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OPTIMIZATION OF C-ORTHOGONAL
POSYNOMIALS

K. H. ELSTER AND R. ELSTER

Dedicated to Hoang Tuy on the occasion of his seventieth birthday

ABSTRACT. We introduce a new class of posynomials, called c-ortho-
gonal posynomials, and we consider the corresponding c-orthogonal pro-
grams. The treatment of such programs is motivated by the fact that
c-orthogonal posynomial programs having a positive degree of difficulty
can be solved under weak assumptions, while “normal” posynomial pro-
grams with such a positive degree reduce in general the spectacular power
of geometric programming. The optimal value of an unconstrained or con-
strained c-orthogonal program is equal to the sum of (positive) coefficients
of the objectives, respectively.

Especially, using the gained results several interesting inequalities can
be proved in a simple way.

1. INTRODUCTION

In the more than 30-year history of geometric programming the treat-
ment of posynomial programs played an important role not only from the
theoretical point of view but also by their applicability for solving real-life
problems. Besides fundamental theoretical results ([1], [3], [4], [7], [10],
[12], [21], [23], [28], [29], [32]), numerous algorithms were developed and/or
tested concerning this class of geometric programming problems ([2], [5],
18], [9], [13], [21], [27], [31], [36], [37], [41]). Moreover, it is impressive to
see a large number of papers devoted to quite different applications (cf.
[6]).

Generalizations with respect to other classes of functions, for instance
quadratic functions or so-called composite functions were considered and
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the corresponding scalar geometric optimization problems were studied
([11], [18], [19], [20], [24], 25}, [26], [30], [32], [33], [34], [33], [39], [40]).
Another generalization tends to problems with more than one objective
function, so-called geometric vector optimization problems ([14]-[17]).

Also of some interest is the way of specializing the class of posyno-
mials. In the geometric programming literature one can find posynomial
programs of the following type:

min{go(t) := t] "otz + tity 't3| t € B,}

B, = {t ER?t>0, gi(t) := %tth_th - %t;%gtg? - %tltg < 1}.
For this optimization problem the “degree of difficulty” or “number of
degrees of freedom” which is introduced in [10] as “number of terms minus
rank A minus 17 is for the problem above equal to 1 (matrix A is defined
in Section 3.1). In the case that the matrix A is of full rank which means
rank A = m, where m is the number of the variables ¢;, j = 1,...,m,
the degree of difficulty is zero, if the number of terms is equal to m + 1.
Otherwise, the degree is positive or negative and the spectacular power
of geometric programming is reduced. In that case the dual program,
described in Section 3.1, must be solved.

Even in the recent literature systematic solution methods for geometric
programming problems with a large degree of difficulty are hardly deve-
loped (see [21], [27], [41]).

Such a positive degree of difficulty can also occur for posynomial pro-
grams with functions of the type gog, g1. These posynomials have a pro-
perty which may be denoted as c-orthogonality and treated in Chapter
2. In Chapter 3, an investigation of posynomial programs including such
c-orthogonal functions will be done.

It can be shown that for unconstrained c-orthogonal posynomial pro-
grams the optimal value is equal to the sum of the (positive) coefficients
(Theorem 3.1). This assertion remains true for constrained c-orthogonal
posynomial programs under certain conditions. Duality results for pro-
grams will be given, too (Theorem 3.4, Theorem 3.5).

Some examples will demonstrate the usefulness of these results, espe-
cially the power of c-orthogonality for proving interesting inequalities.
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2. C-ORTHOGONAL POSYNOMIAL

2.1. c-orthogonality

The original geometric programming problem was expressed in terms
of polynomials, i.e. functions of the type

(2.1) gr(t) = Zcth?” , keJ), meN
ielk] j=1

where JZ? :={0,1,...,p}, N is the set of natural numbers, t € R™, ¢t > 0,
(k] = {mg,mr+1,... .0}, mo =1, mp =np_1+1, k=1,...,p,ny, :=n,
a;; and ¢; are reals, ¢; > 0 for all i € [k].

Let Apy = (agj) be the (ng —myg + 1) x m - matrix of exponents due
to the variables t; of the function g, and cpg = (Cmy,-- -, Cn,)? the vector
of the coefficients. Such functions may have a special property which is
defined as follows:

Definition 2.1. A posynomial gj is said to be c-orthogonal, if
(2.2) A[j];]c[k} =0, ke JS.

Because of (2.2) it follows immediately

(23) (amkj,...,ankj)c[k] =0 5 jzl,,m

This means that each c-orthogonal posynomial can be partitioned into m
c-orthogonal sub-posynomials depending on one unique variable ¢;:

(2.4) git;)=> cti?, k=01,...,p, j=1,...,m.
1€ k]

Moreover, if each sub-posynomial of a posynomial g, is c-orthogonal then,
of course, gi is c-orthogonal, too.

Therefore, the proof of c-orthogonality for a posynomial will often be
done by proving that property for all partitioned sub-posynomials. Fur-
thermore, the set of c-orthogonal posynomials is “closed” under the com-
mon operations addition and multiplication.

Theorem 2.1. If G is the set of c-orthogonal posynomials and gn, g¢ € G,
h,t=0,1,...,p, then
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(i)

(2.5) agh €G, a€R, a>0,
(i)

(2.6) g+ 90 €G,
(iii)

(2.7) gn gt €G.

