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CONVEX ENVELOPES OF MULTILINEAR FUNCTIONS
OVER A UNIT HYPERCUBE AND
OVER SPECIAL DISCRETE SETS
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Dedicated to Hoang Tuy on the occasion of his seventieth birthday

ABSTRACT. In this paper, we present some general as well as explicit
characterizations of the convex envelope of multilinear functions defined
over a unit hypercube. A new approach is used to derive this charac-
terization via a related convex hull representation obtained by applying
the Reformulation-Linearization Technique (RLT) of Sherali and Adams
(1990, 1994). For the special cases of multilinear functions having coeffi-
cients that are either all +1 or all —1, we develop explicit formulae for the
corresponding convex envelopes. Extensions of these results are given for
the case when the multilinear function is defined over discrete sets, inclu-
ding explicit formulae for the foregoing special cases when this discrete set
is represented by generalized upper bounding (GUB) constraints in binary
variables. For more general cases of multilinear functions, we also discuss
how this construct can be used to generate suitable relaxations for solving
nonconvex optimization problems that include such structures.

1. INTRODUCTION

The construction of convex envelopes for nonconvex functions over con-
vex sets plays an important role in solving both discrete and continuous
nonconvex programming problems (see Horst and Tuy, 1993). Explicit
closed-form formulae have been derived for many special cases such as for
bivariate bilinear functions over rectangles (Al-Khayyal and Falk, 1983)
and over D-polytopes (Sherali and Alameddine, 1990), for monomials de-
fined over a unit hypercube (Crama, 1993, Glover and Woolsey, 1974, and
Hansen and Simeone, 1990), for special quadratic multilinear functions
defined over a unit hypercube (Rikun, 1996), for concave functions over
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polytopes or simplices (Pardalos and Rosen, 1987), and for certain classes
of fixed-charge functions defined over hypercubes and special bounded
knapsack constrained regions (Benson and Erenguc, 1988, and Denizel,
Erenguc, and Sherali, 1995). These explicit formulae provide a set of
tools that can be applied to more general problems that include such cases
as substructures in order to generate useful relaxations. General convex
envelope characterizations and results are also given in Falk (1969), Rock-
afellar (1970). McCormick (1976), Grotzinger (1985), Pardalos and Rosen
(1987), and Horst and Tuy (1993) that can be used to derive tight con-
vex underestimating functions for deriving relaxations and lower bounds
within the context of branch-and-bound algorithms. In some cases, a
combination of such explicit and relaxed convex envelope representations
have been proposed. For example, Kalantari and Rosen (1986) show that
given an indefinite quadratic function defined over a polytope, another
special polytope can be generated that contains the given polytope such
that over this regions, an explicit convex envelope of the given function
can be constructed.

In this paper, we focus on multilinear functions ¢ : H C R” — R,
where

(1) o(z) =S a ] o5

teT JEJ:
and where H is a unit hypercube given by
(2) H={z: 0<z<e}

where e is a vector of n-ones. Here, the set T" indexes the terms that define
¢, and for each term t € T, o is a real coefficient and J; C N = {1,...,n}
is an associated nonempty set of distinct variable indices represented in
the corresponding product term. This is known as a multilinear function
since ¢ is linear in each variable z; when the other variables in N are
fixed at some values. In particular, when ¢ contains all possible distinct
products of the variables x4, ..., x, taken m at a time, where 2 < m < n,
and each such term has a unit coefficient, we will refer to such a multilinear
function as a combinatorial multilinear function (CMF ) of order m, and
denote it by ¢™. Mathematically, this function is given by

(3) o"@) = > | Tal

JCN jeJ

| J|=m
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Note that such CMF functions represent the sum of m-way combinations
of variables, and might arise in combinatorial constraints involving binary
variables or as subsets of multilinear objective or constraint functions in
nonlinear 0-1 programs (see Balas and Mazzola, 1984a, b, Hansen, 1979,
and Hansen, Jaumard, and Mathon, 1989). Recently, Rikun (1996) has
developed an explicit formula for the (polyhedral) convex envelope of ¢™
given by (3) over H, for the special case of m = 2, and has shown that this
yields a significantly tighter representation than that obtained via stan-
dard linearization approaches for nonlinear 0-1 problems. Rikun states
this formula and wverifies that it represents the convex envelope of ¢?(x)
over H by applying a set of general results that specify certain sufficient
conditions for a given function to be the convex envelope of a continuously
differentiable function defined over a polytope, given that this envelope is
polyhedral. In contrast, using a new approach based on characterizing the
convex hull for certain discrete sets via the Reformulation-Linearization
Technique (RLT) of Sherali and Adams (1990, 1994) we show how this
formula can be constructively derived. Moreover, we derive explicit for-
mulae for both the convex and concave envelopes of ¢ of general order
m < n, defined over the unit hypercube H. We also characterize the
convex envelope of ¢ when its definition is restricted to a set of discrete
binary solutions. In particular, this leads to similar closed-form formulae
for the case when this discrete set is defined by generalized upper bounding
(GUB) constraints in binary variables, given by

(4) HGUB:{x: ijglforrzl,...,R,:U binary},
JESK

R

where |J S; = N, and S;NS; = 0 Vi # j. Such GUB constraints arise fre-
quentlgf iil applications involving multiple choice constraints, and represent
an important structure in 0-1 optimization for which tight polyhegral rep-
resentation can be quite usefull (see Nemhauser and Wolsey, 1988, Wolsey,
1990, and Sherali and Lee, 1995). For the more general case of ¢ given by
(1), we discuss how our approach can be used to generate suitable underes-
timating representations for constructing convex or polyhedral relaxations
for nonconvex problems that subsume such structures.

