ACTA MATHEMATICA VIETNAMICA 289
Volume 21, Number 2, 1996, pp. 289—294

A REMARK ON DIFFERENTIAL OPERATORS
OF INFINITE ORDER

HA HUY BANG

ABSTRACT. In this paper we give a necessary and sufficient condition for
a linear differential operator of infinite order to act invariantly in the space
of distributions with compact support.

Let P(&) be a polynomial in £. The solvability and related problems of
the differential equation
P(D)h = f

in the space &' = £&’'(R") of distributions with compact support have been
studied by B. Malgrange, L. Hormander, V.P. Palamodov and others (see,
for example, [1-3]).

The aim of this paper is to study the same problems for differential
operators of infinite order. Let {a,} be a sequence of complex numbers.
We put

AD)=>" auD"

a>0

and consider the solvability in £’ of the equation

(1) AD)h = f .

To study (1) we have to understand the action of the symbol A(D)h on
test functions ¢ € C°°(R™). The first thought came to our mind is that:

Received October 7, 1995

1991 Mathematics Subject Classification. Primary 46F05, 46F10.

Key words and phrases. Linear differential operators of infinite order, Distributions
with compact support.

Supported by the National Basic Research Program in Natural Science and by the
NCNST “Applied Mathematics”.



290 HA HUY BANG

< A(D)h,p > =< h, Y (-1)I*la DY > |
a>0
but the series > (—1)®la, D¥p(z), in general, does not converge. There-
a>0
fore, we have to define < A(D)h, ¢ > by other ways. We present here one
of the possible solutions:

Definition 1. By A(D)h we denote the weak limit of the sequence

(2) Z anD*h, N — o0,
lal<N

i.e., if it converges in o(&’,€) to some g € &’.

Define now conditions on {a,} so that sequence (2) converges in
o(&,E) for all h € &'. It follows from the definition of the Fourier trans-
form that

(S aaDhp)y = {( 3 aat)h(e), (F7'0)(©))

la| <N |a| <N

for any ¢ € C'°°. Therefore, if sequence (2) weakly converges to g, then

(D2 aath(©) . (FT)(E)) = (3(6), (FT10)(©)) » N — oo

lo| <N
for all ¢ € C>°(R"). Hence, for p(z) = e~ n € R™ we get

(F~lo)(€) = (2m)7"8(§ — n)

and then

(> aan®)h(m) — g(n), N —oo.
|a|<N

Putting h = ¢, i.e., fz(n) = 1, we obtain
g (o) = o
la|<N

for any n € R™. Then A(§) = > an,&” is an entire function.
a>0
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So, in order that the sequence (2) converge sin o(&’,€) forall h € &', it

is necessary that A(§) = > a,&® is an entire function, and if g € £’ is the
a>0

weak limit of the sequence 3 aqD%h, N — oo, then A(£)h(€) = §(¢)
la| <N
for all £ € R".

We define now conditions so that A(D) acts invariantly in &£’.

Theorem 1. Let A(§) be an entire function. Then A(D) acts invariantly
in & if and only if there exist numbers C, M,r < oo such that

(3) |A(z)| < C(1 + |2 )M exp(r|Imz|) ,z € C™ .

Proof. (=). Put h(z) = (2r)""6(x). Then F[A(D)h] = A(£)h(€) =
A(€) € F(&'). Therefore, by Paley-Wiener-Schwartz theorem [1, p. 220],
we get (3).

(«<). Let the entire function A(z) satisfy (3). Then for any h € £’ it
follows from the Paley-Wiener-Schwartz theorem that

1h(z)| < C1(1+ |2))Mr exp(ry[Imz]) , z € C"
for some numbers Cy, M7,r; < co. Therefore, taking into account that
|A(z)ﬁ(z)| < COL(1 + |2z)M T Miexp((r 4+ 71)|Imz|) , z € C"

and Paley-Wiener-Schwartz theorem we get what we have to show. The
proof is complete.

Further, let K be a compact in R™. Denote by £'(K) the space of
distributions with support contained in K.