Proof.

(i) For g, we have Aﬁ]c[h] = 0 and thus Aﬂ]ac[h] =0foraeR,a>0

which means that .
agn(t) = ac; [ 57
i€lh] Jj=1
is c-orthogonal.

(ii) W.Lo.g. we choose h =0, ¢ = 1, i.e., the posynomials

(2.8) 9o(t) = Z & H 7, qu(t) = Z ¢ H t57,
i€fo]  j=1 i€l j=1

where

(2.9) A[j(;]c[o] =0 5 A[J;]C[l] =0.

Since [0]N[1] =0 and [0]U[1] ={1,...,n0,n0+ 1,...,n1} we obtain the
sum of go and g; according to

o(t) = got) + (1) = S T 2.

i=1 j=1
For g we have, regarding (2.9),
T
a1 ai2 .. A1m 1
Angl Ang2 N Anom Cny .
Ono+1,1  Ang+1,2 -+ Gng+1,m Cno+1
Anql Apnq2 e Anqim Cny

T T
= Ajgicpo] + Apyepy = 0.
Thus (2.6) is fulfilled.
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(iii) Let us choose go, g1 again according to (2.8), (2.9). Then

o m ni m
MURACED 9E8 | CAND DY |
-1 -1

i=no+1 j=1

no m m
_ Ang+1,j Qij
=D _cicngs1 [ [ 15 118

i=1 j=1 j=1

no m m
— . Any,j | Qij
—Eczcm”tj Iltj.
i=1 j=1 j=1

Setting
dy = C1Cngo+1y - -+ ;dno = CnyCnp+1,
dn0+1 = C1Cpp42, - - - 7d2n0 = CnyCny+2,
(2.10)
d(nl—l)no—i—l = clc’rL17 oo 7dn1n0 = Cnocn17
and
bij = a1j + ng41,js -5 bng,j = Qngj + Ang+1,5>
bng+1,5 = Q15 + Ang+2,55 - - D2ng,j 1= Ang,j + Ang+2,55
(2.11)
O(ny—1)no+1,5 = @15 + Qny,js - -5 Oning,j 1= Ang,j + Any 55

we obtain the posynomial
1 m
bij
g(t) = go(t) - a(t) = > _di [ 1}
i=1  j=1

For g we have
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b11 . blm dl
b’)’L()]. . .. bnom dno
b(nlfl)n0+1,1 . b(nlfl)noJrl,m d(nlfl)no+1
bnlno,l cee bnlno,m dn1n0
blldl R bnoldno + - b*,ld* + -+ bnlno,ldnlno
(2.12) : ,
blmdl + -+ bnomdno + - b*,md* + -+ bnlno,mdnlno

where

bi1ds = b(ny —1)no+1,19(n1 —1)no+1>
b*,md* = b(n1—1)n0—|—1,md(n1—1)n0+1'

Taking into consideration (2.9) - (2.11), it follows
BTd = (Cng+1 + -+ Cnl)A[z(;]C[o} +(cp+--+ Cno)A[zi]C[l] =0.

Thus (2.7) is satisfied. d

From (2.3) and (2.7) the following assertions can be concluded imme-
diately.

Corollary 2.1. Each posynomial

g(t)=a=const forallte R™, t>0

18 c-orthogonal.

Corollary 2.2. If g is a c-orthogonal posynomial, then g", n € N, is
c-orthogonal, too.
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2.2. Examples of c-orthogonal posynomials

Example 2.1. For t € R?, ¢t > 0, we consider the following two posyno-
mials simultaneously:

go(t) =t + 77,
gr(t) =7+ 213 4+ 363t 2 + 0.

Then
[0] - {17 2}7
(a1 (a1 a2 1 0
cw=(5)= (1) ao= (o o) = (4 0),
1] ={3,4,5,6} ,
C3 1 asy  as2 -1 0
. Cq . 2 . aq1 Qg2 . 0 3
C[l] o Cs o 3 ’ A[l] o as1 aso o 2 -2
Cé 1 ag1 g2 -5 0

Because of A[jll]c[k] = 0, k = 0,1, both of the posynomials g9, g1 are
c-orthogonal according to Definition 2.1.

Using (2.2), we get for gy and g;

(2.13) (ar1,a21)c) =0, (ai2,az2)cp =0,

and

(2.14) (as1,aa1,as51,a61)cp) =0,  (asz,asz, asz, as2)cy) = 0,
respectively.

Since azy = a41 = agz = 0, relation (2.14) can be rewritten as

C3
C
(a31aa517a61) Cs =0, (CL42,CL52) (C;L) = 0.

Ce

Therefore, a partitioning of g; into two c-orthogonal sub-posynomials ac-
cording to (2.4) is justified:

(2.15) gi(t)) =7 43t 175, g (ty) = 25 + 3t5 2.
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From (2.13) we conclude that gg can be partitioned formally into the
two c-orthogonal sub-posynomials (cf. Corollary 2.1)

(2.16) gy(t) =t1 +t7  =go(t), g2(ta) =1-t5 +1-19 =2 = const.

