
n

v+1 _ _
> (=1 > T Ty v -+ Tha Ty, 2, T,

v=1 1<ki<ko< <k, <n

where proper differentiability for fi is assumed, see [4]. Here the second
sum is taken over all multi-indices (k1,...,k,) satisfying 1 < ky < ko <
e < ky, <n.

Theorem 2. Let fr., 1 < k < n, have mixed derivatives of the first order
with respect to the variables zp, 1 < £ < n and their complex conjugate

counterparts Zy, £ # k, in Ll(Dn) and satisfy the compatibility conditions
frz, = fez, 1<k, l<n, {#k, in D"

Let v be real-valued and continuous on 0D™ and

n—1 k
&{Z;@;wl/VKNII - _4

oDn v=1

n —

e L

Ck+1 - Zk_l'_]_ v=k+2
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SIS DR R
Dy,

v=2X=1 1<k;<---<ky<n D
1<kyy1<-<ky<n k1
cd{kqy,..., ky}=v

Zky . Zky Fkas1

X — e — — .o
1 - zkl gkl 1 - zk)\ <k>\ ]- - Zk)\+1 Ckk+1

(8) )

k
1_ h, Cku 61@1 Nk, fku Uky}

Then the Schwarz problem
Rew =~ on 0OD"
for the inhomogeneous Cauchy-Riemann system
weg = fr, 1<k<n, in D"
1s solvable. The solution is

w) = g [ @RI

oDn v=1

—1)
D D

v=11<k1 <<k, <n

X //{f . k1 “ky
B1ChgChy | — o ¢ 1_ .. ¢
Dkl Dku k2 Ckl kl/ Cku
1 1

Ckl - Zkl Cku - Zkl/

Cv 1 ¢y
Cu_zu_l}ll_:‘[lc_u

3

— D"z, 2

n v—1

Yy B

7TV
p=2A=1 1<k;<---<ky<n
1<kyy1<--<kyp<n

X o e f - - L...
F1CQry - -Cry Chyyy--Chy 1— 2z Zk
1
Dy, Dy, !

(9)

}dfkldnkl ..d&y,, dn,

Zk:>\ 1 DY 1

1— 2k Zl@\ Ck,\+1 — Rkxi1 Cku — 2k,

dfkl dnkl .. .dng d?]ku +ic

with arbitrary real constant c.
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This result even holds for n = 1. For a proof see [4].

2. DIRICHLET PROBLEM FOR SECOND ORDER SYSTEMS

Any complex harmonic function, i.e. any solution u to u,z = 0 can
be represented by two analytic functions ¢ and v as u = ¢ + 1. In a
bounded smooth domain D C C the Dirichlet problem u = v on 0D for
given complex continuous v on 9D is solvable. For D = D we have the
Schwarz problems

Re(p + ) = Rey, Rei(p —1)=—-Imy on ID,
and hence, by Theorem 1, with arbitrary real constants ci, co
¢+ = SRey +ici, ¢—19=iSImy+ co.

That means

— 1 d
w2 = o)+ = o [ 0I5+ =5 -1 T
I¢I=1
1 ¢+7z)d
(10) = 7(C>[gjj+gj;]?§, 2| < 1.
I¢I=1

Up to the last equality these considerations also hold for pluriharmonic
functions. They are solutions to systems

Uz, zp =0, 1<k 0 <n,
see [1]. As in Section 1, inhomogeneous systems
(11) Uspzz = foe, 1< k0 <n,
can be handled if the compatibility conditions

fk@zi:fiézk7 kaEj :fk;jfga 1§i;j7k,‘€§nv

are satisfied. Treating these systems for fixed ¢, 1 < ¢ < n, analogously to
Section 1, one gets a particular solution

n

Uoz, = Z(_l)u+1 Z Tku . -T/ﬁ fkﬂCan-CkM +E€ =: Iy,

p=1 1<ki<-<k,<n
Yez, =0, 1<k<n.
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Choosing the 1), such that Fy satisfies the compatibility conditions Fyz, =
F}; =, and using the results from Section 1 one can show that

n
_ + laal T
Uy = E (—1)“ v E Ty, ... Ty, Tk# o Ty fk1€1Ck2ka,, CoyCe,
w,rv=1 1<k <---<kp<n

