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REGULARIZATION BY LINEAR OPERATORS

NGUYEN BUONG

ABSTRACT. The purpose of this paper is to investigate convergence rates
for an operator version of Tikhonov regularization for ill-posed problems
involving monotone operators. The obtained results are presented in com-
bination with finite-dimensional approximations for the space. An itera-
tive process for regularized solution is studied for illustration.

1. INTRODUCTION

Let X be a real reflexive Banach space and X* be the dual space of X.
For the sake of simplicity, the norms of X and X* will be denoted by one
symbol ||.|. We write (z*,z) instead of z*(z) for z* € X* and z € X.
Let A be a continuous and bounded operator with domain of definition
D(A) = X and range R(A) C X*.

We are interested in solving the ill-posed problem

(1.1) A(z) = f, f€ R(A).

By this we mean that the solutions of (1.1) do not depend continuously
on the data (A, f). To solve it we have to use stable methods. A widely
used and effective method is Tikhonov regularization that consists of min-
imizing some functional Fi%(z) depending on a parameter o > 0, where

(1.2) Frs(x) = [|An(2) = foll* + 209(2),
(Ap, fs) are approximations for (A, f) such that

[An(z) — A(x)|| < hllzll, Ve X, [[fs—fl <0,
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with wellknown levels (§,h) — 0 and Q(z) is some functional on X. The
variational method of regularization (1.2) is studied intensively, for arbi-
trarily linear operator A in [8], [10], [13], [15], and, in particular, recently
for the nonlinear operator A (see [5]-[7], [9], [16]-[18], [20], [21]). If A and
Aj, are monotone, a regularized solution can be constructed by a solution
of the operator equation

(1.3) Ap(x) + aU?(z) = fs,
where U? is the dual mapping of X satisfying the condition
(U*(z), z) = [|lz]*, U @@)]| = l|l=I*7", s>2.

It is indicated in [2, 20] that Eq. (1.3) has a unique solution, henceforth
denoted z"9, and if h/a, §/a — 0, as a — 0, then the sequence {z°}

o )
converges to a solution xg of (1.1):

|zol = nin [E4R

where Sy denotes the set of all solutions of (1.1) (S # ). Moreover, the

solution azgé can be approximated by a solution of the finite-dimensional
problem
(1.4) Ay (z) + aU™(z) =[5,

where A} = PXApP,, U™ (z) = PyU®P,(z), and f§ = P f5, P, denotes
a (linear) projection from X onto its subspace X,,, P} is the adjoint of
Py,

X, C Xpy1, Vn, Ppz—zx, Vx € X (|| Pyl < ¢, a constant).

hé

0 and the sequence

For each a > 0, Eq. (1.4) has a unique solution x

{231 converges to 2%, as n — 400 (see [19]).

The solutions z? of (1.3) and z”? of (1.4) can be found by iterative
methods because of uniformly monotone property of U® and U*"™ when
X is uniformly convex (see [23]), but under very complex conditions on
parameter choice (see [1], [3]). In [6] the author studied another approach

to solve (1.1) by considering the equation

(1.5) Ah(.fE)—i-OéB:E = fg,
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where B is a linear and selfadjoint operator, i.e. B* = B, such that
(Bz,z) > mg||z||?>, Vo € D(B), mg >0, Sy C D(B), D(B)=X.

Eq. (1.5), for every o > 0, has a unique solution x5, if h/a, §/a — 0, as
a — 0, the sequence {z¢5} converges to x1 € Sy:

(1.6) <B:U1,x — x1> >0, Vzes.

And the solution z}5 can be approximated by solution of the finite-dimensional
problem

(1.7) Ap(@) +aBuz = f7
under the conditions
X, C D(B), Bpx=P,BP,x — Bz, Yz & D(B).

Evidently, the last requirement is equivalent to BP, B~y — vy, Yy €
R(B) which is proposed and studied in [11]. In many cases, we can use
differential operator like B (see [12]) and thus the smoothness of solution
is preserved in regularization. This is one of the advantages of B over U*
in regularization. The convergence rates of % and 2" were considered
in [5] and [7]. In this paper we shall answer the question on convergence
rates for {zfs}, when 2§ — x; and its convergence rates. After that
we give an iterative method for regularized solution and an example for

illustration.

Later, the symbols — and — denote weak convergence and convergence
in norm, respectively.

In the following sections we suppose that all the above conditions are
satisfied.

2. MAIN RESULTS

3 03
First, we prove a result about convergence rates for {zf}.

Theorem 2.1. Let the following conditions hold:
(i) A is Fréhet differentiable in some neighbourhood U(Sp) of So,
(ii) There exists a constant L > 0 such that

[A(z) = A'(W)| < Lllz—yll, V€ So, y€U(S).
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(iii) There exists element z € D(B) such that
A™(x1)z = Bxy.
(iv) L||z|| < 2mp.
Then, if a is chosen as a ~ (h+ §)*, 0 < p < 1, we obtain

255 — z1ll = O((h +6)?), 6 =min {1 —p, u/2}.