Example 2.2. The c-orthogonal of the posynomial

2

(2.17) gty = >t Y t2|, meN,

it not obvious at the first glance. Reformulation of (2.17) leads to

m m
gt)y=|>_t+2 D ity | [ D t;7?
j=1 i,l:i1<,.e”,m j=1
m m m
P RPN Bl BN N D
i=1 i=1 et i=1

(2.18)

The first term in (2.18) yields

m m
S (Y2 =m+ > @2+,
j=1 j=1

7,0

<L
=1,..., m

where the posynomial
go(t) := m = mt® = const.

is c-orthogonal according to Corollary 2.1. The c-orthogonality of the
posynomial
qi(t) =t + 171

is obvious by (2.3). Therefore, using Theorem 2.1, the first term in (2.18)
is c-orthogonal.
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To prove the c-orthogonality of the second term in (2.18), we simplify
in the following manner:

2 Z tite Zm:t;?
e 7=1

(2.19)

is a c-orthogonal posynomial by (2.3) and Theorem 2.1, it remains to show
that the posynomial

is c-orthogonal, too. For proving this property we use the idea of partition-

ing g3 into sub-posynomials. First, we consider all terms of g3 containing
tl .

g31(t) = t7%ta(ts 4+ b)) F 72 3(tg + - F b)) 4 F ] 1t

bty 2t (ts b)) F (b bt s b )
+t 2t (b A+t b))

By partitioning of g3; into sub-posynomials depending only on exact one
variable t;, 7 = 1,..., m, we obtain with respect to ¢;:

g (t) =672+ 77+ P A

[(m—2)+(m—=3)+-+2+1t;* + (m—1)(m - 2)ty

— (m; 1>t1‘2 + (m —1)(m — 2)ty,
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m—1

2
times in that sum. Taking into account (2.3), we have for gi,

because t] % occurs in gs; ( )—times and t; occurs (m — 1)(m — 2)-

(mz_l)(_2)+(m—1)(m—2)-1=o.

This means that g3, is c-orthogonal.

~ Analogously, one can prove the c-orthogonality of the other sub-posynomials
g3, (t;), 7 =2,...,m, and moreover, of all the remaining sub-posynomials
of gs.

Since both terms in (2.18) are c-orthogonal it follows by Theorem 2.1
that the posynomial (2.17) has this property, too.

Example 2.3. The posynomial

(2.20) g(t) = (itj) (itj_l) —m+ i(tit,;l )
j=1 j=1 i<t

is c-orthogonal because of (2.3), Corollary 2.1, and Theorem 2.1.

Example 2.4. A generalization of the c-orthogonal posynomial (2.17) is
the posynomial

(221) h(t)i= (4 + P (57 + -+ 6,7), t>0, meN, p> 1.
To prove that h(t) is c-orthogonal we use the polynomial expression

(2.22) (it +tm)P = > <k pk )t’flt’;?...tﬁ;”,
Fy bR —p Ly Fom

k; € N. Then (2.21) turns to

p ki—p,k kv
ney= Y <k1 r >t11 pika | ghr
k1++km:p ’ »m
p kl kg—p k?n
+ ) <k1,...,km>t1 the=p | ghr

(2.23)

+ Y (k pk Ytk
1y---5vm
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Now we prove (2.3) for any sub-posynomial of h(t).

Therefore, we consider w.l.o.g. the sub-posynomial

p k1
(2.24) +tm-1) 3 <k1,...7km>t1 .
kit +km=p

To verify (2.3) we get from (2.24) and the well-known relation
p
2.25 ( ) =mr
(2.25) 2 kyvoo k)

the equality

)3 (kl..p.,km><’“1—f’>+<m—1> 2 ( pkm>k1

; klv"':
kit +km=p ki+-+km=p
(2.26)
L B (e
P2 (k:l,...,k:m w3 (g A
ki4++km=p ki4+-+km=p

Setting o := ki, we conclude from (2.26)

(2.27) A= —pmP +m Zm: >

a=0 a+ks+--+km,=p

vkt )
Oé,k)g,...,k}m '

Because of

)DRD D (R

a=0 a+tks+-+km=p
D S e Ly

ol k|
k2+"'+k’rn:p_a 2 m

(p—1)! 3 (p—a)!

< (p— a)l(a—1)!

I
M=

g I
=~

«

kot-t+km=p—a

p
p—1 —« p—1 —-1)—(a— a—
(a—l)(m_l)p :pZ(a_1>(m—1)(p AT
a=1

m—1)+ 1) = pmr 7,

I
NE

Q
Il
_

—~

(
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it follows in (2.27) immediately A = 0, whence (2.3) is satisfied. Thus,
hl(t1) is c-orthogonal.

Analogously, one can prove the c-orthogonality of the remaining sub-
posynomials h’(t;), j = 2,...,m. Therefore, by Definition 2.1 the posy-
nomial h(t) id c-orthogonal.

Example 2.5. The posynomial

I R I
tity .. tm

g(t) :

, me& N,

is c-orthogonal, because for each sub-posynomial (see (2.4))

g'(t) =77+ (m = 1t
g (t) =15+ (m — 1)ty 7,

relation (2.3) is easy to verify:

(m—1)-14+(=1)(m—-1)=0, meN.