The remainder of this paper is organized as follows. We begin by pre-
senting some preliminary definitions and results in Section 2, and develop
a general characterization of the convex envelope of multilinear functions
over a unit hypercube, as well as over special discrete sets by applying
the RLT procedure. Using this characterization, we then derive explicit
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formulae for the convex envelope of ¢ (x) over H in Section 3, and for
concave envelope of ¢ (x) over H in Section 4, for any m < n. These
formulae are extended to the case of GUB constrained regions Hgyp
given by (4) in Section 5. Finally, in Section 6, we discuss the genera-
tion of relaxations for more general cases using the construct of Section
2.

2. PRELIMINARY RESULTS AND SOME GENERAL
CONVEX ENVELOPE CHARACTERIZATIONS

In this section, we present a general approach for constructing con-
vex envelopes, and show how the Reformulation-Linearization Technique
(RLT) of Sherali and Adams (1990, 1994) can be used to characterize, in
particular, the convex envelope of ¢ given by (1) over a unit hypercube
H.

To begin with, consider the following definition.

Definition 1 [Horst and Tuy, 1993]. The convez envelope of a function ¢
taken over a nonempty convex subset S of its domain is that function ¢g
for which:

(a) ¢s is a convex function defined over S,
(b) ¢s(x) < ¢(x) for all x € S, and

(c) if ¢’ : S — R is a convex function that satisfies ¢'(z) < ¢(z)
Vz € S, then

¢ (x) < ¢pg(z) Yx € S.

Equivalently, the convex envelope of ¢ over the convex set S is given
by the pointwise supremum of all convex, or even simply affine, underes-
timating functions for ¢ over the set S.

There exists a direct relationship between convex envelopes and convex
hulls that provides a useful facility for constructing the convex envelope of
a nonconvex function ¢ over a given convex set S. Consider a lower semi-
continuous function ¢ : § — R, where S C R" is a nonempty, compact,
convex set. Recall that (see Bazaraa et al., 1993 for related definitions)
the epigraph of ¢ over the set S, denoted Eg(¢). is defined by

(5) Es(¢) = {(a:,z) :xES,22¢(x)}.

Let us denote the conver hull of this set by conv Es(¢). Then, we have
the following result.
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Theorem 1. Let ¢ : S — R be a lower semicontinuous function, where
S C R™ is conver and compact, and let Es(¢) be as defined by (5). Then

(6) conv E,(¢) = {(x, 2)izeS, 2> <b’(x)} & ¢'(z) = ps(z) Ve S.

Proof. The proof follows by Horst and Tuy (1993, Lemma IV.1), and
Sherali and Alameddine (1992, Theorem 4), by noting that conv Eg(¢) is
a closed set since ¢ is lower semicontinuous and S is a convex, compact
set. U

Observe that Theorem 1 is quite intuitive in that the convex hull of
Es(¢) is the smallest convex set that contains Eg(¢), and the convex
envelope ¢g(z) of ¢ over the set S is, by definition, the tightest convex
underestimating function for ¢ over the set S. Note that if the set S in
Theorem 1 is nonempty, closed and convex, but not necessarily bounded,
then the convex hull operator in (6) should be replaced by the closure of
the conver hull for this result to hold true.

The construct embodied by Theorem 1 provides a useful technique for
computing the convex envelope of a given function ¢ over a convex set S.
In particular, if the epigraph Fs(¢) defined in (5) can be represented using
binary variables, for example, in a manner that facilitates the construction
of its convex hull, then Theorem 1 can be gainfully employed to derive the
convex envelope of ¢. Denizel, Erenguc, and Sherali (1995) analyze certain
instances of fixed-charge functions for which this approach turns out to
be particularly convenient. As we shall presently see, when this concept
is used in concert with the RLT approach, we can derive a usefull tool
for analyzing our problem at hand. This is characterized by the following
result.

Theorem 2. Let ¢ : H — R be a multilinear function given by (1), where
H is a unit hypercube as defined in (2). Then, the convezr envelope of ¢
over the set H is given by

(Ta) bn(w) =max{ S whu; —mh, k=1, K},
JEN
where (7%, 7k), k = 1,..., K represent the set of vertices of the set II,

denoted vert (II), where 11 is given by

(7b) H:{(W,ﬁo):ZWj—ﬂogﬁj ‘V’JQN},

jeJ
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and where, letting x(J) denote the solution
(7¢) z(J)=(z;=1, VjeJ, x;=0, VjeJ=N-J), VJCN,
we have

(7d) By =(z(J)), VJCN.

Proof. Let the epigraph of ¢ over S = H be given by (5). Then we have

(8) conv Ey(¢) = conv{(z,z) : 2 > ¢(x),  binary}.

