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ON A CLASS OF NONLINEAR ELLIPTIC EQUATIONS
AND BOUNDARY VALUE PROBLEMS
IN THE LIMIT DOMAIN

HOANG QUOC TOAN

ABSTRACT. In this paper we study the boundary value problem for a class
of high order nonlinear elliptic equations in the bounded domain Gy with
smooth boundary I'g in the space R"™ where the domain () is considered
as a limit (in some sense) of the family of domain {Gt} which depend

smoothly on a parameter { € [0, T] in S. G. Krein’s sense when { tends
to 0.

1. INTRODUCTION

Let Gy be a bounded domain with sufficiently smooth boundary -y
in the space R™. Let us consider a differential elliptic operator L(z, D)
of order 2m and a system {Bj(z, D)} of linear differential expressions of
order mj, j = 1,2,...,m, m; < 2m — 1, with smooth coefficients in the
domain Gy. We consider the following boundary-value problem:

(1.1) L(z,D)u(x) = h(z,u) + f(z) on Gy
(1.2) Bj(z,D)u(z) = g;(x) on Ty (j=1,2,...,m)
where h(x, u) is an expression of u(z) and z, f(z) and g;(x) (j =1,2,...,m)

are functions given on Gy.

In the linear case, results on boundary value elliptic problems in general
form are well-known. These results and their methods have been extended
to classes of nonlinear equations. Among the methods used for nonlinear
differential equations, the iterative method is the best known one which
has often worked for “regularization” of the problems. Results of this
nature may be found in [1-5].

The aim of the present paper is to study the existence and the unique-
ness of solution of the problem (1.1) (1.2) under suitable hypothesis for
h(z,u) and f(z) is a function of a space with weight H(Gy) (see [10]).
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First of all let us mention some results which will be applied to our
arguments. We consider in the domain Gg a family of domains {G,} with
boundaries {I';} smoothly depending on a parameter ¢ € [0,7] in S. G.
Krein’s sense (see [6] and [7]), where 0 < T < 1. Assume further that

(1.3) Gi— Gy as t—0

(Therefore (1.1) (1.2) is called the boundary value problem in the limit
domain!).

Assumption I. Assume that in each domain Gy, for ¢t € [0, T, the bound-
ary value problem

(1.4) L(z, D)u(x)
(1.5) Bj(z, D)u(x)

f(x) on G
gj(x) on T}
(G=1,2,...,m)

is a boundary value elliptic problem. Furthermore, for u(z) € H*™$(G,),
s > 0, the following a priori estimate

16) [l anseiony < Il oy + S Bstl o m 3o}
j=1

holds, where C' is a constant.

It follows readily from the a priori estimate (1.6) that the problem
(1.4)-(1.5) in each domain G, for ¢ € [0, 7] has a unique solution.

Let us first make the following remark.

Remark. In general, the constant C' in the a priori estimate (1.6) depends
ontel0,T],ie. C=C(t)fortel0,T].

Throughout this paper we assume that the function C(t) in (1.6) is
constant.

Let Ay denote a unbounded operator defined by the problem with ho-
mogeneous boundary value condition in the limit domain Gj:

L(xz,D)u(x) = f(x) on Gy,
Bj(z,D)u(x) =0 on Ty, (j=1,2,...,m).

For s > 0 we set

H2 4 (Gy) = {u(a:) € H¥™50(Gy) : B;(z,0)u(z) =0 on ro}.
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Then Ay is an operator mapping from HI%;”JFS(GO) to H*(Gy) according
to the following formula

(1.7) HE"(Go) 3 u(a) — Apu = Lu € H*(Gy).

From that the operator Ay is invertible, and we denote by Ay Lits
bounded inverse operator. There is the following estimate:

(1.8) < (145" ls - |

H“HH2m+s(GO) = ‘LUHHS(Go)’

for u(x) € Hﬁ?“(GO) and s > 0, where ||A;"||s is the norm of the
operator A, L

For a > 0 we denote by H2(Gg), s > 0, the set of all functions f(z)
defined in Gy such that their restrictions to each domain G; for t € (0,7
belong to H(G) (see [9] and [10]) and the following condition holds:

(1.9) ”fHH;(GO) = Oi?thaHf”Hs(Gt) < oo

We have proved (see [10]) that for f(x) € H:(Gyp), a > 0, s > 0, the
quantity || f H HS (Go) defines a norm in H2(Gy). Moreover, we have

(i) HS(G())CH[:(G()), a>0, \V/SZO,
(i) f(z) € H(Gy) it f(z) € H3(Go) t € (0,7].