1<y <<€y <n

(12)
+ ) (=1t > Ty, o Toy Vico, ..o,
v=1

1<0 <<l <n

is a particular solution to (11). The general solution is of the form

with two arbitrary analytic functions ¢, 1. Prescribing Dirichlet boundary
conditions for v on 0D",

u=+v on 0D",

and using Theorem 1 as before in the case n = 1, the polyanalytic function
@ + 1 is fixed because

o RN S SR ST
1))+ T = G D/ (3~ 1) (©)

if and only if the solvability condition

1

(15) (2mi)™

/ (y — ) (Q)K (¢, 2) % =

¢
oD
is satisfied with

ko= (Mg g

§k+1 — Rk+1

£ d Zk+1 = Cv Zy
S e )

—Z
Ck—l—l k+1 v=k+2

This basically leads to the next result.
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Theorem 3. Let fre, 1 < k, ¢ < n, have mized first order derivatives
with respect to all variables (z1,...,z,) € D™ and (Z1,...,Z,) € D" in
Li(D"). Assume that fre satisfy the compatibility conditions and

- d d dc.
1 7 H Cu Cr ¢

(27Ti)”8Dn ik Cu—2u (Co—2)% ¢ — 25

d ¢y, dg; - -
f , J#k 1<4,k<n.
s o ul;[k Cu —2u G =2k (G —2)?

Let v € C(OD) be complex-valued and satisfy

1 n p—1 (_1)N
(271.2‘)7181!1 (K MZQ; 1<k1<‘;up<n TH

1<41 <<ty <n
cd{ky,---, Ky—ul1seee Ly y=p

X .« .. “ . f - - ;
k14 Ck "';CM—V ;22“. v ]_ Zk gk]
2 1
Dkl Dk:“_ul:zl v

* zkH7V z‘gl .« e zel’
1=z, Cr 1 =24 Gy 1 -2, Co,

n—v

X d&kldnk‘l e dfk”_ydnk‘u_ydgﬁldnﬁl .. .dfgydngy.

Then the Dirichlet problem for the inhomogeneous pluriharmonic system
(11) is uniquely solvable in D™. The solution is given by

. 1 - 1—‘Zk| dgk
5 = iy / Hrck—sz G

oD™
min{p,v}  min{p,v} (_1)M+V
D DD D D D
Thtr—p
pn,v=1 p= p=ptv—mn 1<o1<---<op<n
u+l/<n n<putv 1<ky <<k, ,<n

1<£1 <<y _p<n
D, D,, Dy D D

/ fa101C02 CopChy-Chy p( g ..Co_p Coq--Co

Dy
fu—p

(16)

v—p
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p B o p—p
X H IOg‘—CUA —ZUA déakdnax H dgk)dnk)\

Aor LT Zo G Aot Chn — 2k
e
— £,0aMNey ,
A=1 Q)\ _Zf)\ 1_2‘,5)\ Ce)\ A A
where the last sum is taken over mutually disjoint ordered sets {o1,...,0,},

(kty o kb, 00, )

3. A BOUNDARY VALUE PROBLEM FOR
FIRST ORDER SYSTEMS IN C?

Any first order system
(17) w.,, +Aw, =f in DycC C?

of N > 1 equations with given analytic N x N matrix function A and
N-dimensional analytic vector f for the unknown analytic vector function
w can be transformed into a system with the matrix in Jordan normal
form if the eigenvalues A\, 1 < x < k, have constant multiplicities n
throughout Dgy. Therefore we may assume that A has the Jordan normal
form.

Let us consider just one n X n block

A 0 -+ oo 07

1 X . .00
A: : . . . : ,

o --- . X 0

[ 0 1 Al

where A is an analytic function in Dy. Writing this system componentwise
we get

(18) W0z, + >\sz1 - fO; Wy z, + )\wuzl +w1/—121 - fw 1 <v<n-— 1.