3. OPTIMIZATION OF C-ORTHOGONAL POSYNOMIALS

3.1. c-orthogonal posynomial programs

For “classical” posynomial programs a duality theory is established in
[10], and refined, for instance, in [31]. The duality approach described
there is based on the inequality between the weighted arithmetic and geo-
metric mean, related to the following optimization problems:

P, : min{go(t) | t € B,},
(3.1) B, ={teR™ |t>0; gr(t) <1, ke Jp},

where ¢,, gk, k € Jp, :=={1,...,p}, are given according to (2.1).

Py max{v(y) = ﬁ H <

G
k=0ick] 7
(3.2) Bii={yeR"™ |y>0; \(y) =1, ATy =0},

)" k)@ |y e By,
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A
where A\g(y) = > y; and A = : Ay, k€ Jg, described in Section
i€[k] A‘
[

]
2.1.

In the context of geometric programming, P, is called a primal posy-
nomial program and P the corresponding dual program. For further in-
vestigations, P, will be assumed to be c-orthogonal according to

Definition 3.1. Problem P, is said to be a c-orthogonal posynomial
program, if all functions g, k =0, 1,...,p, are c-orthogonal.

Moreover, in [10] it was shown that the programs P,, P, are equivalent
to the following convex programs P, P*.

P min{Gy(z) | x € B},

(3.3) B:={zeR"|zeP; Gi(z) <1, ke Jy},
where
(3.4) Gr(z) == Z cie”, k€ JS,

1€[k]

P is the column space of the n x m-matrix A defined by

ai;r a2 ... Qim A[O]
(3 5) A - a1 Q22 ... QA2m - A[l]
anl anQ PR anm A[p]

The underlying transformation from program P, to program P can be
represented by

(3.6) tpj=e€", j=1,...,m,
and

(3.7) x = Ar,

or, coordinatewise

(3.8) zi=Y agry=W[[t]7 Vie[k], keJp.
j=1

j=1
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The corresponding dual program is

pP* : max{V(y):=Inv(y) | y € B*},
(3.9) B* = B:.

Remark 3.1. If P, is a c-orthogonal program, then P is c-orthogonal, too.

By use of the same matrix A and the same coefficient vector ¢ = (C[Top

.. m&)T for the programs P, and P property (2.2) is preserved.

The purpose of the following theorem is twofold: It gives the minimal
value of any c-orthogonal posynomial and will be used in Section 3.3 to
prove some well-known inequalities or to create some new ones.

Theorem 3.1. Let gi, k € ‘]z?’ be a c-orthogonal posynomial. Then

(3.10) min gi,(t) = g{;} ci =gr(1,1,...,1).

Proof. Since gy, is to consider on the positive orthant of R™ we have

ge(1,1,...,1) =) ¢
1€[k]

Therefore, the minimum value of any posynomial must be less or equal
than the sum of the coefficients:

. i < .
(3.11) rtn>1(r)19k(t) < .62[,;} ¢

For proving equality in (3.11) we use the c-orthogonality of gj.
With the posynomial term (cf. [10])

(3.12) wii=c [[ 67, i€k,
71=1

we form the expression

[T =T [T I e
i€[k] i i€ K]

i [k] ic[k]
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and obtain because of the c-orthogonality property (2.3)
Z a;i1C; Z Aim Ci
(313) H ’U/ZCZ — H fztle[k] t;-s[k] H C
1€ k]

i€[k] i€[k]

Introducing new variables w;, i € [k], according to

(&
3.14 i o — —Wg, h = 7y
( ) U Cw where ¢ .GZ[;}C

the left hand side of (3.13) can be written as
. Cy ]_ C
H (&wl> = (—) Comk R W gk
c c
1€ [k]

By (3.14) it follows

(3.15) H wcl/C =c H cC“/C : H ci_ci/c =c.

1€ K] i€[k]

Since the positive numbers ¢;/c, i € [k], are normalized weights, the well-
known geometric mean-arithmetic mean inequality is valid for w;, i € [k]:

Z —wl > H wcl/c.

1€[k]

By (3.15), (3.14), (3.12) and (2.1) this inequality yields:

-Suzye

i€[k] i€k
and
> i
SRS
Together with (3.11) we obtain (3.10). O

Remark 3.2. Choosing k = 0 (w.l.o.g.), relation (3.10) means that the
point t° := (1,1,...,1)T is an optimal solution of each unconstrained
c-orthogonal posynomial program P,:

min{go(?) | t € By},
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(3.16) B, ={teR™|t>0}.

In Theorem 3.1 nothing is said about the uniqueness of the minimizer
to for an unconstrained c-orthogonal posynomial program. Other optimal
solutions may exist; for instance, the problem

min{go(t) := t3t, 2 +t;%t5 | t € R?, t > 0}

has the optimal solutions t° = (a,a), a € R, a > 0, and its minimum
value is 1;111(1)1 go(t) = 2.
>

For a constrained c-orthogonal posynomial program the following as-
sertions can be shown.

Theorem 3.2. Let the c-orthogonal program P, be given. Then

(3.17) B, # 0 implies :=(1,1,...,1)T € B,.