It may happen that as t — 0, ||fHHs
that

(@) tends to the infinity provided

||fHHS(Gt) <Gt (t—0).

Thus, in a neighborhood of the boundary I'y these functions may be un-
bounded.

Furthermore, the space H? (Gy) defined as above can be considered as
a Sobolev-Slobodeski’s space with weight.

2. BOUNDARY-VALUE PROBLEM IN THE LIMIT DOMAIN

Let f(z) € Hy(Go), a>0, gj(z)=H"T""(Gy),

j=1,2,....,m, s > 0. We consider the following boundary-value problem
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in the domain Gj:
L(z,D)u(x) = f(x) in Gy,
Bj(z,D)u(z) = g;(x) on L'y, (j=1,2,...,m).

Definition 2.1. A function u(xz) € H?*™T5(Gy), s > 0, is said to be a
solution of the problem (2.1)-(2.2) if the following conditions are satisfied:

tlii% [ L — fHHS(Gt) =0,

(23) HBju_ngHQTn—ks—mj—%(Fc) :07 (] = 1727~--7m>'

Recall that if f(z) € H(Gg), then its restriction to G; belongs to H*(G})
for ¢ € (0,77.

Let us denote by u(t,z) the unique solution of the problem (1.4) (1.5)
in the domain G; for ¢t € (0,T7:

L(z,D)u(t,z) = f(x) in Gy,
Bj(z,D)u(t,z) = gj(x) onTy, (j=1,2,...,m).

Then u(t,z) € H*™%(G,) and the following estimate holds:

24 ull gemroga,y < C{HfHHs(Gt) +2 ||93'HH2”1+5*’”7'*%(H)}’
j=1

where C' is a constant, s > 0.

Moreover, for a > 0 we have

HuHH2m+S(Gt) S Ct_a{taHfHHg(Gf) + Z ngHH2m+sfmj7%(Ft)}7
Jj=1
for t € (0, 7).

Under the hypothese f(z) € H:(Go), a > 0, from the last inequality
we obtain the following estimate for the solution u(t, )

(2.5) H“HH?m+s(Gt) S C(t){HfHHg(GO) + Z |’ngH2m+S’mj(Go)}’
j=1
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for s > 0, where C(t) satisfies the asymptotic estimate

(2.6) C(t) = 0(t™), t — 0, a > 0.

On the other hand, as indicated in [7], the solution u(t,z) can be ex-
tended to a function in H?™"¢(Gy)

ue(t, x) = Ryu(t, x)

by an operator of extension R;. Moreover, the operator of extension
R; can be always chosen as linear operator mapping from H?2™%%(GY)
to H?*™+$(Gy) which is uniformly bounded in norm for all ¢t € (0,T],
0 <2m+ s < N, where N is a sufficiently large natural number.

Under the stated assumption we have prove (see in [9], [10]) that if
f(x) € H3(Go), gj(x) € HP™ 73 (G),

j=1,2,....m, for s > ko+1, 2m+s < N and ko = [IL]+1,0<a<1,
—a

then w;(t, x) is considered as an abstract function defined in the domain
(0, T] x Gy with values in the space H?>™+s~(ko+1)(Gy) which satisfies the
following estimate

HUT - UtHH2m+s—(ko+1)(G0) < C"t B T|{Hf||H3(GO)

(2.7) + Z ngHHm“*mj(Go)}’

j=1
for all 7,¢ € (0,T], where C is constant.

It follows readily from (2.7) that there exists a limit
(2.8) }in(l) w(t, z) = ug(x) in H2mFs~ kot (Go)
le.

}% Hut - UOHH2m+s—(k0+1)(GO) = 0.

Finally, we have the following theorem on the existence and the uniqueness
of the solution of the problem (2.1)-(2.2) (see [9], [10]).
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Theorem 2.1. Let f(z) € H:(Go), g;j(z) € H*™T"mi(Gy), j =

1,2,....m, s > ko+1, kg = [%} +1, 0 < a < 1. Then the func-
—a

tion ug(x) € H?mHs= kot (Gy) defined by (2.8) is the unique solution of
the problem (2.1)-(2.2), and there is the following estimates:

(2.9) HUOHH2m+S*(k0+1)(G0) < C{HfHHg(GO) + Z ||99‘HH27”+$—*"3' (Go)}’
j=1

where C is a constant.

