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SPLINE COLLOCATION METHODS FOR A SYSTEM
OF NONLINEAR FREDHOLM-VOLTERRA
INTEGRAL EQUATIONS

NGUYEN MINH CHUONG AND NGUYEN VAN TUAN

ABSTRACT. In this paper we shall apply spline collocation methods
to solve approximately a system of nonlinear Fredholm-Volterra integral
equations. We shall study existence and uniqueness conditions for collo-
cation solution, and estimate the convergence rate. Some applications are
shown.

1. INTRODUCTION

Let us consider the following system

b t
(1) (2)
1) 2(t) = / K (2,5, 2(s))ds + / K (t,s,2(s))ds + £(2),

where a <t, s <b,

f@) =1/@®),..., fm(@)],
(ij)(t, s,x(s)) = [(IJ()l(t, s, x(8)), ... 7(I]()m(t7 s,x(s))],

(J
x;(t), fi(t) € Cla,b], K (t,s,x) are continuous in all variables i = 1,... ,m,
j=1,2.
Set C' = Cla,b] x...x C|a,b] (m times), where the norm of C' is defined

as follows:

lzlle = max = max |x(t)],
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or
[z()]le = max [lz;(#)[l, 1<i<m
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where
|lz:(t)|| = max|z;(t)[, a<t<b.

It is obvious that C' with this norm is a Banach space. Denoting by T" the
operator defined by
T:C—C

b t
1) (2)
x—Te= [ K(t,s,z(s))ds+ | K(t, s, x(s))ds+ f(t),

a a

we can rewrite the system (1) in the form
(2) Ter=z, xecC.

Let
Tpia=1ty<t;<...<t, =0,
be a partition of [a,b]. Set

hi:ti+1—ti,i20,...,n—1,

h, = max h;.
0<i<n—1

We always suppose that the sequence {m,} has the following property
lim A, = 0. We shall use the set

Sn ={Gl¢G € [a,b], i=1,... ,N,, N, € N},

for a collocation set in [a, b], where N, is a constant dependent of n. We
put X,, = Sp(mn,p, q), where

Sp(mn,p,q) = {v(t) € Ca,b] : v(t)

| € @p},

[titita

t=0,...,n—1, p, q are integers satisfying 0 < ¢ <p—-1,p>1, Q, is a
set of polynomials of degree < p.

Let X = X,, x ... x X,, (m times) and

P,:C—XcC

(3) x=(z1(t),... ,2m(t)) — Pyx = (vi(t),... ,on(t)) € X,
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be a continuous linear projections from C' to X converging pointwise to
the identity operator P in C' and

(4) Pox(¢;) = x(), Va e C, V¢ € Sy.
We shall approximate the solution of equation (1) by an element
v=(v1(t),... ,om(t)) € X,

satisfying the system

(1) D)
0il() = / K (G5 0(s))ds + / K (G, 0(8))ds + £(G)).

i=1,...,m,j=1,...,N,. This system may be writen in the form

(5) v(G) =Tv((), ¢ € Sh.
From (4) we get
U(<j> = PnTU(gj)a Cj €S,.

If we can find an element v € X such that
(6) v=P,Tv,

then it satisfies (5) and hence it is the desired collocation solution.

2. MAIN RESULT

Theorem 1. Let P, be the projections defined by (3). Assume that the
equation (2) has a solution

201 = 2V@),...,z9@),

xz, ' (t) € Chlab], 0 < ¢ < p, i =1,....m, K(ts,x) and
()
K (t,s,2(s))
or

, 7 =1,2, are continuous in the domain

(7) { a<t, s<b

||z — x(O)HC <01, o1€R.
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Moreover, suppose that the equation

1) t (2)

/ 5, 20 5,20 (s
u(t)—/aK(t 5 (s ))u(s)als—/aK(t7 8’33 ( ))u(s)dszo,

a a

where

(4)

OK (t, 5,20 (s))
ox
0K (15,00 s " 9K 3.2 (5)

1(t, s,z S, x
[Z ox; Z ox; ui]’

=1

has only the trivial solution. Then

(i) There evists a constant r > 0 such that (%) is the unique solution

of (2) in the ball
|z — 2O, <7

(ii) For sufficiently large n, the collocation equation (6) has a unique
solution

U () = [on1(t), ... s m(®)], vnui(t) € Xy, i=1,...,m,

in the above ball.

