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ON THE GEOMETRIC COMPOSED VARIABLE
AND THE ESTIMATE OF THE STABLE DEGREE
OF THE RENYI’'S CHARACTERISTIC THEOREM

TRAN KIM THANH, NGUYEN HUU BAO

1. INTRODUCTION

Let X1, X, ... be nonnegative independent identically distributed ran-

dom variable, P{X; > x} = F(z), F(z) = 1 — F(z), and E(X;) =
/xdF(m) < 400, j = 1,2,... and let N be independent of X;, j =

R
1,2,... with the geometric distribution function, i.e.
P{N=k}=p(1l-p)* ', k=1,2,... (0<p<1).

N
In [1], the random variable z = ZX ; is called the geometric composed

j=1
variable of X;_s. Put

(1.1) G(z) = P{z <z}, Gy(z) = P{pz <z} and G,(v) = P{pz > z}.

Renyi [3] characterized the exponential distribution by proving the fol-
lowing two assertions:
(i) lim Gp(x) = e~ %,
p—0

(ii) Gp(z) = F(z) < F(z) = e~ *.

We will consider the stability of this theorem.

Suppose that p(t), ¢.(t) and ¢, (t) are characteristic functions of F'(x),
G(z), Gp(z), respectively. Then, if a(z) = | Pz , (g = 1—p) is the

generating function of N, we have (see [2])
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. __pe(t)
(1.2) Pe0) = alelOl =72 ap(t)
_ _ _ pp(pt)
Pp=(t) = p=(pt) = alp(pt)] = m )

We will distinguish two cases:

1. F(z) is a e-exponential distribution, i.e., 3T() > 0, T(e) — oo
when ¢ — 0, such that

(1.3) lp(t) — wolt)| <€, Vt:|t| <T(e),
where
(1.4) polt) = 1 -

2. Gp(z) = P{pz < z} is the e-exponential distribution function, i.e.,
IT'(e) > 0, T'(e) — oo when € — 0, such that

(1.5) |0p2(t) = wo(t)] <& Vi Jt] < T(e),

where ¢,,(t) and ¢o(t) are the characteristic functions from (1.2) and
(1.4).

2. STABILITY THEOREMS

Theorem 2.1. Assume that F(x) is a e-exponential distribution function.
Then we have

(1) lep=(t) = po(t)] < ;

T
: Vt:yt\gﬁ-
p

I m

(2.1) ]

(i) MGy Fp) = max{ﬁ ; ﬁ

} (with T'(¢) as above),

where Fy(x) is the exponential distribution function and G,(z) as in (1.1)
and

. 1 1
MGy Fo) = min { max [ max o lop: — o(t)]; m} }
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Proof. (i) From (1.2), (1.4), we have the following estimations

(2.2) p=(t) — @o(t)] = lw=(pt) — wo(t)]
| pe(pt)
T —gppt) %(t)‘
pp(pt) 1

1—qp(pt) 1—it
_ |pe(pt) —it-pp(pt) — 1+ qp(pt) ’ _

[1 — qp(pt))(1 —it)

Let r(t) = ¢(t) — wo(t). According to (1.3), there exists T'(¢) with
T(e) — +oo when € — 0 such that |r(t)] < e Vt: |t| < T(e). Therefore

T(e)

(2:3) Ir@h)] = le(pt) = polpt)] <& VE: ] < ==

Hence, from (2.2), we get

(1 —ipt)[po(pt) + r(pt)] — 1
|0p=(t) = o (t)] = ‘ = z't())[l — qp(pt)] ‘
:‘l—ipt ' 7(pt) ‘
L—it | 11— qp(pt)
RV R i 0
VIitez  [1—qp(pt)|

Notice that /1 +p22 < V1 +t2andVz € C,1—q < 1—qlz| < |1 —qz|.
So,
0<1—-gq<1—qle(pt) <[1—qp(pt).

Thus,

242
(2.4) V1+p*: o |r(pt)] < |7(t)] < f % v < T(e)
VI+t2 [1—qppt) " 1—-q~ 1-q p P

(ii) Since F'(z) is a e-exponential distribution function, by (1.3) we can
find T'(¢) such that

2.5 £ — oot < e.
(2.5) ltg%)lw() wo(t)] <e
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Using (2.4), we obtain

3he(t) = 0(0)ls 75}

max{ max
[t|I<T(e) 2

<max{ max 2lop(0) ~ colt)]: 7 }
—~ max |t|1/2% 2 SOPZ 900 9 T(E)

gmax{gp;ﬁ}-

Therefore,

MNGp; Fp) < maX{Qip , %&)} .

This completes the proof of Theorem 2.1.

Theorem 2.2. Assume that 9 = Elz;| < 400 and F(x) is the e-
exponential distribution function with T'(e) as in (2.5) which satisfies the
condition T'(e) = 0(e~%) (for some a and e sufficiently small). Then

,O(Gp; F()) < Clcfa + 02€|l7l€|,
where C1, Cy are the constants independent of € and

PGy Fo) = sup |Fy(a) = Fola)]
zER?