Proof. Suppose t ¢ B,. Then there exists at least an index k; € J, so
that gg, () > 1. Since each posynomial is assumed to be c-orthogonal, we
conclude according to Theorem 3.1

g, (1) = min gy, (t) = 2{};} ¢ = g, (1) > 1,
1€k

that means there is no ¢ satisfying gy, (t) < 1 which implies B, = 0. O

Theorem 3.3 (Weak Duality Theorem). Let P,, P, be given and let P,
be c-orthogonal. If B, # 0 and By, # 0, then

(3.18) (i) go(t) > v(y) Vte By, Vy € By,
. : -
(3.19) (ii) min go(t) = max v(y).

The proofs of (i) and (ii) are given in [10] for non c-orthogonal programs
and can be applied directly to the case of c-orthogonal programs.

A corresponding theorem is true for the programs P, P*.

Theorem 3.4 (Direct Duality Theorem). Let P, P, be given and let P,
be c-orthogonal, r - int B, # ().
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If t° is an optimal solution of P,, then there exists a dual optimal
solution 30 € B, such that

C;

—, ieo], (3.20)

(i) ?J? = iez[()] '
Me(y0)ei, i€ k], k€ Jp, (3.21)
(i) 9o(t°) = 1in go(t) = max v(y) = v(y?). (3.22)

Proof. (i) Since t° is an optimal solution of P,, we have

(3.23) go(t?) = tréljign go(t) < go(t) Vte By.

Therefore, using the problem P equivalent to P,, relation (3.23) can be
written as

(3.24) Go(z%) = Héig Go(z) < Go(x), Vz e B,

which means that z° in an optimal solution of P. Hence the system
Go(x) — Go(z") <0, Gi(x)—1<0 (keJ,), z€ B,

is not solvable.

Since we assumed r-int B, # (), the equivalent set r-int B is nonempty,
too. It exists an T € r - int B such that G, () < 1 for all k € J,. Now,
applying a standard result of convex analysis (see [38], Theorem 2.1.1) it
follows the existence of a vector (u’, w") € Ry x R, u® # 0, such that

u®(Go(x) — Go(2°)) + Y wi(Gr(x) —1) >0, Va € B.
k=1

W.l.o.g. we assume u® = 1 and obtain on the one hand
(3.25) Go(x) + Y wp(Gi(z) — 1) > Go(2°), Vax € B.

Because of G, (z°) — 1 < 0 it is on the other hand

(3.26) Go(x”) + ) wi(Gr(2®) — 1) < Go(2°), Vuwy € Ry,
k=1
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and thus
(3.27) Go(a”) + ) wp(Gr(z?) — 1) = Go(a).
Using the denotation
p
(3.28)  L(z,w):=Go(z) + > wi(Ge(x) — 1), (z,w)€ B xRE,
k=1

it follows along with (3.25)-(3.27):

(3.29) L(2°,w) < L(2°,w°) = Go(2°) < L(z,w’), Vz € B, Vw e RY,

and moreover, z° € B is a global minimizer of L(z,w") on B x RE.

Consequently, the relation

OL(x,w)

(3.30) .

o =0, iclk], keJ,
0

is satisfied. Since x € P is chosen according to (3.7), we obtain by (3.30)
Gy () o YL o O0Gi(z
0= Z (91132 z=x° 87’q r=r0 * Z Wk Z 8.1’2
and therefore

(3.31) 0= Z azqcle i Zwk Z azqclx i jE Jn.

1€[0] 1€ k]

(9:01-

z=x0 87’(]

)
r=r0

Dividing (3.31) by go(t") we conclude, regarding (3.8), the relation

m 004
ij
j=1

0= tv—x
iefo] > e [T 9™
iefo]  j=1
» ci [T9%
(3.32) + ng Z Qig JZlm . JE I
k=1

i) 3 e [1 )7
i€lo] J=1
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Because of the assumptions r - int B, # 0 and t% an optimal solution

of P, it follows by Theorem 3.1, Theorem 3.2 and the fact that B, C R
contains the element (1,1,...,1)7T:

mlngO( ch—go ) 7;1)

teB,

That means, the optimal solution ¥ can be chosen as t° = (1,1,...,1)T,
Thus, equality (3.32) leads to

p .
(3.33) o—zazqzc +Zw22am%, 7€ Jm.

1€[0] i) k=1 1€ (k] i€[0]
Hence the vector y° with the coordinates
( C; .
e |0 3.34
o il (334)
i€[0]
yP = 9 wle;
-, € lkl, ke J,. 3.35
Z ci [ ] p ( )
L €[0]

satisfies the so-called orthogonality condition of Py
(3.36) ATy =0.

Moreover, regarding in (3.2) the denotation for \;, k € Jg, we obtain
immediately from (3.34) and (3.35)

(3.37) M@ =) w =1,

1€[0]
wg > e
(3.38) M) =3 g0 = Z;M ke,
€0l i€[0] “

respectively.
From (3.34) it follows

(3.39) y) >0, Vielo.
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Since wi € Ry, from (3.35) we infer
(3.40) y) >0, Vielk], ke Jp,.

Thus, the vector y° satisfying (3.36), (3.37), (3.39), (3.40) is an element
of By. Furthermore, from (3.27) we conclude

wi(Gr(z°) — 1) =0, Vk € J,,
and by (3.8) we have
(3.41) wi(gr(t®) — 1) =0, Vk € J,.