Proof. From (1.1), (1.5) and the monotone property of A, A, and B it
follows

amp|zf; —wil* < (8 + hllafsl) lahs — 21l + a{Br, 21 — afs).

By virtue of the last inequality and condition (iii) of the theorem we can
write

(2.1) ampllafs—z1]* < (0+nlafs]) lofs —21 | +alz, A'(21)(z1—255)).
Using the Taylor’s expression of [22] we have
Al(z1) (w1 — 235) = Ala1) — A(as) + hs

with 7
Irpsll < 5!\$%g—x1|!2-

As

(z, A(z1) — Ax35)) = (2, [ — fs + An(xf5) — A(z5s5) + f5 — An(25))
< [l201(8 + Allz55]l) + (2, Bxhs),

(2.1) implies
L
a(mz = Sz Ik = 1
< (8 +hllzgsll) l2fs — zall all2ll (8 + Allagsll) + all Bzl 255
By using the following relation of [15]:

a, b, ¢ > 0, p > ¢, a? <ba?+c = a? = 0P/ P9 4 ¢)
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we obtain
lafts — a1 = O((h +8)°), 0=min (1 p, 1/2) O

In the case of Hilbert spaces X = X* = H, this result was obtained in
[5] with B = I, the identity operator of H. Obviously, the theorem is valid
if condition (ii) of the theorem is satisfied only for z = z1, Yy € U(5)).

Now, we shall answer the second question.
Theorem 2.2. Assume that the following conditions hold:
(i) Conditions (i) and (ii) of Theorem 2.1,
(ii) a« = a(h, §, n) — 0 such that h/a, 6/, a« — 0 and
(9 (@) + LI = Po)al*)a™ =0, Va € S,
as n — oo, where vy, (x) is defined by
(@) = A @)T - Po)z|.
Then the sequence {75} converges to x.
Proof. From (1.1), (1.7) and the properties of A}, P,, and B it follows
Ap(zhs) — A (zn) + By, (x%g - xn)
= f5 — Ap(zp) — aBpzy, — frn + P A(x),
fn:P;:fv Ty = Ppx, x € Sop.
Multiplying both sides of this equality by x}\§ —x,, and using the monotone
property of A%, B and P2 = P, we get
(22)  amplafy — el < a(B(fE — 2., @i — wa)
= O‘<P7>: (B(xg(? - 3771))7 xzzgz - ajn>
Py (fs = f+ Al@) = Alag) + A(zn) — Ap(@n)), 235 — @n)
+ a(P} By, xn —x05) < (6 + hellz||) |253 — @]
+ (A(z) — A(zy), 233 — xn) + (P} Bxy, ©, — z}3).

On the other hand,

A(xn) — Alx) = A(2)(Po = Dzt 1o, lrall < gll(f — Pz,
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Therefore, from (2.2) we get

an L
omp et — wal? < (64 helle] + |4/~ Poall + 2~ Py)al?) x
(2.3) |lxns — znll + 04<P,:an, Ty — $%§>

with (P} B, ©, —zfy) < const. ||z — x,|. Together with the condi-
tions of the theorem the two last inequalities guarantee that the sequence
{z¢%} is bounded. Without loss of generality, let 2§ — z1,as h, d,« — 0
and n — +o0.

Now, we write the monotone property for A™ = PXAP,
(A™(@) — A™(233), @ — )y >0, VzelX.
As PrPr = P}, the last inequality can be written in the form
(Azn) — A™(253), 20 —235) = 0.
Thus,
(A(zn) = fs) + a(Buzhs, o —a53) + hll235 ] >0

or
(Alzs) = f3) + o(Boza, 20— 2f3) +hlafg]| >0, Vo € D(B).
Letting h, 0, « — 0 and n — 400 in this inequality we obtain
(A(z)— f, z—x1) > 0, Vaz e D(B).

By Minty’s lemma (see [21], p. 257), z1 € Sp.

From (2.3) we also obtain (Bz, # —x1) > 0, Va € Syp. Replacing =
by tx1 + (1 —t)z in this inequality and using the linear property of B and
convex and closed property of Sy we have <th1 +(1—t)Bzx, =— ac1> >0,
Vo € Sp, t € (0, 1). Letting ¢ — 1 in this inequality we get <Bx1, :c—a:1> >
0, Vx € Sp. Since the element z; is defined by (1.6) uniquely, the entire
sequence {x¢§} converges weakly to x;. By putting x,, = 27 = P,z
in (2.3) we can see that the sequence {z{3} converges strongly to x;, as
h, 9, « — 0 and n — 4o0.

Put
ﬂn = HP,;:BPnl‘l — BZL‘lH

We shall prove a result about convergence rates for the sequence {x¢§}.
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Theorem 2.3. Let the following conditions hold:
(i) Conditions (i)-(iil) of Theorem 2.1,
(il) « is chosen as o~ (h+ § + v,)* + By, where v, = ||(I — Pp)x1]|.