Proof. At first, since Fy(x) is exponential distribution function,

e ", x>0,
0, x < 0.

Fy(o) = {

Hence, sup Fjj(z) = 1. Using Esseen’s inequality (see [1]) with ¢(x) and
Fy(x) we get

T(¢)
1 ¥ z(t) — SDO(t) 24
) < = ‘ P dt F!
—T(e)
24
=]+ —

7T (g)’
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where T'(¢) is defined by (1.3). Hence

T(e)
1 _
[ / ‘sopz(t) @o(t)‘dt
s t
—T(e)
1
:—[ / dt+ / ...dt}
T
[t] <6 d<|t|<T (e
1
= (1 +1
7T( 1+ 12),

for some number 4, 0 < 6 < T'(¢), which will be chosen later.

In order to estimates I1, we put

- [ [

(2.7) f=0
fﬁ:/ﬂﬂ%;h@
[t]<é
Then we have
(2.8) L <I7+I7".
Since there exist the moments pg = Elz;| = 1; j = 1,2,..., there exist

also the moments p, = E|z| and p,, = E|pz|. Hence

. (t) — 1| < pslt|, VteR;
lop=(t) = 1| < pp. VEER.

Therefore
|t
i< [ et =
<4
(2.9) = t
< / ’““‘)T"'dtzw (1o = 1).
ti<s

Using (2.8), (2.9), we obtain
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In order to estimate I, we notice that if F'(x) is a e-exponential func-

1
tion, then from (2.1) with 7"(¢) = -T(e), and T'(e) > T'(e) (so that
p

€
|p=(t) — po(t)] < 5 Vit < T7(e)), we get
I, < |...|dt
5<[t|<T(¢)
<= / Lt
P |t]
S<|t|<T" (e)
2 T/(E)dt 2 T’
== / —:—sln< (8)> .
D t p )

)

If we choose 6 = ¢” for some 3 > 0, we will have the following estima-
tions:

2 |, T'(e)
I <201+ pps)e?, I < 55’111 = ) :
By using (2.6), we conclude that
24
s Fo) <1
PGy o) < T+ 2y
1 24
< —(I; + I —
- 77( 1+ L)+ 7+ T (e)
1 2 | T'(e) 24
< 2201+ )R] + = ‘1 ‘
- 77[ (14 pip:)e ]+p7r€ e +7TT(5)
= K(e),
where K(¢) — 0 when € — 0.
T
If T(e) =0(e~®), then T'(e) = 1()5) =0(e™*) and

C
K(e) = Chef + 025‘1nw—j5‘ 4 Cue®,

where C1, Co, C3, C4 are the constants independent of €. Since 0 < § <
T'(e) we can choose § > a. Then

K(g) < C1e® 4 Caellne 2P| + Cue® < &16% + Eellne].
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This completes the proof of Theorem 2.2.

Theorem 2.3. Assume that G,.(z) is a e-exponential distribution func-
tion for some sufficiently small €. Then

(i) F(z)isa (

(2.10) p—as

.. € 1
(il) A(F; Fp) < maX{Z(p—qg) ;pT(g)} ,

)— exponential distribution function

where T'(e) is defined as in the definition of the e-exponential function
Gp:(x).

Proof. (i) According to the hypothesis, for a given ¢, there exists T' = T'(¢)
such that

|0p=(t) = o) = [r()] <& Vi |t] <T(e),

(2.11) }
]r(gﬂ <e Vi:l|t| <pT(e).

By (1.2) we have

_ pp(pt)
Pp=(t) = T—qo(pt)

- Ppz (t)
Plpt) = P+ app:(t)

and

Hence,
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U
SOPZ(E) 1

p+ qsapz(%) 1 —1u

() = po(w)] = |

u s u u
Dpx (];) — Zusopz(];) — D= qpp-(—)

p”

B ‘ (1 —iu)[p + qps ()]
(2.12) b

[T(%) +¢o(%)}(p—w) —p Ip—iUIlr(%)}

) (l—iu)[p—i-qgopz(g)] ‘:(l—iU)[erqsopz(%)}

3 \T(%ﬂ
e+ qsopz(%)l

We notice that for all complex numbers u,
|u| > max{|Imul; |Reul}.

Therefore,

p+ qsopz(%)\ = |p+ q[r(%) + wo(%)ﬂ

qp?

pq
7 |

=lp s

+ +
q’l"(p) U

2Re{p+ +qr(p)+w

P +q° p? +u2}‘

(2.13) Zp—q\Rer(%ﬂ

>p—qe, Yu:|ul <pT(e).

From (2.11), (2.12) and (2.13) we can derive (2.10).
(ii) This follows directly from (2.10) and the definition of the metric

A,
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