3. BOUNDARY-VALUE PROBLEM FOR NONLINEAR ELLIPTIC EQUATIONS

Let f(z) € H:(Go), g;(x) € H*™F57™i(Gy),
G=1,2, . .m, s> ko+ 1, ko= [IL} +1,0<a<1.
—a
We consider in G the following problem:

(3.1) L(x, D)u(x)

= h(z,u) + f(z) in Go,
Bj(x7D)u(x) =49

() onTy, (j=1,2,...,m)

under suitable hypotheses for h(z,u) as follows.

Assumption II. Assume that the expression h(u, x) satisfies the following
conditions:

(i) For u(x) € H*(Gyp), h(z,u) € H*(Gy), s >0,
(ii) For u(x), v(z) € H*(Gyp),

(3.3) Hh(.,u)—h SM.HU—

("U)HHS(GO) UHHS(GO)’

where M is a positive constant such that

(3.4) £ =M|Ay" s < 1.

Definition 3.1. A function u(x) € H?>™$(Gy) is called a solution of the
problem (3.1)-(3.2) if

lim || Lu — h(.,u) — f||HS(Gt) =0,

t—0
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| Bju — 0 (j=1,2,...,m).

9; HHQWrS—mj—% (Go)

In the sequel, the solution u(x) of the problem (3.1) (3.2) will be written
in the following form

u(z) = v(x) + up(x),

where ug(z) is the unique solution of the problem (2.1) (2.2), and v(z) is
a solution of the following problem:

(3.5) L(xz,D)v(z) = h(z,v+ug) on Gy,
Bj(z,D)v(z) =0 onTy, (j=1,2,...,m).

Recall that the existence and the uniqueness of the solution ug(z) have
been proved by Theorem 2.1 and this solution is defined by (2.8).

Now we will prove analogous result for the problem (3.5)-(3.6).

Theorem 3.1. Under assumption II the problem (3.5)-(3.6) has a unique
solution v(z) € H*mFs=(kot1)(Gy).

Proof. The main tool for our proof will be the iterative method. By Theo-
rem 2.1, the function ug(z) which has been defined by (2.8) is the unique
solution of the problem (2.1) (2.2) in H2™+s=(kot1)(Gy), s — (kg +1) > 0,

a
ko = | | +1.
For simplicity of notation we put so = s — (ko + 1). Then sy > 0,

and ug(xz) € H*™$0(Gy), hence ug(x) € H*°(Gy). Therefore, under
assumption II, h(x,ug) € H*°(Gy).

1—a

Let v1(z) be a unique solution of the following boundary-value elliptic
problem.

L(z,D)vi(x) = h(xz,ug) on G,
=0

Bj(x, D)vi(x) onTy, (j=1,2,...,m).

Then vy (x) € H?*™%(Gy). Therefore, vy (z) together with vy (z) + ug(x)
belong to H%°(GY).

Let vo(x) be the unique solution of the problem:

L(xz,D)va(x) = h(x,v1 +ug) on Gy,
=0

Bj((x, D)va(x) onTy, (j=1,2,...,m).
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Similarly as above, we inductively define a sequence {v, ()} (n = 1,2,...),
where v, (z) is the unique solution of the problem:

L(z,D)v,(x) = h(z,vp—1 + up) in G,
Bj(z,D)v,(x) =0 onI' -0, (j=1,2,...,m).

We remark that for all n, v,(z) € H?*™T50(Gy), hence v, — v, 1 €
H?m%50(Gy). Therefore, from the estimate (1.8) we have

B7) lon = vnall gamieo o) < 140 o, 1E@n = vn1)l] gao ()
for n =2,3,4,.... Applying (3.7) and (3.3) for n = 2 one sees that

H“2 —u ||H2m+so(c:0)

< (140 Ly £ = w0l o0

< [[Ag -l vr + w0) = A w0 | oo (o
< [|Ag ], M- (1 + w0) = | ey )

i.e. we have

(3.8) [v2 = 01| grameo o) < M-N1 A0 |y -l01 ]l oo -

Applying the estimates (3.7), (3.3) and (3.8) successively we have
< [[A0 |, 12003 = v2)ll a0 )

< (|4 -l w2 + o) = Al w1+ vo) [ (@)
< [[Ag [l -M-[Jv2 = < (]|,

H”3 U2HH2m+ 50(Go) =

leH $(Go) = s0 H”lHH 0(Go)"
In the same way, for n = 4,5, ..., we obtain the estimate
(39)  lon = vnall omiao oy S LA )" 01l oo -
Observe further that:
o]l neo iy < M40 Ly 01 gre0 ) = 140 [y 1 10) | 0 -

Then the estimate (3.9) can be written as follows:

(310) HU” Un+1HH2m+ O(Go) < gnHAaleo.Hh(.,UO)HHSO(GO),
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forn=1,2,...,

where

(3.11) £=M|A7, <1

The inequality (3.10) allows us to estimate differences v,, — v, of the

functions v,, and v,, of the sequence {v,} according to the norm in the
space H?™T50(Gy).