This follows since for any affine function 1z + 1)y, we have ¢(x) > Yx + g
Vo € H@min{qﬁ(x)—d}x—wo cx € H} > O(E)min{gb(x)—z/)x—wo :
z binary} > 0 < ¢(z) > Yz + 9o Vo binary. Here, we have used the
fact that the minimum of ¢(x) — Yx — 1y over z € H is attained at a
binary solution since ¢ is multilinear and H represents a set of separable
constraints 0 < x; <1, for j = 1,...,n. Hence, the set of affine underes-

timating functions for ¢ over H coincide with the set of affine functions
that underestimate ¢ over binary values of x.

Now, using the RLT approach of Sherali and Adams (1990, 1994), the
convex hull on the right-hand side of (8) can be written as follows.

conv{(z,z) : 2 > ¢(x), x binary} =

{(m,z):xj = Z y; VjeEN,

JCN

JjeJ
ZZZQ]? QJZ/BJ?JL VJQN7
JCN
(9) > ys=1, andy; 20, VJ C N},
JCN

where 0; and y;, J C N, are suitable linearization variables that define
the convex hull as in (9) in a higher dimensional space following Sherali
and Adams, and where [ is given by (7d) ¥J C N. Hence, using (8) and
(9) along with linear programming duality, and noting that Gy = 0, and
that yg is a slack variable in the convexity constraint in (9), we have

conv Eg(¢) :{(a?, z) : there exist yy, J C N, J # () such that

z > Zﬁjyj, and where Z yr=x; Vj€N,
J#0D J:ged

>y <, yjzoth@}
J#D
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={(2,2):0< 2 < e and z > mini :
{(m z):0<z<ean z_mlnlgnum{ZﬂJyJ

J£0
Z Yys = x; VjEN,Zng 1,andyJ20VJ7é(Z)}}
J:ged J#D
= {(x,z) :0<x<e, and z > maximum{ Z L — 7r0}
JEN
subject to ij —mo < By VI #0, o > O}
jeJ

:{(Lz):ogmge,
(10)
andzzmaximum{Zﬂij—gzﬁg, kzl,...,K}},

JEN

where (7%, 7k), k = 1,..., K, represent the vertices of II given by (7b).
(Note that for J = ) in (7b), we have 3; = 0, so that the corresponding
constraint reads as my > 0). By Theorem 1 and Equation (10), we have
(7a) holding true, and this completes the proof. O

Corollary 1. Let S be a polytope contained in the unit hypercube H that
has binary vertices, and let ¢ be given by (1). Then

conv {(z,2) 1z € S, x binary, z > ¢(z)}

(11a)
= {(x,z) rx el z> Z foj —ny V(xF, k) e VertH(S)},
JjeEN
where
(11b) H(S):{(W,WO):ZWj—WogﬁJ VJEF},
jeJ
and where

(11c) F={JCN:xz(J) is feasible to (is a vertex of)S},

and x(J) and By are given by (7c) for each J € F.
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Proof. From Sherali and Adams (1990, 1994), conv {(:E, z) 1 x € S, x binary,
z > ¢(z)} is given by (9) with the added restriction that y; = 0if J & F.
Hence, following the derivation of (10) with this added restriction, we ob-

tain the characterization specified by (11), and this completes the proof.
O

Note that Corollary 1 asserts that if we are given a multilinear function
¢ defined over a polytope S that has binary vertices, as for example if §
is defined by totally unimodular constraints in variables bounded by H,
and if we are interested in constructing a tight convex underestimator of ¢
only over the set of vertices of S, then we can define ¢ to be the function
such that

op() if z is binary,

(122) o) = {

00 otherwise,

and then accordingly construct the convex envelope ¢ps(x) of ¢y over the
set S. By Theorem 1 and Corollary 1, we would then obtain

(12Db) dvs () = max{ Z waj —ry o (nF, k) € vert H(S)},
JjEN

where II(S) is defined by (11b, ¢). The polyhedral function (12b) would
hence provide a valid underestimator for ¢ over binary solutions in .S, and
could therefore be used to construct suitable continuous relaxations for
discrete problems that contain such a structure. Later in Section 5, we
will apply this result to the important special case where S is defined by
GUB constraints as in the continuous relaxation of (4).

3. CONVEX ENVELOPE OF COMBINATORIAL MULTILINEAR
FUNCTIONS OVER A UNIT HYPERCUBE

In this section, we will show that the convex envelope of the function
@™ (x) defined in (3) for any m < n over a unit hypercube H is given by

o (x) = maximum{& (mk_ 1) i%’ —(m — 1)("?7—;1)7

(13) fork::m—l,...,n—l}.

We derive this result (as opposed to verifying this claim) by applying
Theorem 2, and characterizing the set of vertices of the set II defined by
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(7b). Note that for ¢™ given by (3), we have from (7c) and (7d) that

0 if |[J| =k, for k=0,1,...,m—1,
14 =
(14) & <k> if |[J| =k, for k=m,...,n,
m

for each J C N. Substituting this in (7b), we obtain

IT = {(7‘(‘,71’0) :

(15a) Y mj—m<0 VJCN>|J| =k fork=0,1,...,m—1,
jed
k
(15b) ij—wog( ) VJCN3|J| =k, fork':m,...,n}.
m
JjeJ

The following result characterizes the vertices of (15), and hence estab-
lishes (13).