(ili) The sequence {vy, (t)}:; converges to the solution x°)(t), and the

convergence rate is estimated by
|vn — I(O)Hc < MEO(x(O))7

where Eo(x(o)) = max E;(z (0)), Ez‘(%(-o)) = inf ||x§0) -zl =
1<i<m z;€Xp

ﬁi 2
O(hfjw(xz(o)( ),hn)), w(xz(o)( ),hn) denotes the modulus of continuity of

the 0;-th derivative of xgo) with respect to h,,, and M is a positive constant
independent of n.

@)
Proof. By the continuity of K (¢, s,z) in the domain (7) and f(t) € C|a, b],
it is clear that T is continuous in C4, where

{:U \:L’—:I:O)Hcgal}
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We shall prove that T is completely continuous. Consider the set

b t
A; = {yl(t) = (K)i(t,s,x(s))ds—}—/(K)i(t,s,x(s))ds+fi(t) cx(t) € C’l},

a
1=1,...,m. It is obvious that y; are uniformly bounded. By the uniform

continuity of %i(t,s,x) in the domain (7) and of f;(¢) on [a,b] it is not
difficult to show that y; are equicontinuous. Consequently, A; is precom-
pact in Cla,b], i =1,... ,m. So T(C}) is precompact in C. The operator
T is thus completely continuous in C;. Further, by using the continu-

()
(4) K(t
ity of K(t,s,x) and 0Kt s, 7)

differentiable at 2(®) (in the Frechet sence) and

, 7 = 1,2, we see that T is continuously

b t (2)

(0 8(I1()(t,s,:v(0)(s)) OK (t,s,20)(s))
T (xO)u = / e u(s)ds —l—/ o u(s)ds.

a a

By our assumption the equation
u—T (2Nu=0 ueC

has only trivial solution. Now by the use of Theorem 3.1 from [10] we can
get the statements (i), (ii) in Theorem 1.

On the other hand, using again Theorem 3.1 we have
v — 2O, < My||(P, — P)T2 |, n>N;, Ny €N,
(M is a constant independent of n). Consequently,
lon =2 Ole < My || Ppa'® — 2.

Since {P,} is a sequence of continuous linear projections pointwise con-
verging to P, C is a Banach space, and by Banach-Steinhaus Theorem,
the sequence {||P,||} is bounded. That is, there exists a positive number
M; such that || P,|| < Ma, ¥n. For all z € X, we get P,z = z, hence

[[vn — CC(O)Hc < M, [”x(o) — 2lle + |1 Pz = x(o))HCL n 2> Ny
< M1+ || Pal) e = 2]le,



160 NGUYEN MINH CHUONG AND NGUYEN VAN TUAN

or
(8) lon — 2@l < M|2©@ — 2], VzeX,
where M = M;(1+ Ms). From (8) we get
o — 2@, < M inf |2 — 2],
z2=(21,-.-,2m )EX
<M inf max ||xl(-0) — Zi|-

(z1,.,2m)EX 1<i<m

It is not hard to prove the following equality

inf max Hajz(-o) — zi|| = max inf |z;

(21500 2m)EX 1<i<m 1<i<m 2;€Xn — ill;
which implies
lon, — :L'(O)Hc < M max inf ||x(-0) — 2|

1<i<m 2z;€Xn v

Now by Theorem 1 from [9] we obtain

(9) v, — 2. < ME®(2(?)),

where Eo(aj(o)) = max Ei(xgo)), Ei(xz(.o)) = inf ||wz(-0) -zl =

1<i<m 2, €EXn

l;
Ohtiw(@@"  h)).