First of all, it holds that

H”n - ”mHH2m+so(Go)
< lvn - “n+1HH2m+so(Go) +{[vns1 — v”+2HH2m+SO(GO)
+ -+ va—l — Um

‘H2m+s0 (GO) .
Applying the estimates (3.10) to each member in the right hand side of

the last inequality we obtain, for m > n,

[ v _”mHH2m+so(Go)
< EM[[AG [, G o)l oo gy + €M A g 1P 10) | oo
e gm_lHAalnso'Hh("UO)HHSO(GO)

SEAFE+ -+ EMTT AT, [ uo

)HHSO(G())'

By condition (3.4) it follows that

145, ..
(3.12) L[ o)

||’Un - Um||H2m+SO (Go) = 1-& H>®0(Go)

for all n, m (m > n).

The estimate (3.12) shows that {v,(2)}, n =1,2,..., is a fundamental
sequence in the space H2™ %0 (G). Therefore, there exists a limit

(3.13) liIJIrl vy =v in H*™T0(Gy),
ie.
lim an—vHH2m+SO(GO) = 0.

n—-+4oo

In the sequel we will prove that the function v(x) defined by (3.13) is
a unique solution of the problem (3.5) (3.6).
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It is clear that
|A(, v 4 uo) — h(., v+ u0)||HSO(GO) < M.|jv, — UHHSO(GO)'
Further, we have
L(xz, D)v,(z) = h(x,v,—1 + ug),
for n = 2,3,.... Therefore,

| L(z, D)v(z) — h(z, v+ ug
< ||L(=, D)v(x) — L(x, D

)HHSO(GO)

)U”HHSO(GO)
+ ||h( vn—1 4+ uo) — A(.,v + UO)HHSO(GO)

SCH'Un +M.H’Un_1

- UHHso+2m(GO) - UHHSO(GO)’

where C' is a constant.

Letting n — 400 and using (3.13) we obtain from the last estimate the
following equality

L(z,D)v(z) = h(z,v+ug) in H*°(Gy).

In other words, v(z) is a solution of the equation (3.5). We now verify the
boundary condition (3.6).

First, it is obvious that
1B; (2, D)vn () = Bj (2, D)0(@)[| yamea-ms -4 ) < Cllon =2l gamsa

where C' is a constant, n=1,2,...; 7 =1,2,...,m.

Therefore, from these inequalities we get, as n — +o0,

lim || B;(z, D)v,(x) — B;(x, D)v(z)| =0.

n—-+00 H2m+soimj7%(ro) a
Since Bj(x, D)v,(z) = 0 on Iy for all n > 1, it follows that
Bj(z,D)v(z) =0 onI.

In other words, v(z) satisfies the conditions (3.6).
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Thus, we have proved that v(z) is a solution of the boundary value
problem (3.5)-(3.6).

To complete the proof it remains to show the uniqueness of the solution
v(z).

To this end, suppose that o(z) € HI%T“O(GO) is a solution of the
equation (3.5), i.e.,
L(xz,D)v(z) = h(z,0+ug) on Gy,

such that o(x) # v(x). By applying the estimate (1.8) to v(x) — v(x) €
HIZTHO(G’O) we have

1o = 3l oo () < 1140 o 1@ = D) 120 ()
< HAaleo'||h(~’“+“0) — h(., 7+ ug
< M| A, v
< M| Ao

)HHSO(G())
- /{]HHSO(GO)

o 6HH2m+SO(G0)'
Since Hv — 17HH27”+50(G0) # 0, it follows that
£ = A7, M= 1

which contradicts the hypothese (3.4). The proof of the theorem 3.1 is
completes.

Theorem 3.2. For0<a <1, ky = [1 a
—a

} + 1, let

f(z) € Hi(Go), gj(x) € H*™H7™1(Go),
j=12...,m, s > ko+ 1. Let ug(z) be the unique solution of the
problem (2.1)-(2.2) in H?™Fs=(kot1)(Gy), and v(x) the unique solution of
the problem (3.5)-(3.6) in H?>™+s=(kot1)(Gy). Then the function
(3.14) u(z) = v(zx) + up(x)
is a solution of the problem (3.1)-(3.2) in H?™+s=(kot1)(Gy).