Theorem 3. The extreme points of the set I1 defined in (15) are given by
(m=0,m9=0) and

(16) (Wj:(mk_1>VjEN, ﬂoz(m—l)(k+1>>,

m
fork=m—1,...,n—1, and so, ¢} (x) is given by (13).

Proof. Since II C R™*!, its vertices are feasible solutions at which some
(n+1) linearly independent defining hyperplanes are binding. If (15a) for
k = 0 is binding, i.e., mp = 0, then (15a) for k = 1 asserts that m; < 0
Vj € N, and these restrictions then imply the other defining constraints
in (15). Hence, if my = 0 at a vertex of II, we must have 7; =0 Vj € N,
and this produces the vertex (7 =0, my = 0) of II.

Next, consider any 1 < k' < m — 1, and suppose that for some J = .J,
with |.J,| = K/, a constraint from (15a) is binding at a vertex of II, so that

(17a) > mi—m=0.

jET,

Note that the constraints in (15a) that correspond to J = J, U j for
Jj & J, (where k =k’ + 1) together with (17a), imply that

(17b) 7, <0 Vi,
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Moreover, for any k = (k' +2),...,n, we get using (17) and the constraints
in (15a) for £ =0,..., k" that

Zﬂj—ﬂ‘og Z 7Tj—7'(‘0§0.

jed jeJng,

Hence, all the constraints for k > k' 4+ 2 in (15) are then implied, and
therefore do not figure into determining a vertex of Il in this case. But
all the constraints in (15a) are binding at the above extreme point (7 =
0, mo = 0), and so, this is the only vertex at which any constraint of type
(17a) is binding.

Proceeding inductively, now suppose that for some k' € {m—1,...,n—
1}, we have that at some vertex of II, all the constraints in (15) for & < &k’
are inactive, while some constraint corresponding to J = J, with |J,| = &’
is active or binding. Hence, we have

(18a) Zﬂ’j—ﬂ'(): (:j;),

J€Jp

where we assume that (ﬁ;) = 0 whenever k' < m. From the constraints

in (15) corresponding to J = J, U j for j & J,, so that |J| = k' + 1, we get
using (18a) that

(18b) wjg(k/“)—(k/)z( K )i g T,

m m m—1

Now, consider the constraints in (15) for k = k' 4+ r, where r > 1. Note
that so long as (15) is satisfied for £ < k' and that (18) holds true, we get

ij—ﬂo=[ > Wj_”0]+ Jﬂj§<f;;>

jeJ jeINT, jET—Jp
54 K +r
! ()= )
( 9) tr m-—1/ — m

The first inequality in (19) holds true since by (15b), we have
170, K
> omems (7)< ()
jeInd, m m

and since (18b) is satisfied Vj & J,, and the second inequality in (19)
holds true since the number of ways m items can be selected from some
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k' plus r items exceeds the number of ways m items can be selected from
the k' items, plus the number of ways (m — 1) items can be selected from
the k' items along with just one of the r items taken in turn. (Note that
this inequality also holds true for ¥/ = m — 1 and r > 1). Therefore, we
have shown that under this case, if (18a) holds true, then (18b) must be
satisfied, and that all the other inequalities in (15) for £ > k&’ + 1 would
then automatically be satisfied and so would not figure into determining
the corresponding vertex. Consequently, the possible defining hyperplanes
that could determine a vertex corresponding to this case must come from
the following constraints:

{constraints in (15) for k =k’

(20) } U {constraints in (18b)}.

including the one for J = J,

Consider now the situation in which all the constraints from the first
set within {-} in (20) are binding. By symmetry, this gives via (15) that

k/
(21) mj =m Vj € N, where k'w—m:( )
m

Hence, in order to obtain (n + 1) linearly independent hyperplanes, we
must have some from (18b) also binding, where any of these uniquely
gives along with (21) that

/

7Tj=7rz<mk_1> Vj € N, and

(22) mo = ( W >—<k/>=(m—1)<k’+1>.

m—1 m m

Hence, (22) defines a vertex of II, and moreover, since all the constraints
in (20) are active at the solution (22), no subset of these could yield a
set of (n + 1) linearly independent hyperplanes that produce a different
vertex of II. Therefore, (22) is the only vertex obtained for this case, for
each ¥ =m —1,...,n — 1. This establishes (16). Hence, by Theorem 2,
(13) holds true and this completes the proof. d

Example 1 (Rikun’s (1986) result as a special case). Note that for m = 2,

we have
P (x) = Z inwj

i<j
and by (13), we obtain

n

$% (r) = maximum {O,k:zgcj — (k—;_l) fork=1,...,n— 1}.

j=1
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Rikun states this result and verifies it using his generalized theorems
that present sufficient conditions for checking certain convex envelope
representations for multilinear functions. However, these results do not
present the facility to derive convex envelope representations as does The-
orem 2, and as demonstrated by the validation performed in Theorem 3,
leading to the generalized result (13).