Thus, for t° = (1,1,...,1)T it follows

(3.42) wigr(t?) = wy Z ci=wy, ke,
i€ k]

and (3.38) yields

(3.43) Me(y°) = -, VkeJ,

Therefore, the vector y° according to (3.34) and (3.35) has the presentation
(3.20) and (3.21), respectively:

(&) .
€ 10},
s i€l

y? = i€[0]
e (y9)es, i€ k], ke Jp.

(ii) Since
. ZCZ P . ci)\k(yo)
Cz . C’L 0]
0= TL(E o) T ()™
icjo] " ielo] k=1icfk) R
P 0]
_ 0\A
— Z H H /\k(yO) e (y0) ")
1€[0]  k=li€lk]

I
o
3.
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we have go(t°) = v(y°). Using (3.18), we conclude v(y°) > v(y) Vy € By,
therefore (3.22) is satisfied. O

Theorem 3.5 (Inverse Duality Theorem). Let P, P7 be given and let P,
be c-orthogonal, and let r - int B, # 0. If y° is an optimal solution of P;
then there exists a primal optimal solution t° € B,, such that

ﬁ £ o
Ci i = 0
iy W) S k], k€ J,, where A\x(y°) > 0,

(i) v’ = max v(y) = mnin go(t) = go(t?).

Proof. (i) Since 3° is an optimal solution of Py, we have

v(y°) 2 vly), Vye By,
and therefore

V() > V(y), Vye B
Hence, the system
V(y°) = V(y) <0, (3.44)
ATy =0, ( )
Ao(y) —1=0, (3.46)
—Ae(y) <0, VkeJ, ( )
\ y € B*

is not solvable.

Since the function in (3.44) and (3.47) are convex (see [10]) and the
functions in (3.45), (3.46) are affine, there exists a vector (using a standard

result of convex analysis, see [38], Theorem 2.1.1) (n°, p° 1%, 7%) € Ry x
R™ x R x RE, n° # 0, such that

770(‘/( )+ Zp] ( Z a;5Yi + Z Z az]%)

i€[0] k=1i€k]
(3.48)

p
Oo(y) —1) = > mAk(y) =0, Vye B
k=1
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W.lo.g. we assume 1 = 1 and use the denotation
L*(y, p%, 1%, 7%) = V(y) + Ai(y) + Az (y) + As(y),

where

Ai(y) == — in:[)?( > aijyi + zp: > aijyz')a

1€(0] k=1:i€[K]

Then (3.48) yields
V(y) = L*(y.p", ", 7%), Vye B".
Because of (3.45)-(3.47) it follows
Ly pu,7) 2 V(y"), Y(p,p,7) € R™ x R x RIL.
Therefore, we obtain
(3.49) V() =L*(y° 0% u’, 7%,
and moreover

L*(y°, pypu,7) > L*(y°, p°, 10, 7%) = V(3°) > L*(y, p°, u°, %),
V(y,p,p,7) € B* x R™ x R x RE,

i.e. y° € B* = B} is a global minimizer of L*(y, p°, u°, 7°) on B} x R™ x

R x R”. Consequently, the relation
OL*(y, p°, n° 7°)

Y Yi=yy

=0, i€lk], ke

must be satisfied.
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Since the partial derivatives of V(y), Ai(y), Az2(y), As(y) are given
according to

oV (y) Ci 0 . 0
=1In— )\ kl, keldJ
ayz yi:y? n y() k(y )7 1 e [ ]7 e Do
0A1(y) 0 : 0
= - jUigs k ) k J )
T ijaj i € [k] € J,
8A2(y) 0 .
—_— =—U, 1 € 0],
Oy lyi=y? a 0]
04s(y))  _ o i€k, ke,
3yi yi=y?

we obtain the formulas (taking into consideration \g(y°) = 1):

OL*(y, p°, u°, 7%)

3%‘ Yi=yy

In < ij ai; —p =0, i € (0], (3.50a)
JR— /L j 1

ln— Ak (y Zp]az] +710=0, iclk], keJ,.  (3.50b)

Setting p := —Int}, j = 1,...,m, it follows from (3.50a) and (3.50b)

m
(3.51a) ¢ H t?aij — eyl +u® _ ydeto 4 e[0],
i Qij In i—‘ro yo 0
(3.51b) o JJ9" =m0 T = Wzyo)e—n, i€ k], ke,
respectively.

Summing (3.51a) and (3.51b) over all i, we get

(3.52a) =Y ¢ H $0%7 = o’

i€l0]  g=1
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and

(3.52b) ) =3 [0 =™, ke,
ielk] Jj=1

respectively.

From (3.52a) it is easy to see that
g0 (to) >0
and by the assumption 7p € R for all k € J,,, from (3.52b) it follows

g (%) <1, VkeJ,.

So the existence of as feasible t° € B, of the assumed c-orthogonal
program P, is shown.