Theorem 1 is now proved.

3. APPLICATIONS

Below we shall consider some applications.

We choose d + 1 points 0 =19 < m < ... <1nq = 1 from the segment
[0, 1]. Taking into account the partition

Tp:a=1ty<t;<...<t, =0,
we denote
(10) Sn:{Cij:ti—l-hi'f}j,i:O,...,n—l, jZO,...,d},

X = Sp(my,d,0), X =X, x...xX,(m times).
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Define the mappings
Pn - C[CL, b] - Sp(ﬂ-ru da 0)7

[ pnf € Sp(mn, d,0),
such that
pnf(Cij) = f(Giz)s  VGij € Sh.

Obviously, p, is a linear projection from Cla, b] into Sp(m,,d,0). On each
segment [t;,t;41], ¢ = 0,...,n — 1, p,f is a polynomial of order < d
interpolating the function f at (;;. Let

T (=G
])‘_[ <CZJ g:k)

k=0,k#j]

From (10) we get

k=0 0 Tk
where
t—t;
n =
ti1 —t
Consequently
d
M3 = ()] = l;
e Z' Ol = gza, 216500

So Ms3 is the constant independent of ¢ and n. It is the Lebesgue constant
(see [8], p.5). By the continuity of ¢;(t) in [t;,t;11] it is not difficult to
show that p, is continuous. Let p* be the best approximation of f by a
polynomial of order d in [t;,t;11] (see [6], p.43), we have

p*(t) — P f (D) < Ms||f —p*|-

By Jackson Theorem (see [6], p.43) we obtain

max |p* (t) - pnf(t)| < M3gk(f7 d)a f € Ck[a7 b]?

t;<t<tit1
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where
( h,,
6w(f7ﬁ)7 when k=0
3h,
au(f.d) =3 ZIF, when £ = 1
6"(k —DF
(k — 1dF h 1 —1>1.
| S A when k> L d> k-1
Hence

|f = pufll £ (M3 + 1)gr(f,d).
When k£ = 0 we have

17— pufll < 6(0Ms + Do (£,57). ¥f € Clab]

hn, .
We get w(f, 2_d> — 0 as h,, — 0, where f € Cla,b] and M3 independs on

n. Hence it is easy to see that {pn} is a sequence of continuous projections
pointwise converging to the identity operator in C|a, b|.

Define the mappings
(11) P,:C—XcCC

(xl(t)v s 7$m(t)) = (pnxl(t)v s 7pn$m(t))‘

It is clear that P, are continuous linear projections from C' to X, satisfying
conditions (4) and converge pointwise to the identity operator P in C' and

12| < M.

Theorem 2. Let P, be the projections defined by (11). Assume that the
conditions of as in Theorem 1 is satisfies. Then

(i) There exists a constant r > 0 such that (%) is the unique solution
of (2) in the ball
|z — 2@, <.

(ii) For sufficiently large n the collocation equation (6) has a unique
solution

Un(t) = [Un1(t), .o sOnm(t)], vni(t) € Xp, i=1,...,m,
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in the above ball.

e oo
(iii) The sequence {vn(t)}n:
get the estimate

| converges to the solution zO(t), and we

(12) v — I(O)Hc < MEO(x(O))7
where  E°(2(®)) = max Ei(xgo)), Ei(xz(.o)) = inf Hxl(.o) -z,
1<i<m 2i€Xn

Ei(2\”) < 39, («\7, d).

Proof. By using Theorem 1 we immediately get (i) and (ii). For the proof
of (iii) we see from (9) that

|[vn — x(o)Hc < MEO(@“(O)%

where E0(2(0) = max Ei(mgo)), Ei(xgo)) = in}f{ ||xl(-0) — z;||. By using

a Lemma from [8], p.6 and by Jackson Theorem ([6], p. 43) we have

7 n

it = =] < 3ge, (7, d).