4. CONCAVE ENVELOPE OF COMBINATORIAL MULTILINEAR
FUNCTIONS OVER A UNIT HYPERCUBE

In this section, we will use Theorem 2 to derive the concave envelope
of ¢""(z) defined in (3) over the unit hypercube H, or equivalently, we
will derive the convex envelope ¢ () of ¢ (z) = —¢™(z) over H. To
apply Theorem 2, by (7b)-(7d), we need to characterize the vertices of the
polyhedron defined by

H:{(ﬂ',ﬂ'o) : Z?Tj —m9g YJCN>3|J| =k, fork=0,1,...,m—1,
JjeJ
(23)
k
N mj—mo < —( ) VJC N3 |J| =k, fork:m,...,n}.
jeJ m
Using the consingular affine transformation

(24) Yyo=m9 and y;=mg—m; Vj=1,...,n,

we will find it more convenient to equivalently characterize the vertices
of the following polyhedron Y obtained by transforming II given by (23)
under (24):

k
v = { (w.m0) ij > (h=Dyo+ () WCN3|=k,

(25) for k=2,...,n, (y,yO)ZO},

where the nonnegativity restrictions in (25) come from (23) for |J| =k =
0 and 1 along with (24), and where throughout, we will consider that
< b ) = 0 whenever k < m.
m
Now, in order to characterize the vertices of Y, we will characterize all
possible unique solutions obtainable for the linear program
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(26a) LP : Minimize 6yyo + Zﬁjyj,
j=1

. k
(26b) subject to Zyj > (k—=1)yo + <m> VJC N > |J| =k,
jeJ
for k=2,...,n,

Note that we can assume that 6; > 0 Vj € N, or else, by the nature
of the constraints, LP would be unbounded if 6; < 0 for any j € N.
Furthermore, we can assume that 6; > 0 Vj € N since we are interested in
examining only those objective function coefficients that result in a unique
(and hence a vertex) solution to LP. Hence, without loss of generality, let
us characterize the optimal solution(s) to LP under the assumption that

(27) 012‘92220n>07

and then examine all possible permutations of the type (27) in order to
obtain the required vertices of Y. Toward this end, consider the following
results.

Lemma 1. Given any yo > 0. Let LP (yo) represent the linear program
LP defined by (26) with yo fized at the given value, and suppose that (27)
holds true. Then, an optimal extreme point solution to LP (yo) is given

by
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yi =0, yp =yo fork=2,....,m—1, and

(28) yZ:yo—f—( ) fork=m,... 5n.

m—1

Proof. First, let us verify the feasibility of (28) to LP (yo). Note that
(26¢) holds true, and that for any J C N > |J| =k € {2,...,m — 1},

(26b) is satisfied since we have ) y* > (k — 1)yo. Moreover, for any
Jjed
JCN>|J=ke{m,...,n}, we have

() R B POt oy

jeJ

(29) Z(k—l)yo+<g>+< " )+(m+1>+---+<k_1>.

m—1 m—1 m—1

Using the general identity that

() (,) = (1) ez

and applying it inductively in (29) to pairs of the combination terms, we

k

get that the right-hand side in (29) sums to (k — 1)yo + < ), and so, y*
m

is feasible to (26b) for this case as well. Hence, y* is feasible to LP (yo).

Next, let us show that y* defined by (28) is a vertex of LP (yp). To-
ward this end consider the following n defining inequalities from (26) and
let us show that y* is a unique solution to the intersection of these n
corresponding hyperplanes,

k

k
> > (k— =2,...,n.
(31) y1 > 0, and y; +;y3 > (k—1Dyo+ (m> for k=2,....,n

The first hyperplane when active yields y; = 0 as in (28). For k =

2,...,m — 1, since the corresponding equations in (31) are y; + y2 = yo,
i +y2+ys = 290, -, Y1+ Y2+ o+ Ymo1 = (M — 2)yo, We get
Yo = Y3 =+ = Ym—1 = Yo, and so again, (28) holds true. For k = m, the

corresponding hyperplane in (31) gives y1+y2+- - -4y = (m—l)y0+<m),
m
m—1

which yields from above that y,,, = yo + (m) =1y + < 1> as in (28).
m

m —
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Finally, for Kk = m + 1,...,n, the similar difference between the hyper-
plane equation corresponding to k in (31) and that corresponding to (k—1)
yields upon using the identity (30) for ¢ = k — 1 that

= [0= 0+ ()] = [ -2m (F)

=m ()= (0 ) = (00

Hence, the defining hyperplanes in (31) are linearly independent, yielding
y* of (28) as a unique solution, and so, y* is a vertex of Y.

To complete the proof, it is sufficient to show that even with all but the
constraints (31) of LP (yp) relaxed, y* is an optimal solution to this linear
program. To show this, since (31) defines a polyhedral cone with its vertex
at y*, we must verify that each extreme direction d! of this cone formed by
holding all but the ' inequality in (31) as active and considering the half-
ray feasible to the t*" inequality in (31) is nonimproving for ¢t = 1,...,n.
Note that d* = (0,...,0,1,—1,0,...,0) for t = 1,...,n — 1, when the
two nonzeros appear in positions ¢ and ¢ + 1, and that d"™ = (0,...,0,1).

n
Hence, using (27), we see that ) de§ =0;—6,,>0fort=1,...,n—1,
j=1
n
and ) 0;d? = 6, > 0 for t = n as well. Hence, y* solves LP (yo) and this
j=1

completes the proof. O

Lemma 2. Consider Problem LP defined by (26) and suppose that (27)
holds true. Then, if y* is the unique optimum to LP, we must have

k-1
(382) yo=yi= =y =0 andyi= (") fork=m...n.
m_

Proof. By Lemma 1, since (28) gives an optimal completion to a solution
for LP given any yy, we can equivalently project LP onto the space of g
to obtain