Let there be an integrating factor u different from zero and analytic in Dy
for the differential form dz; — Adzs such that

d(1 = pdzy — pAdzeo
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is a total differential. Then the differentiable function (; satisfies (y., = u,

C1z, = —pA. Setting (a(21, 22) = 22, the mapping ¢ := ((1,(2) maps Do
one-to-one onto a domain D C C2. The Jacobian of this map is

poo—pA|
in Dy, and the Jacobian of its inverse z = z((1, 22) is

1
— A

1
0 1

1

1

Introducing w((1,¢2) := w(z1((1,C2), 22(¢1,¢2)), which is analytic in D,
gives the system

or in component form

Wo¢y = an Wy¢y + pwy—1 (1 — .fua
Fo(CiyG2) = fo(21(Ciy G2)y 22(Cr1, G2)), 0<v<m—1.

Instead of (18) one considers the system
(19) W0z, :f07 Wy 2, +,Ulwu—1z :fm 1 SVS?’L—L

in Dy C C2. Taking integration leads to

wo(z1,22) = po(z1) + /fo(ZhZf)dt,
0

w21, 72) = pu () + / (oo t) — sl w1y (21, 8)
0

1<v<n-—1.

In vector form (19) is

(20) w,+ | . | w, = f
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This system can formally be simplified by introducing the nilpotent ele-
ment

o 0o --- 0 0
1 0 0 O

e:= : , e'=0,
0 0 -~ 1 0]

together with the hypercomplex quantities

n—1 n—1
f= g f.e’, w= 5 wy,e”,
vr=0 v=0

and the hypercomplex differential operator

0 0
D= —— i
82’2 + pe 821
giving
(21) Dw=f in D.
n—1
Let t = > t,€e” be a solution to the homogeneous equation D t = 0 with
v=0

to(21,22) = 21. One can choose

t, = tv<21722) = <_1)Vﬂu(21; 22)
with
z2
po(21,22) = 21,  pw(21,22) = /H(th),uu—lzl (21,t)dt, 1<v<n-—1,
0

see [3]. Denoting

t1(21, 22) :=t(21, 22), ta(z1,22) 1= 22

and passing from the complex variables (z1, z2) to the independent hyper-
complex variables (t1,t2), the operator D becomes 9/dts. Thus, system
(17) is reduced to

(22) a%wwn,tz),tz) — F(alts,t).ts).

This change of variables has the Jacobian

n—1
=t., =1+ t,.e #0.
v=1

tlzl t122

J =
t221 t222
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Moreover,
%) %) %) o 0
o on o am - Mo T
and oy 10
Dt,=1, D 2 =222 _
t2 ’ tl 07 8t1 J@zl

A particular solution to (21) is

to

wo(t1,2) ::/f(zl(tl,t),t)dt.

0

The general solution to the homogeneous equation (21), with f = 0, is
given by an arbitrary analytic hypercomplex function ¢ as ¢(t1(z1, 22)).
Hence, the general solution to (21) is

(23) w(z1, 22) = wo(t1(z1, 22), 22) + @121, 22)).
In order to determine ¢, the Riemann-Hibert boundary condition
Re{G(z1)w(21,0)} = g(z1) on 0D,
can be imposed on the boundary of the domain
Dy := Do N {(z1,22) € C*: 2 =0} C C.
For z; € D4, zo = 0 we have

w(z1,0) = wo(t1(21,0),0) + p(t1(21,0)) = p(21),

so that B
Re {G(zl)tp(zl)} = g(Zl) on 8D1

determines the analytic vector ¢ according to the well-known Riemann-
Hilbert boundary value problem, see e.g. [12].