Corollary 1. Let P, be the projections defined by (11), f(t) and z(t) be
(1)
elements of C. Let K (t,s,xz) be continuous in the domain
{ a<t, s<b
[|z]le < oo,

(1)
and K satisfy the Lipschitz condition in x:

(1) 1
(13) || K(t,s,21)— K(t,s,22)|lc < L||z1—22||c, VX1,290 € C, ||24]|c < 00,

~—

(2)
i=1,2with0< L(b—a) <1, K(t,s,x) =0. Then
(i) The equation (2) has a unique solution z(®(t).

(1)
0K (t,s,x(s))

ox

If we assume addtionally that 1s continuous in the do-

main (7), then
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(ii) There exists a constant r > 0 such that for sufficiently large n, the
collocation equation (6) has a unique approximate solution v, € X in the
ball |jv, — 20| < r.

(iii) The sequence v, converges to the solution xO)(t) in C and the
estimate (12) holds.

Proof. Obviously, T is a contracting operator in C, so it has a unique

(1)
fixed point 2(?)(¢). On the other hand, by the continuity of K (t, s, x) and

(1)
0K (t
OK(t,s,7) in the domain (7), we see as in the proof of Theorem 1 that

x
T is completely continuous in C; and T is continuously differentiable at
z(©) and

b (1)

(0)
T'(x(o))u:/%u(s)ds.

a

Now we consider the equation
T'(zNu=u, weC,

o2
(14) / OK(t5,077) | oyds = u(t).

We shall prove that equation (14) has only trivial solution.

Indeed, if it has a solution u(t) # 0, so |lu|l. > 0. From (14) it follows
that

IR Qo
/[K(tﬂgux( ) —I—U) - K(t,S,IL'( ))]ds - O(U’) = u(t)7

a

where

ol

—_ as |lul|lc — 0.
el ’

Consequently,
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b
o) )
Jotu) e = [~ [15 ¢, ) ~ K(t.5,2))as

a

C

b
(1) (1)
> HuHc—/HK(t,s,x(O) +u) — K(t, s, 29| .ds

> [lulle = L(b = a)l[ull.

Hence
lo(w)le + L(b — a)lulle > [lullc-

It follows that
Jo(u)]|c

HUHC

+Lb—a)>1,

that is, we get L(b—a) > 1 as ||u||. — 0, which gives a contradiction.
So equation (14) has only trivial solution. Now applying Theorem 2 we
obtain the conclusions.

In the sequel we apply Theorem 2 to a general class of nonlinear Volterra
integral equation.

Let us study the following equation

(15) v (0= By, [ Kits(s)ds),

with condition

(16) y(a) = 1.

Assume that yo(t) is a solution of (15), (16), a < t, s < b, y(t) € Cla, ],
K is continuous in the domain
{ a<t, s<b
0 =
ly —yoll <02, 0<o2€R.

and H(t,y, z) is continuous in Q9, where

agtv Sébv Hy_yougo-%

Qs t
|z = 20l| < o3, 20 = [ K1(t,5,y0(s))ds, o3 € R.
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¢
Setting z(t) = [ K1(t, s,y(s))ds we can write (15), (16) in the form

Let a(t) = [y(t), =), Kt s.2(s) =
f(t) =[v,0], C = Cla,b] x Cla,b], X

The system (17) leads to the form (2) with K (¢,s,x) = 0. Hence we get
2O () = [yo(t), 20(t)] as a solution of (17).