LP — uiinimize{ [f0+ 30, + 3 (7" o).
k=m

Yoz =2

Hence, if § = 6y + > 6; < 0, then LP is unbounded, and if § = 0, then
=2
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LP has an infinite number of optimal solutions. Therefore, if LP has a
unique optimum, we must have > 0, whence Yy = 0. Consequently, by
Lemma 1, since (32) then gives an optimal (vertex) solution to LP, if LP
has a unique optimum it must be given by (32). This completes the proof.
O

We are now ready to characterize the convex envelope of ¢ (z) =
—¢™(z) over the unit hypercube H.

Theorem 4. Let ¢ (z) = —¢™(z), where ¢ (x) is given by (3). Then

5501 i35 (4

=m

for each ordered choice of indices

(33) (j(m),j(m+1),...,5(n)) selected from the set {1,..., n}}

Proof. By Lemma 2, and noting (27), whenever LP has a unique optimum,
this optimum is of the form wherein yq along with some (m—1) y-variables
are zeros and the remaining (n — m + 1) y-variables are equal to values

”
the set of vertices of Y. By (24), the set of vertices of II of (23) are given
by mp = 0, some (m — 1) w-variables equal to zero, and the remaining

given collectively by ( __11> for Kk = m,...,n. This hence characterizes

kE—1
(n—m+1) w-variables equal to the values given collectively by — ( 1)

m p——
for k = m,...,n. Using this characterization along with Theorem 2, we

obtain (33), and this completes the proof. O

Remark 1. Note that the number of defining linear functions in (33) is
given by

(34) < " )(n—m—l—l)!.

n—m-++1

Example 2. Consider a quadratic function 52(:1:) in three variables x1,
x2, and x3 (case of n = 3, m = 2). By (34), Eé(x) has 6 defining lin-
ear functions. Each of these is given by selecting some (n —m + 1) = 2

1
variables, and giving one of these variables a coefficient of —(1> = —1
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2
via k = m = 2 in (33), and the other a coefficient of —(1> = —2 via
k =n =3 in (33). This yields via (33) that
(35)

—_9 .
op(x) = maxnnurn{ —x1 — 229, —2x7 — T9, —x1 — 213,
— 21‘1 — T3, —To — 251':3, —2(132 — l‘g}.

Example 3. Similar to Example 2, consider the case m = 3, n = 4. By
(34), we will now have <2>2! = 12 terms, each term being comprised of

(n—m+1) = 2 variables having coefficients of —1 and —3 from (33). This
gives

(36)
5}:}(3:) = { — 21 — 3z, —3x1 — T2, —21 — 323, —371 — T3,
— X1 — 374, —3T1 — T4, —T2 — 3T3, —3T2 — X3,

— To — 3Ty, —3x0 — x4, —T3 — 3Ty, —3T3 — x4}.

5. CONVEX AND CONCAVE ENVELOPES OF COMBINATORIAL
MULTILINEAR FUNCTIONS OVER GUB CONSTRAINTS

In this section, we will extend the formulae (13) and (33) for the case
where the unit hypercube H is replaced by the GUB constraints

(37) GUB:{JU:ijglforrzl,...,R,xZO},

JESy

R
where |J S; = N, and S; N S; = 0 Vi # j, and where we are interested
i=1
only in the binary solutions Hgyp to (37) as defined by (4). Accordingly,
we assume that m < R < n, where the first inequality is assumed because
otherwise, if R < m, then for each term defining ¢™(x), at least two
variables must appear from some set S;, which means that ¢ (z) = 0
Vx € Hgyp. Furthermore, as in (12a), let us define

o () = { " (x) ifaxis l?inary, and
o0 otherwise,
(38) @)
—m —¢™(x) if x is binary,
@) = {

o0 otherwise,
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and consider the derivation of the functions ¢y, () and ¢,uy5(z) as
defined in (12b). The following results provide this characterization.

Theorem 5. Let ¢;*(x) be as defined by (38), and let GUB be the set
gwen by (37), where m < R < n. Then the convex envelope of ¢;*(x) over
GUB is given by

(39)
Opeup(T) = maximim{(), (mk_ 1) ij — (m — 1)<k;1>
j=1
fork’:m—l,...,R—l}.

Proof. From (12b), we need to characterize vertices of II(GU B), where,
from (11), we have

II(GUB) = {(7‘(‘,’/T0) : ij — 7 < (Z) VJCN>3|JNS| <1
jedJ

(40) foreach i =1,...,R, and |J| =k, fork::O,l,...,R},

and where as before, < ) = 0 whenever k£ < m. Following the proof of

m
Theorem 3, we can construct an identical argument yielding (7 = 0, 7o =

0) as a vertex of (40), and that at any other vertex, the constraints in (40)
corresponding to k = 0,1,...,m — 2 are all inactive. (Here, (17b) holds
true Vj & J, where j belongs to a GUB set not represented in J,). Next, as
in the proof of Theorem 3, suppose that for some ¥’ € {m—1,..., R—1},
we have that at some vertex of II(GUB), all the constraints in (40) for
k < k' are inactive, while some constraint corresponding to J = J, with
|Jp| = k' in (40) is binding.

