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VOLTERRA RIGHT INVERSES FOR WEIGHTED
DIFFERENCE OPERATORS IN LINEAR SPACES

NGUYEN VAN MAU AND NGUYEN VU LUONG

ABSTRACT. Let X be a linear space over a field F of scalars and let X,
be the set of all infinite sequences T = (330, T1y... ), where T; € X.
Let A = (Ao, Al, . ) be a sequence in L (X) Consider the weighted
difference operator in X,: Dax = (mn+1 — Anl‘n). The scalar cases
of weighted difference operators have been investigated, among others, by
Przeworska-Rolewicz [3] and Kalfat [6]. In this paper we describe the set
of all right inverses and the set of all initial operators for ID 4. Properties
of fundamental right inverses and fundamental initial operators are stud-
ied. In particular, we give conditions for a fundamental right inverse to
be Volterra and apply this result to solve the corresponding initial value
problem.

0. INTRODUTION

Let X and Y be nontrivial linear spaces over a field F of scalars. Denote
by L(X,Y) the set of all linear operators with domains in X and ranges
in Y. Set

Lo(X,Y)={A€ L(X,Y) :dom A = X }.

In the case Y = X, we shall write L(X) instead of L(X, X) and similarly
Lo(X) instead of Lo(X,X). The set of all right invertible operators in
L(X) will be denoted by R(X). For D € R(X) we denote by Rp and
Fp the set of all right inverses and the set of all initial operators for D,

respectively, i.e.
Rp={ReLy(X): DR=1T},

Fp={F € LyX): F*=F FX =ker D},

For the general theory of right invertible operators and its applications
we refer the reader to [3].
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Denote by X, the set of all infinite sequences z = (zg,z1,...) of el-
ements of X with the natural operations ax + By = (ax,, + By,,) for all
x,y € X, and for all o, 8 € F.

We say that A € Lo(X) is algebraic if there exists a non-zero normed
polynomial P(t) = t¥ + pit¥ =1 + ... 4+ py with coefficients in F such
that P(A) = 0 on X. An algebraic operator A is called of order N if
there does not exist a normed polynomial Q(¢) of degree m < N such
that Q(A) = 0 on X. Such a minimal polynomial P(t¢) is called the
characteristic polynomial of A and is denoted by P4(t). The set of all
algebraic operators in Lo(X) will be denoted by A(X).

Let B € Lo(X). If the operator I — AB is invertible for all A € F,
then B is said to be a Volterra operator. The set of all Volterra operators
acting in X will be denoted by V(X).

1. GENERAL WEIGHTED DIFFERENCE OPERATORS

Let A = (Ao, Aq,...) be a sequence of linear operators, where A4, €
Ly(X). Consider the following weighted difference operator in X,,:

(1) Dax = (xpi1 — Apy).

It is easy to see that Dy € Lo(X,) and

(2) kerDy={z € X, :20=u,x = Ap_1... Aou,u € X,n > 1}.
Hence dim ker D4 = dim X > 0 and D4 is not invertible.

Lemma 1. D4y € R(X,).

Proof. Define an operator Ry € Lo(X,,) as follows

(3) 1%03j =Y,
where
Yo = 07
(4) Y1 = o,
Yn =Tp—1+Apn_1Tp_o+ -+ Ap_1---A129
for n > 2.
We have

DsRoxr = Dy = v,
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where

v = To, V1 =Y2— Ay = (21 + A1xo) — A120 = 71,
Un = Yn+1 — ApYn = (xn + A1+ Ay Alxo)
_An(xn—l+An—1xn—2+"'+An—1"'A1x0) =Tpn, Nn=>2.

Thus DyRox = x for all z € X, i.e. Dy € R(X,) and Ry € Rp,.

Lemma 2. R € Rp, if and only if there exists V € Lo(X,, X) such that

(5) Rz =y,
where

Yo = V.il]',
(6) y1 = xo + AV,

Yn = Tpn—1+ An—lxn—2 +-+ An—l to Alxo
+Ap_1---AVz, forn>2.