[H (s, y(s),2(s)), Ki(t,s,y(s))],
= X, x Xn, X, = Sp(mn,d,0).
(1

~—

Corollary 2. Let P, be the projections defined by (11). We assume that
yo(t) is a solution of the problem (15), (16), with yo(t) € Ci]a,b], 20(t) €

(2)
(2) K t
C"[a,b], 0 < by,4y < d and K(t,s,x),%&x(s))
x

the domain

are continuous in

{agt, s<b

U=|z—29|. <04, o4=min{os,03}

|K1(t,s,y1) — Ki(t, s,y2)|| < L*||y1 — v2ll, Vy1,y2 € U.

where L* are positive constants, L*(b — a) < 1. Moreover, suppose that
the following equation

t  (2)

s, (0
u(t) — / %u(s)ds =0,

a

with u(t) = [ui(t),us(t)] € C, has only trivial solution. Then

(i) there exists a constant r > 0 such that yo(t) is the unique solution

of (15), (16) in the ball
Iy — yoll <

(ii) For sufficiently large n, the collocation equation (6) has a unique
solution

Un(t) = [Un1(t),vn2(t)], vni(t) € X,, i=1,2,



SPLINE COLLOCATION METHODS 167

in the ball ||z — 2| . <r, z € C.

(iii) The sequence {vn (t)}zoz
have the estimate

| converges to the solution 2O (t) and we

|vn — 2| < M max{E(yo), E2(z0)},

where E1(yo) < 391, (Yo, d), E2(20) < 3g1,(20,d).

Proof. 1t is easy to see that all assumptions of Theorem 2 are satisfied.
It remains only to prove that if (®) is the unique solution of (17) in the
ball ||z —2(?||. < r, then yg is the unique solution of (15), (16) in the ball

1y — yoll <.
Indeed, let y; be another solution of (15), (16) in the ball |y — yo|| < 7.

t
Setting 21(t) = [ Ki(t,s,y1(s))ds, we see that (1) = [y;(¢),21(t)] is a
solution of (17). We have

a1 = z0ll = || [ 1K1 s.mn(5)) = K5, o5 s
< L*(b—a)llyr — ol <.

So () is also a solution of (17) in the ball ||z — (9|, < 7, which gives a
contradiction.

Let m, be a uniform partition of [a, b]:

Wnia:t0<t1<...<tn:b, h =
n

Let £ > 1 be a natural number and n > 2k — 1, and S,, = {to,... ,tn}.
Consider now the mappings

qn : Cla,b] — X,, = Sp(my,, 2k — 1,2k — 2)

f=anf,
with

qnf(tz) f(tz), Z = O, e,
D’ (qnf)(a) = D (Log—10f)(a), j=1,... k-1,
DJ(an)(b):DJ(LQk—l,lf)(b)7 jzla 7k_17
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where Lok_1,0f, (Lox—1,1f) are Lagrange interpolation polynomials of
function f at points tg, t1,... ,tok—1, (tn—2k+1,tn—2k, - - - , tn), respectively.

It is obvious that g, are continuous linear projections from Cla,b] to
Sp(mn, 2k — 1,2k — 2) and converge pointwise to the identity operator in
Cla,b] (see [9], p.347).

Define the mappings
(18) P,:C—XcCC

(@1(), s xm(t)) = (gnza (L), - gnom ().

It is clear that P, are continuous linear projections from C' to X and
converge pointwise to the identity operator P in C and P, z(t;) = z(t;),
Ve € C,Vt; € S,,. Then from Theorem 1 we immediately get the following
consequence.

Theorem 3. Let P, be defined by (18). Let the assumptions of Theorem
1Twith0<I[l;<2k—1,1=1,...,m, be satisfied. Then

(i) there exists a constant r > 0 such that (°) is the unique solution of
(2) in the ball ||z — ]|, < r.

(ii) For sufficiently large n the collocation equation (6) has a unique
solution

U (t) = [on1(t), ... v m ()],
Uni(t) € Sp(mn, 2k — 1,2k —2), i=1,...,m,

in the above ball.

(iii) The sequence {vn(t)}oo

., converges to the solution (), and the
following estimate holds

lvn — m(O)Hc < MEO(x(O)),

where

0(,.(0)y _ ((0)
E(2™) = max Ei(z;”),

(L)
Ei(z") = inf Ozl = Ol hy).
@) = | it g e~z = O™ b))
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