Hence, we are given (18a) and then (18b) holds true Vj ¢ J, where j
belongs to a GUB set not represented in .J,. Using the constraints in
(40) corresponding to k£ < k' along with (18), all the other constraints
in (40) are then implied as in the proof of Theorem 3, and as in (20),
we obtain that the possible defining hyperplanes that could determine a
vertex corresponding to this case must come from the following constraints
(41)

constraints in (18b)

} U as restarted above for

{ constraints in (40) for k = £’
the present GUB situation

including the one for J = J,
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But if all the constraints in (41) are made to hold as equalities, we obtain
the unique solution (22), and so, no subsystem of these equations could
yield a different unique solution. Hence, as in the proof of Theorem 3,
the remaining vertices of II(GUB) are given by (22), but for £’ = m —
1,..., R — 1. This establishes (39) via (12b), and the proof is complete.
O

Theorem 6. Let ¢, (z) be as defined by (38), and let GUB be the set
given by (37), where m < R < n. Then the convex envelope of ¢ (x) over
GUB is given by

—m _ Eok—1
gbbGUB(x):mammum{— Z <m—1> Z x;

for each ordered choice of GUB set indices

(42) (i(m),i(m+1),...,i(R)) selected from the set {1,..., R}}

Proof. From (12b), we need to characterize the vertices of II(GU B), where
from (11), we have,

k
(GUB) = {(W,WO):Z@ o < —(m) VICN3|JNS| <1
jeJ
(43) for each i =1,..., R, and |J| =k, fork:zO,l,...,R}.

Under the transformation (24), we can equivalently seek to characterize
the vertices of the set Y given below, similar to (25).

Y={(y,yo):;ij(k—l)yo+<Z> VJCN>|JNS| <1

(44)
Vi=1,...,Rand |J| =k, fork:Q,...,R,(y,yo)ZO}.

Toward this end, we need to characterize all possible unique optimal so-
lutions obtainable for the linear program of the form

(45) LP : minimize {90y0 + Zgjyj : (y,y0) € Y}.
j=1
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Suppose that y* is any such optimum to (45). Let us show that for each
GUB set S;, i =1,..., R, we must have that the values of y; are equal to
each other for all j € S;. To see this, fix all the variables other than y; for
j € S; at the values given by y* in the linear program (45), and consider
the resultant problem in these variables y;, j € S;. From (44) and (45),
this reduced LP is of the form

(46a) minimize { Z O;y; 1y; > LB Vj € Si},
JES;

where

(46b) LB = H}Ca:x;m%m Jml\’?LXb}mum {(k — 1Dy + < ) Z Yy }
B \]ﬁS |<1 Vji#i ped
| Jl=h—1

Consequently, since LP is assumed to have a unique optimum y*, by (46),
we must have 6; > 0 Vj € S; (and hence for all j € N), and moreover, Y5
must equal LB given by (46b) Vj € S;. Hence, to characterize all possible
unique solutions to (45), we can a priori set

(47) vw=y,andy; =y, VjeS,, foreachr=1,...,R

in the LP (45), thereby reducing this to the form

k
LP’ : minimize { 0Y6 + Z@ryT : Zyj > (k— 1)y, + <m>
jedJ
(48) VI CHl,...,R}>|J| =k fork=2,...,R. (¢, y}) zo},
where
(49) 0h=0pand 6, =) 0; Vr=1,. R
JES’I‘

But observe that LP’ of (48) is of the form of LP given in (26) for which
Lemma 2 characterizes the optimum under the analogous condition (27)
written for #’. Employing this characterization together with (47) and (24)
yields a characterization of the set of vertices of II as having 79 = 0, some
(m — 1) GUB sets having their corresponding m-variables equal to zero,
and the remaining (R —m + 1) GUB sets having the m-variables within
each GUB set equal to each other, where these (R — m + 1) values are
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given collectively by — (:;_ﬁ) for k =m,..., R. By (12b), this establishes
(42), and the proof is complete. O

Remark 2. Analogous to Remark 1, the number of defining linear functions
in (42) is given by

(50) (R_i+1)(3—m+1)1.

Example 4. Consider a quadratic (m = 2) combinational multilinear
function in n = 6 variables with R = 3 GUB constraint sets given by
S1 = {1,2}, Sy = {3,4}, and S5 = {5,6}. Then from (39), we directly
obtain

[§

6
Pray () = maximum {0, ij -1,2» z;— 3},
j=1 7j=1

In contrast, recall from Example 1 that ¢ (x) has 3 additional defining

faces in this case. Furthermore, by Theorem 6, ESGU () has 6 defining
linear functions (see Equation (50) of Remark 2) corresponding to the
ordered GUB set index choices (1,2), (2,1), (1,3), (3,1), (2,3), and (3,2).
By (42), these yield the characterization

—92 .
vy p(T) = maximum { — (1 + @2 + 223 + 224),

— (23 + x4 + 221 + 223), — (21 + T2 + 225 + 226),
— (v5 + 6 + 201 + 222), — (23 + 74 + 225 + 2756),

— (.1,‘5 —|— Te —I— 2(13‘3 —|— 2%4)}

This is analogous to (35) of Example 2, noting (33) of Theorem 4.