Theorem 4. The general solution to system (17) with A having just one
eigenvalue, where A and f are an analytic matriz- and vector-function,
respectively, in the domain Dy C C?, (0,0) € Dy, is given by (23). Here
the domains

Do ={(21,22) € Do, 21 = 2 cC, 2 € proj., Do
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are assumed to be simply connected. Moreover, @(z1) is an arbitrary
analytic vector-function in

D = {(21,22) € Dy, z0 = 0}

Provided D 1s simply connected and reqular ¢ is determined by Riemann-
Hibert boundary conditions depending on the index of the coefficient.
In [2] the m-th order complex equation
omu  Ju

——— =0 in |z 4 |2? <1,
T |21|” + |22]

for 2 < m is treated in the same manner.

4. STRESS BOUNDARY VALUE PROBLEM IN
ORTHOTROPIC ELASTICITY

The equilibrium equations

0oy OTyy
or oy
OTzy  Ooy

— +F,=0
8m+8y+2 )

+F1 - 0>
(24)

for the stress components o, oy, T4y and the body force vector F =
(Fy, F3) of an orthotropic elastic body together with the Hooke law

1 ou ov
S S P
o 1= viovoy ( o + V12122 By
1 ou ov
2 — L 2 s,
(25) Oy 1= 1ot Vo111 B + Lioo By
ou  Ov
T =G <_ _>7
Ty 12 oy * or

in the case of small deformations (u,v) lead to a system of second order
equations for (u,v) if (u,v) are twice continuously differentiable. The
coefficients in (25) are the modulus of motion G2, the Poisson ratios v12,
191 and the Young moduli Fq1, E39 related by

vigBog = 191 Eq,

see [9]. Substituting (25) into (24) gives

0? 0? 0? 0?1 (u F 0
(26) [Anw + Au—@x@y + A2 dyor + A228_y2] (v) + (Fz) = <0)
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with

A — Ei1/(1 —viove) 0 Ao — 0  vi12BE2/(1 — viav01)
11 O G12 ) 12 G12 O )

Ay — { 0 Gu} Agy — {Glg 0 }
visE11/(1 —viave1) 0 |7 0  Ex/(l—rvigver) |’

Let D C C be a simply connected domain occupied by the elastic body
and as well the displacement (u,v) as the stresses (X,,,Y,) be specified at
all points of 0D. Here n is the exterior normal vector to 0D and X,,, Y,
are the components of the external stress along the axes. Then the stress
boundary value problem is

0z €08(N, ) + Tzy cos(n,y) = X,
! on 0D.

Tay €OS(N, ) + 0y cos(n,y) =Y,

Using (25) these conditions become

[cos(n, x) <A11 % + Au%)

0 0 X,
+ cos(n,y) <A21% +A228_y>} (Z) = (Y ) on OD.

Introducing new parameters

(27)

2 2
v® =vialo1, FE°= FEi1FE,

Eqq E
= [P g = 2
By 1 2Gh .
1— 12
A ——Y o k—k— 21,
2(ky + v)* ! !

and new dependent and independent variables

1 1—k
- % 4 v=—00,

YR YT oV

(26) is transformed into

1 0 ] 0 0 MNk—k] 6 A 0] 9% (a
0 MNE|lae T 1-x o |aamtT|lo —k|az2| s

(28)

x = 0,

(k’+V)\/EF
B -1 —1+k1/ 1
E F,
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The left-hand side can be factorized. Thus (28) can be written as
ko0 n 0 x| 9 1/ 0| 0
0 A| ox E 0] oy 0 1/k| ox
+ O —1 2 u _ F1 :
1 0 8y v F2

where (£,n) and (@, ) were replaced by (z,y) and (u,v), respectively and
the coeflicients on the right-hand side were neglected. Using the notations

1 Ou Ov ou 1 Ov

ko oy 0 oy kox
we get the following relations in some plane domain D C C
00 Ow 00 Ow
k—+AN—=F, k——A—=F.
Ox * Oy b Moy ox 2

By introducing complex variables we have

<2~Hh2>m+M0:kﬂ+M@
or dy
(29)

1,0 0 . .
§<% —|—za—y>(k0 —idw) = I +iF.