Then i
gy — ol = O((h+8+3)") +8Y/?),

where i = min{1 — p, p}.
Proof. Since
[An(z1) = An(a?)l < hlled + 0+ [[fs — An(27)]],
(PrBat, ot — xyy) > = (PyBa} — By, o — x3') + (Bxy, o} — 273)
< Bullafs — il + (B, 27 — 235),
from (2.3) we get
(2.4) amallzy — 27 |* <
(6 + helleall + v + Lon /2 + ) lofs — 27|l + aBzy, ot — 237).
On the other hand,
(Bxy, xf — 233 ) = (Bxy, ot — 1) + (Bxy, x1 — 273 )
< ||Bai||yn + (Bx1, x1 — z33).
Therefore, from (2.4) we can see that
ampllafy = 2l < (84 hlarl +m + L12/2 + B, ) lohg — %
+ || Bz ||y + o Bz, @1 — 20§,
and as
(Bry, w1 — a5 ) = (2, A'(1) (1 — 273)) = (2, A(21) — A(h3) +775')

= (2. = fs+ fs — An(253) + An(233) — A(235))
+(2,mh5') < 2I1(8 + hllaps ll) + (B 2,255 ) + (2, 733)

L L
Il < Sll255 = 21l” < S llzhg — 211 + O(m),
we obtain that
L
a(mp = 5|21 ) g — a1]|* <

O(h+ 0 +vn + afy)|lzhs — 27| + aO(h + 6 + v, + ).
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Therefore ~
253 — 27| = O((h+6 + 7)™ + BY?)

and i
|25 — 21]| = O((h+ 6+ )P + BY3). mp

3. ITERATIVE METHOD FOR REGULARIZED SOLUTION

Consider an iterative method for finding a solution of the following
equation

(3.1) F(z) = Bz + A(z) = f,

where the operators B and A are defined as above.

Let 2! be an arbitrary element of D(B). The sequence of iterations is
constructed by the formula

"t =" —t, B Y F(z") - f)/1, n=12,...
(3.2) 7w = (B"Y(F(z") — ), F(@") - f)"'?,

where {t,} is a sequence of real numbers.

Theorem 3.1. If the real numbers t,, satisfy the conditions
oo o.@]
>0, N0, D tn=-oo, D 1 <+oo,
n=1 n=1

then the sequence {z™} converges to &, the unique solution of (3.1), as
n — —400.

Proof. Put

It is easy to see that
Ag1 < A +2(B(2" M —2™), 2™ — &) + (B(2" Tt — 2™), 2" — 2.
From this inequality and (3.2) we get
Mgl < An = 2t A/ Tn + £2.

Therefore, the sequence {\,} is bounded. Consequently, the sequences
{z™} and {A(z™)} are bounded, too.
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Since

77 = (B7'(A(z") + Bz" — (A(Z) — B%)), A(z")+ Bx" — (A(Z) — Bi))

n

1 ~ n ~ n 4
< g lAEt) —A@)|* + 2 A") = A@) |||z - 2| + A7,

and A is bounded, the sequence 7, also is bounded, i.e. there exists a
constant C' > 0 such that

Mt1 < An — 2\t /C + 12,

Basing on the current relation of [3] we can conclude that A\, — 0, as
n — +o00. So, the sequence {z"} converges to Z.

For each a > 0 the regularized solutions z}5 and z}§ can be found
by this method. In many cases we can choose the operator B with prior
knowledge on B~!. We see that the iterative process (3.2) is much simpler
than others of [1], [3]. This is the second advantage of B over U® in
regularization for ill-posed equations of the first kind involving monotone
operators.

4. EXAMPLE

Consider the linear operator equation of the first kind
(4.1) Ky=f, [eLy0,1]), 2<gq<+oo

where K is defined by
1
(Kz)(t) = /k(t,s)x(s)ds,
0

such that (Kz, z) >0, Vo € L,([0,1]), p~' 4+ ¢+ =1, (see [4]).

Note here that the choice of space L,([0,1]) in solving (4.1) is very
important for achieving effectiveness in computations (see [14]).

Asumme that the solution y(t) is twice-differentiable and satisfies the
condition y(0) = y(1) = 0. In this case, U?® is certainty a nonlinear
operator, hence the regularized equation (1.3) is also a nonlinear equation,
while (1.5) and (1.7) are linear. This is the thirth advantage of B over
U?® in regularization. Operator B, in this case, can be determined by
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d?x(t
Bzx(t) = — da;g ) + po(t)x(t), po(t) > po > 0, where D(B) is the closure

in the norm W7 of all functions from C?[0,1] satisfying the condition

u(0) = u(1) = 0 (see [7]). Then B~ tv(t) = 0flg(t7 s)v(s)ds with

g(t,s) =ur(t)ua(s), t<s; =wua(t)ui(s) t=>s,

where w1, ug are the nontrivial solutions of Bu = 0 such that u(0) =
u(1) = 0 (see [12]). The derivatives are understood in generalized sense.

The verification of other conditions depend completely on the concrete
problem and P,.
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