Proof. According to Theorems 2.1 and 3.1, the unique solution wug(x) of
the problem (2.1)-(2.2) has been defined by (2.8) and the unique solution
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v(x) of the problem (3.5)-(3.6) has been defined by (3.13). Both of them
belong to H?™%0(Gy) with sg = s — (kg + 1) > 0.

Let us consider the function u(z) = v(x) + up(x). It is obvious that

Lu = L(v +ug) = Lv + Lug = h(z,v + ug) + Lug
= h(z,u) + Luy.

Therefore, for ¢t € (0,7] in the domain G; we have
Lu — h(a:,u) - f(l’) = h’(ajau) + LUO - h(a:,u) - f(SC)
= Lug — f(x).
Then
”Lu o h(’u) o fHHSo(Gt) - HLUO - fHHSO(Gt)'

On the other hand, since ug(x) € H?>™%(Gy) is the solution of the prob-
lem (2.1)-(2.2) in the sense of the definition 2.1, from (2.3) we get
=0.

lim || Zuo = £l o0

Therefore
lim || Lu — h(.

t—0

yu) = fHHSo(Gt) =0.

We have thus proved that u(z) = v(x) + ug(z) satisfies the equation
(3.1) (in the sense of the definition 3.1).

Moreover, it is clear that
Bj(z, D)u(z) = Bj(xz, D)v(z) + Bj(x, D)up(z) = 0+ g;(z) = g;(x) on I'y

for j = 1,2,...,m. Thus, the function u(z) = v(z) + ug(x) satisfies the
condition (3.2). This completes the proof of Theorem 3.2.

Remark. We can estimate the solution u(z) = v(z)+wug(z) of the problem
(3.1) (3.2) as follows. Firstly, using (3.10), (3.11) for v(x) we have

HU('T)HHZWH‘SO(GO) < HU - U”HHzm"'SO(Go) + ||Un — Un,q HH2m+so(G0)

oot o=

H2m+s0(Go) T HUlHH2m+so(G0)
S HU o U”HH2m+so(Go) + (En_l FETE A E 1>H01HH2M+80(G0)

1467

< [0 = vl oy + g N1 ey
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Letting n — 400 we get

| ole
1oll om0 oy < =g+ 1P 20) | oo (60
Finally, for u(z) = v(z) + ug(z) we obtain
146°Le
el 2500 ) < [0 gm0 ) G w0)| 120 G-

where & = M.HAalHSO <1

Theorem 3.3. Under the hypotheses of Theorem 3.2 the function u(x)
which has been defined by (3.14) is the unique solution of the problem
(3.1)-(3.2).

Proof. We only have to prove the uniqueness of the solution u(z) = v(z)+
ug(z). Suppose that there is another any solution @(x) € H?>™ %0 (Gy) of
the problem (3.1)-(3.2), such that @(z) # u(z). Then

%E)I(l) HLu —h(.,u) — f”HSo(Gt) =0,
HBJU_gJ‘HH2m+So*mj*%(FO) =0 (j=12,...,m),

we have

u(z) —a(z) € nggnHO(Go).

By applying (1.8) to the function u(x) — a(z) we get

(3.15) = l| 2 () < 140 oy 120 = D) 0 -
On the other hand, we have
(3.16)
1Z(u = @) | ye0 oy < N2 = D] oy —y + 12 = D] 20,
SHL(“ a)”HSO(GO—Gt)

+ || Lu = h(. u) = f+ [B(. u) — B(.,@)] — [La — h(.,q) — f]HHSO(Gt)
< || L(u ﬂ)HHSo(GO—Gt) + || Lu = (. u) - fHHSO(Gt)
(2o w) =BG B[ g oy + 1B =BG 8) = £ e -
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Recall that under the definition 3.1,

lim || Lu — h(.,u) — fHHSO(Gt) =0,

t—0

ti (125 5,5~ ] = 0

Moreover, }EI(I) HL(u — a)HHso(GO—Gt) = 0 because L(u — u) € H®(Gy).

Therefore, from (3.16) we obtain, as n — +o0,

(317) ||L(U - ﬁ)HHSO(GQ) < Hh(7 U’) o h(’ a)HHSO(GO)'

Combining (3.15) and (3.17) gives
[l = @ll oo gy = 40 L 180 0) = B D) g -

Applying (3.3) to the right hand side of the last estimate we have

< M|[Ag*|, [l -
< M4, flu -

|ML__ﬂHHQm+%(GO) ﬂHHﬂo@%)
| gr2m+0 (60)-

It follows that
£=M|A |, =1,

which contradicts the hypothesis (3.4). The proof of the theorem 3.3 is
complete.
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