This system in the homogeneous case F' := F} + iF» = 0 reduces to the
system of bianalytic functions, see [13], With

f=u+w, ¢:=k0—ilv, z=uzx+1y,

k4l k—1_
(=((2) = o T ox z=x+iy/k

(29) is equivalent to

of A—k Atk 0
of _ % _F
ac. T Y 5z

(30)

A particular solution to the last equation of (30) is g = Tp F'. Similarly,
a particular solution to the first equation of system (30) is

@) =1 [Pt (T )

T 2 2

G

Ak _ /k+1: 1—k=\y d€d7
A\ %( 2 ¢+ 2 C)}g_g(z)’
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when G is the image of D under the transformation { = ((z). Conse-
quently (26) has the particular solution

woley) = o Re fo(5 + ivRy).

vo(w,y) = —dm fo s +ivhy).

The theory of bianalytic functions, see [13], shows that the general solution
of the homogeneous system (30), with F' # 0, is given in the form

(31)

1) = 5 —ior € gy FCE+ (-5 1),
where for arbitrary analytic function ¢(2)
¢
8(0) = [ p(a)iz
¢o

with some arbitrary fixed (p € G and V is an arbitrary analytic function.
Thus the general solution to (28) has the form

u(w.y) = = E Re [ad (5 +ivhy) | - o Re [kow (5 +iL)]

EVk Evk ok
+ ﬁ Re fo< + 2\/_y>
v(z,y) = 1E—2:g/]§ Im [O&‘I) (f + Z\/Eyﬂ + Z,;_;Z Im [kﬁ\ll <5 + Z%)}

—(5Imf0( +Z\/—y)
with
1+kv FE .= E
1—k2 1—027 T k+v
The stress boundary conditions lead to boundary value problems for the

unknown analytic functions ®, W. At first (25) is expressed by the new
parameters,

o =

Oy —

E <628u 8@)

1—-v2\" Oz 8_y ’

B ou 5 0V

% = 1—1/2< 833 o 8y)
B E <%—|— 8@)
YT 9 1) \Oy | Oz



BOUNDARY VALUE PROBLEMS 423

Then changing the variables to z; = % + zx/%y and zo = 5 + z%
respectively, and introducing the functions ¥ (xs) = W'(22), p(z1) = ®'(z
one gets

[l
SN~— -

0, = —0VkaRe p(z1) — %ﬁRew(zz)

- V) Re fo(21),

Ea\/E< 1— kv
1—v2\(k+v)k
1

oy = maRe@(zl) + g BRe(22)

EVk (v(l+kv) ,
(1—1/2)5< (k+ v)k _1) Re fo(z1),
E 1+ kv
Toy = alm@(z1) + FImep(22) — ) ( T +1>Imf6(zl).
Observe on D with z = dz1, Vky = y1, that
Co(nx)_d_y_i@ cos(n )__d_x__ﬁ
S ds  JEk ds’ Y= s T % ds
then on 0D

X,ds = —d[Im {6a®(21) 4+ 68V (22)} + 8g2(21)],

« 1
Y,ds = —d[Re{ﬁcI)(zl) + \/Eﬂ\I/(zg)} + ﬁgl(zl)},
where g1, g2 are functions defined by fo(z1), i.e. by the inhomogeneous
right-hand side in (28). Integrating along 9D from some initial point
with s = 0 to 2z € 0D with arc-length parameter s > 0 one gets for
z=x+1iy € 0D

Im {a®(z1) + BU(2)} = g(z1) — %/Xndé—i— e,

(32) "
Re {a®(21) + kBU(2)} = g1 (21) — vV /Ynd§ b

0

with some integration constants co and c¢;. These are boundary value
problems for the analytic functions ® and ¥. In the case of a multi-
connected domain D, these functions are multi-valued in general (see [7],
where D is doubly connected).
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Denote the right-hand side of (32) by —(f2, [f1, respectively, and
assume that Dy := {z1 : 2 = % + i\/Ey, x + iy € D} has a Schwarz

operator S1, see [2]. By eliminating ®(z;), the system (32) can be reduced
to the integral equation

Sl<k—1 kE4+1——

(33) U(zo) + T\If(zg)> =S (fi —ifs) +d

with arbitrary complex constant d.
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