In this case, by Theorem 3.2 we conclude that (1,1,...,1) € B,,.
Applying Theorem 3.1, we have (because of B, C R")

(3.53) min go(t) = Y ¢; = go(t°).

teB
P i€[0]

Therefore, identifying t° as minimizer, from (3.53) we conclude

(3.54) I[85 =1 vielo].

j=1

Thus, (3.52a) becomes

(3.55a) Z ¢ = e’

1€[0]

Furthermore, taking into account the feasibility of 3°, from (3.49) we get

Since 79 > 0, Ak (y°) > 0 for each k € J,,, we obtain 7P A\ (y") = 0 Vk € J,,.
Hence 77 = 0 if M\x(y°) > 0, k € J,,, and in that case (3.52b) leads to

(3.55b) g, (t%) = Z ci Zt?a” —e =1, ke Ip.
i€lk]  g=1
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Substituting (3.55a) and (3.55b) into (3.51a) and (3.51b), respectively, it
follows assertion (i):

v > c, i €10], (3.56a)
ﬁto‘“j o
67} j = 0
, Yi -
j=1 SROOR i € [k], k € J,, where A\x(y") > 0. (3.56b)

(ii) By (3.56a) and (3.56b) we get for dual function v of Pj:

Ci Z Ci .
o) = 1 (- )“HH( ) O,

i€l0] ¢ H 9997 k=tiek] “e; [ 19" Ar(y0)
=1

1=

3

Taking into consideration that Ao(y°) = 1 and ATy? = 0 for 3° € B,
(3.57) becomes

(3.58) v(y?) = Z Ci -

Together with (3.53) it follows

o(y”) = max v(y) = min go(t) = go(t"),
p

and by (3.18) we have
go(t) > v(y°) = go(t°) Vte B,,

which means that t° is an optimal solution of the c-orthogonal program
P,. O

Corollary 3.1. Let the assumptions of Theorem 3.5 be satisfied. Then
the assertions

> G
X 7 16[2} ,ieo], (3.59a)
— yo 1
— s ielk], ked, (3.59Db)
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are true if and only if

(3.60) [[5% =1 viek, ke,
j=1

Proof. Let (3.59a), (3.59b) be satisfied. Then by (3.56a), (3.56b) it follows
immediately (3.60).

Since (3.60) is fulfilled by (3.53), from (3.56a) and (3.56b) we infer
(3.59a) and (3.59b), respectively. O

Remark 3.3. For “classical” posynomial programs assertion (i) of Theorem

3.4 and Theorem 3.5 has the following presentations, respectively (see
[10]):

Ci ﬁ £y
j=1’
(i) =19 9@

Ae(y®)es TT 697, i€ k], ke Jp,
j=1

i € [0],

m - y?“(yo)a (NS [0]7
(i) o Ht?a” _ .
7=1 Me(y0)

3.2. Examples

i € k], k € Jp, where A\i(y°) > 0.

Example 3.1. Let be given
P, :min {go(t) := 265tat3 +t; %5, %t5° | t € B, }

1 1
By= {te R 1> 0, 0t) = jutdt !+ 3% < 1)

Since go, g1 are c-orthogonal posynomials, the program P, is c-orthogonal.
Moreover, because of £ = (1,1,1)T € B, by Theorem 3.1 we get

go(to) = Z C; = 3

1€(0]

Therefore, t° = ¢ is one optimal solution of P,. To obtain all primal
optimal solutions, we use Theorem 3.5. Solving the system ATy = 0,
)\O(y) =y +yY2= 17 Yy = 07 where

2 4 1 -1
AT=11 -2 2 -2
3 -6 -1 1

)
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2 1
Wegety1=§»y2=gvyszoé,yzxza-

Thus, the dual feasible set is
2 1
By={yeR" |y= (5.5

and for each y € B we have v(y) = 3 which means that each y € B} is a
dual optimal solution.

T
,o,o) +a(0,0,1,1)7, a> 0},

Therefore, by Theorem 3.5, (i) we get

2
2Ttots = 33=2
1

(3.61) 745250 = 33=1,
1 Q 1

—ttitst = — ==

g 12 20 2

1., 5 « 1

My = — == -

21 28 T o T2

Solving (3.61), we obtain the set of primal optimal solutions:
BY:={t"eR® |0 =p,13=0"%13=04"7, 3>0}

One can see that for 3 = 1 the point Z is an element of BJ). From (3.61)
it is obvious that

185 =1 vielk], ke,
j=1

Therefore, by Corollary 3.1 we have

> e 2-3 i=1
L0 €0 ) 3.2 ’
' Ci —1'3 1 =2
3-1°7 ’a
T , =3,
cide(y?)  clys + i) @ =4
%-204

Example 3.2. Let be given
P, :  min{go(t) :=3t3t;% +15t;° | t € B, },
B,:={tcR*|t>0, gi(t) :=t7" +t; < 1}.
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Since go, g1 are c-orthogonal posynomials, the program P, is c-orthogonal.
But B, = () because (1,1)” ¢ B, (Theorem 3.2).

Example 3.3

min{go(t) := t] otz +t1t; '3t | t € B},

1 1 1
B, = {t eR®|t>0, gi(t) = §t1t2_2t3 + Zt;Stgtgz + Jhita < 1}.

Since go, g1 are c-orthogonal posynomials, the program P, is c-orthogonal.
It is easy to see that £ = (1,1,1)7 € B,. Therefore by Theorem 3.1 we
have

ggg;go(t) = Ez[g] ci =2=go(t).