We define now conditions on entire function A(€) so that A(£)h(€) €
F[E'(K)] for all h € &'(K).
Theorem 2. Let A(§) be an entire function and K - a compact in R™.
In order that A(§)h(€) € FIE'(K)] for all h € E'(K), it is necessary and
sufficient that A(§) is a polynomial.

Proof. We only need to prove the necessity. We shall begin by showing
that for any r» > 0 there exist numbers L, M < oo such that

(4) |A(2)] < L(1 + |2])Mexp(r|Imz]) ,z € C™ .
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Assume the contrary, that there is a number r > 0 such that for any m > 1
there exists a point 2" € C" such that

(5) AE™)] = m(1+ |27 exp(rlimz"]) , m > 1,

where 2" = (21",...,20"), 2t = a" + iyt k=1,...,n.

~

On the other hand, it follows from A({)h(§) € F[E'(K)] and Paley-
Wiener-Schwartz theorem that

(6) |A(2)h(2)] < C(1 + |z))NexpH(Imz) , z € C"

for some constants C, N < oo, where H(t) — the support function of K.

Further, by virtue of the continuity of A(z) we can assume that (5)
holds for |y™| > 0,m > 1. We represent

and take from {y™/|y™|} a convergent subsequence. For simplicity of
notation we may assume that {y™/|y™|} converges to some point y*.
Clearly, |y*| = 1.

We choose 1 € K such that

(7) H(y*) =supty™ =ny* .
te K

Taking into account of h(z) = (27) "6(z —n) € £(K) and h(¢) =
exp(—ing), and combining (5) and (6), we get

m(1 4 [2™])"exp(r|Imz""|)exp(—inz"")

= m(1+[2"])™exp(r|y™|)exp(ny™)

< [A(Z™)h(z")]

< C(+ ") expH (y™)

y'm
= C(1+ |2™)Nexp(sup |y |-t
(147 Vexp (sup |y 7 )

m

®) =l Nes(suply Iyt + (o~ vT)

Put my = max{C, N}. Then it follows from (8) that for m > m,

m

* y *
exp (rly™ | +ny™) < exp(sup [y |(y"t + (L = y")t) |
teK ly™|
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which is equivalent to

m X ym %
rly™| 4+ ny™ < sup |y I(y t+ (o — )t)
teK |?/ |

* y *
= ly™ SUP(?/ t+(— —y t> , m 2> mg .
| |teK (|ym| )

Therefore, by virtue of (7) we get for m > my

y™ ym
r+—— <sup (y't+ (=— —y")t
] < o W (g~
ym
< supy*t + sup(—— — y*)t
teK teK(|ym’ )
=ny* + sup(—— — y*)t
1 teK(| ™| )
By letting m — oo we have
r+nyt <ny*
because of
y™ y™
sup(—— *)t§ |——y*|sup\t\ —0, m—oo.
ek |y™| ly™| teK

Therefore, r < 0, which is impossible. So we have proved (4).

It follows from (4) and Paley-Wiener-Schwartz theorem that A(&) is the
Fourier transform of a distribution with the support contained in the ball
B(0,7). Then since r > 0 is arbitrarily chosen, we get that the distribution
F~1A concentrates on the origin {0} of coordinates. Therefore,

<F7'A p>= Z baD%p(z) , © € CF(R™)

lo| <k

by virtue of Theorem 2.3.4 [1, p. 64], where k is the order of the distribu-
tion F~!A. Hence,
A©) = D bat™,

|l <k

ie., an = ba,|la| < k and a, = 0,|a| > k, because A({) is an entire
function. So we have proved the necessity.
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Remark. Let K be an arbitrary compact in R". It follows from the
obtained results that if A(D) is a differential operator of infinite order
then A(D) cannot act invariantly in &'(K). Furthermore, let f € &'(K)
(or € &) and A(£) be an entire function of exponential type. Then,
clearly, equation (1) has a solution in £'(K) (£’ resp.) if and only if
F(€) = A(§)g(€), where F~1g € £'(K) (& resp.).
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