6. CONCLUSIONS AND EXTENSIONS TO THE GENERAL CASE

Thus far, we have derived explicit characterizations of convex and con-
cave envelopes of combinatorial multilinear functions over the unit hyper-
cube, as well as for their binary restricted versions over GUB constraints.
For general multilinear functions, Theorem 2 provides a characterization
for the convex envelope over a hypercube, and Corollary 1 along with (12)
provides a characterization for the convex envelope of its binary restricted
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version over general polytopes having binary vertices. Note from these
results that in general, these complete characterizations would require the
enumeration of vertices of polyhedra of the type (7b) and (11b) that may
not be as conveniently structured as the cases considered thus far. Indeed,
as shown by Crama (1989), computing the convex envelope ¢y (z) of a
multilinear function ¢ over the unit hypercube H is an NP-hard problem.

To illustrate, consider the following example of a quadratic multilinear
function in n = 3 variables given by

(51) d(x) = r129 — X123 + T2T3.

Rikun (1996) uses this example to illustrate that the special characte-
rizations provided by his results yield an incomplete description for this
instance. Applying Theorem 3, we see that in order to completely charac-
terize ¢ (), we need to enumerate vertices of (7b), which in this instance
is given by the following polyhedron, where (52a), (52b), (52c) and (52d)
respectively correspond to sets J C N of cardinality 0, 1,2, and 3.

(52a) II= {(77,70); —mp <0,

(52b) m —me <0, M — 7w <0, w3 — M <0,

(52c) m+me—mo <1, m+mg—me < —1, my+m3—mo <1,
(52d) 7rl+772+7T3—7ro§1}.

Enumerating the vertices of 11 by systematically considering combinations
of 4 linearly independent defining hyperplanes that yield a feasible solu-
tion, we obtain 7 vertices (7, o, w3, m9) given by (—1,0,0,0), (0,0,—1,0),
(1,1,-1,1), (-1,1,1,1), (1,2,0,2), (0,2,1,2), and (0,2,0,1). This yields
via (7a) that

¢ () = maximum { —x1,—X3,T1 + X2 —x3 —1,—x1 + 219 + 23 — 1,

(53) m1+2x2—2,2x2+m3—2,2$2—1}.

Note that even when the coefficients a; are nonnegative Vvt € T in (1),
but do not conform to a scaled version of ¢ (z) defined in (3), one would
need to enumerate specific cases. For example, consider

d(r) = an2x122 + 0132123 + Qo3 x2T3,

where without loss of generality, assume that the variable indices are de-
fined so that 0 < a5 < a3 < asg3. In this case, we need to enumerate
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vertices of the set IT given by (7b) as
II= {(71’,7'('0) = < 0,m — w9 <0, — 79 < 0,73 — 719 <0,
T + M — T < (2, T + Mg — T < g, T2 + M3 — Mo < Qg
T+ T+ 73 — Mo < 0412+0413+0423},

and by considering various cases as before, it can be verified that this leads
to the characterization (7a) given by

(54)
ou(x) = maximum{alg(xl + x9 + x3) — 12,

1371 + Qa3 + (13 + oz — ai2)x3 — (aqg + a3 — aq2),
Q13T1 + Q12T2 + Q133 — 13, X121 + Qia3X2 + Qia3T3 — 23,

(12 + a13)z1 + (12 + aa3) 2 + (13 + aa3) T3
— (a2 + a3 + 0623)}-

While look up tables can be constructed for various special cases of this
type in order to facilitate the generation of tight relaxations for general
polynomial programming problems, there is another approach in which
Theorem 2 could be used for constructing such relaxations. Suppose that
we have a polynomial programming problem for which the (bounded) va-
riables have been scaled to lie in the unit hypercube. Consider a particular
inequality ¢(x) < defined by a multilinear function ¢ that might relate
to either the constraints or the objective function of the given polynomial
program, and suppose that we decompose ¢(x) into several (> 1) pieces
¢p(z) indexed by p € P, that are not necessarily disjoint in variables, and
are such that the set II,, say, given by (7b) corresponding to ¢,(x) is of
a manageable size for each p € P. By “manageable” we mean that either
it is convenient to enumerate all the vertices of 1I,, (perhaps by using the
aforementioned look-up tables) or at least, it is convenient to generate
vertices of II,, via “separation problems” of the type

(55) maximize {Zﬂpjfj — mpo © (T, Tpo) € Hp},

J
where 7 is a solution to some previous relaxation with respect to which
a strengthened relaxation needs to be generated. Using a collection of

vertices (W’;, 7]50) for k € K, of II,, that are thus obtained, we can impose

(56)  ¢p(r) > maximum {Zw,’,fjxj — mhy Vk € Kp} Vp € P.
i
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The constraints (56) can be used in combination with the original con-
straint ¢(x) = > ¢p(x) < v in order to generate tightened relaxations.
peEP

For example in the RLT procedure of Sherali and Tuncbilek (1992), in ad-
dition to the linearized original constraint ¢(z) < ~ following this scheme,
the linearized form of (56) can also be similarly incorporated in order to
further tighten this relaxation. Such considerations need further investi-
gation, and will be explored in future research.
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