To prove whether t° is unique or whether a set of primal optimal solu-
tions exists we use Theorem 3.5. Solving the system

-1 1 1 -3 1

ATy — 1 -1 =2 3 1 (y17y272/3,y47y5)T = 0’
1 -1 1 -2 0

Mo(y) = y1 +y2 = 1, we get the following dual feasible set:

11

T
B = {yeR5 |y = (5,5,0,0,0) +a(0,0,2,1,1)7, azo}.

For each y € B;, we have v(y) = 2 which means that y € Bj is a dual
optimal solution. Since

1 .
WY c=52=1 i=12

1€[0]
vo 20 )
ez (y) l Aoy 7
2
cad(y®) oAy 1o,
4

we obtain by Corollary 3.1 relation (3.60). Solving (3.60) it follows that
t% = (1,1,1)7 is the unique primal optimal solution.
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3.3. Inequalities

Example 3.4. Let ABC be a triangle with the vertices A, B, C, being
centres of three outside touching balls with the radii ¢1, to, t3, respectively
(Fig. 1).

Fig. 1

Introducing the angles ay = ZCAB, ag = ZABC and a3 = ZBCA,
the inequality

(3.62) cot2%00t2% + cotQ%cotQ% + cotQ%co‘f% > 27 =33

can be proved by solving the following unconstrained c-orthogonal posy-
nomial program:

min {g(t) = () F o+ t3)2(t 2+t +137) [ teR3, t > 0}.

By Example 2.2 it was shown that g is c-orthogonal, and applying Theorem
3.1 we get immediately

(3.63) rtn>iglg(t) =g(t°) =27, where ¥ =1 =13

Therefore, inequality (3.62) is proved if its left hand side can be identified
with g(¢). For that purpose we write (3.62) as

a1 o QX2 2 (X1 2 (X3 2 (X2 2 (¢3
cot? —cot?—= + cot®? —cot®?—> + cot® —=cot? —
2 2 + 2 2 + 2 3
o o o
tan? — + tan2—2 + tan? —
2 2 2
_ 3
(3.64) = aq Qs as > 3°.
tan2— tan®— tan®—
2 2 2
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Using the abbreviations

q:=11 +1t2, 7:=1a+ 13, s:=11 +13, v:i=1; + 12+ 13,
one obtains by the cosine-theorem

24 g2 g2
cosalzT;

together with cos2a; = 2cos? o — 1 it follows

5 01 1+ cosaq vty . 9 0 1 —sinoy tots
cos" ——= ———7—" = —, sin® — = = .
2 2 qs 2 2 qs
Thus we have
(3.65)
a tot a tit a it
tan?— = =3 and analogously, tan?— = 3 , tan? — = L2 .
2 vt 2 Vg 2 vig

Then (3.64) becomes

_ 2 itats (t72+t52+1t37)
titats

A =(ti+ta+13)2(L° + 157 +157) = g(t).

The result t§ = t§ = tJ in (3.63) is equivalent to a; = as = ag which
means that the triangle is equilateral. For that case in (3.62) equality
holds.

Remark 3.4. Inequality (3.62) can be found in [28], p. 183, by modifying
and combining 6.23 and 6.24, or by using a comment of W. Janous in [28],
p. 169, (2’), for the case n = 0, p = 2. Of course, (3.62) and thus (3.64)
can be generalized to the inequality ([28], p. 169, (2’))

3
> tan? 22
=1 2 +1
(3.66)  —— >3, p> 1
I1 tanr 2
i=1 2

The proof of (3.66) can be given like that one of (3.62). Taking in (3.65)

tanp%, j=1,2,3p>1,
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we conclude from (3.66)
(3.67) g(t) i= (t1 +ta +t3)P(t; P+t 7 +t57) > 3P+,

Because in 2.2., Example 2.4

was shown to be a c-orthogonal posynomial, the validity of (3.67) follows
immediately by Theorem 3.1.

Moreover, using Theorem 3.1 once again, it follows
(3.68) h(t) >mPT, meN, p>1.

Inequality (3.68), rewritten, yields

t tm \ P
(3.69) <u> >t . m

m TP

which means that for any p > 1 the p-th power of the arithmetic mean of
the variables t; > 0, j = 1,...,m, is not less than the harmonic mean of
their negative p-th powers.

Example 3.5. To prove the inequality
(3.70) 3t2 4 213 + 15 > 6tytats, Vt; >0, i=1,2,3,
or, equivalently
(3.71) go(t) := Btyty gt 27 gt ey > 6, Vit >0,
one has to check whether the posynomial gg(t) is c-orthogonal. Since
1 -1 -1
Aley =0, where Ay = [ =1 2 1|, ¢ =(3,2,1),

-1 -1 5

this property is fulfilled according to Definition 2.1. Therefore, by Theo-
rem 3.1 we conclude rtn>161 go(t) = 6, which yields (3.71) and so (3.70).
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Example 3.6. To prove the well-known geometric mean-arithmetic mean
inequality in its most familiar form

(3.72) (1'11'2...33,71)# < —(r14+x2+ -+ xp), v, >0, meN,

1
m

1

first we set :I;f :=t;, m € N. Thus, (3.72) is equivalent to the inequality

NE

i

<.
I
_

—s

<
Il
-

Since g(t) is a c-orthogonal posynomial (see Example 2.5), by Theorem
3.1 we conclude Ig;igg(t) =m.
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