In the sequel, R defined by (5)-(6) will be denoted by Ry .
Proof. Let Ry be defined by (5)-(6). We find

DsRyxr = Day =,
where

vo = y1 — AoYo = o,
vy =y2 — A1y1 = (1 + Ao + A1 AoV ) — Ay (z0 + AgV ) = 21,

and for n > 2 we get by an easy induction the equalities v,, = z,,. Hence
DjyRyx =z forall z € X, i.e. Ry € Rp,.

Conversely, if R € Lo(X),DaRx = x and Rz = y, then y,11 — Apyn =
xy, for n > 0. These equalities imply

Yo=u€ X,

Y1 = xo + Aou

Yn =Tp—1 +Apn_1Tp_o+ -+ A1 A1xo+ Apn_1 - Aou
for n > 2.
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Since Rx = y, every term y,, depends on z and there exists an operator
V from X, to X such that yo = V. From the assumption R € Ly(X,,)
we conclude that V' € Lg(X,,, X), which gives us the formula (5)-(6).

Lemma 3. Let Dy be of the form (1) and let Ry € Rp, be defined by
(5)-(6). Then the initial operator Fy for D4 corresponding to Ry is of
the form

(7) Fv.’lf = ($0 — VDALL', Ao(l'o — VDA:E), Ale(l‘O — VDAQZ), . )

Proof. Note that the equation xg — VD x = u for every given u € X has
a solution = = (u, Agu, A1 Aou, ...) € X,. Hence, if Fy is defined by (7),
then Fyy X, =ker D4 and Dy Fy = 0 on X,,. Moreover, since D 4Fy = 0,
for any x € X, we find Fiz = Fy(Fyz) = Fyx. Thus, Fy € Fp,.

Formulae (5)-(6) and (7) together imply FyRyxz = u, where uy =
Ve—VDasRyx =V —Vzer=0and u, = A,_1---Agug = 0 for n > 1.
Thus Fy Ry = 0on X, i.e. Fy is an initial operator for D 4 corresponding
to Rv.

Lemmas 2 and 3 show that the properties of every initial operator
Fy € Fp, depend on the properties of V' € Lo(X,,, X).

2. FUNDAMENTAL INITIAL OPERATORS AND
CORRESPONDING RIGHT INVERSES

Definition 2. Let m € IN be fixed and V;,, € Lo(X). Then Fy,, defined
by the formula

(8)  Fy,x=(u,Agu, A1 Aou,...),u =20 — Vi (Tma1 — AmTm)

is called a fundamental initial operator for D 4. Every R € Rp, such that
Fy, R =0 (i.e. Fy, corresponding to R) is called a fundamental right
inverse of D4 and will be denoted by Ry, .

By Definition 2, if Fy, Ry, =0 for Ry, € Rp,, then Ry, is defined
by the formula

(9) Ry, x =y,
where
Yo = memu

Y1 = To + AOmemy
Yn =Tp_1+ -+ Ap_1--Arzog+ A1 AgVwy, forn > 2.
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Lemma 4. Let N € IN and let V,, € Lo(X), Vi # 0 on X (m =

0,1,...,N). Then the corresponding system of the fundamental right in-
verses {Ry,, ..., Ryy} is linearly independent on X,,.

N
Proof. Let ag, 1, ..., an € F such that > a,, Ry, z =0 for all z € X,,.

m=1
By (9),
N
(10) Z O Vintm =0 for all z,, € X.
m=0

Putting = = (0,...,0,2%,0,...) in (10) z; € X we get a;V,,xx = 0 which
gives a, = 0 for every k € {0,1,...,N}.

Similarly, we can prove a similar result for any fundamental initial
operator.

Lemma 5. Let N € IN and let V,,, € Lo(X), where V,,, Z 0 on X
for m = 0,1,...,N. Then the system of fundamental initial operators
{Fv,,...., Fvy } is linearly independent on X,,.

Proof. Suppose that there are «q,...,ay € F such that

N
(11) Z amFy, x=0 forall x e X,.

m=0

Let k£ € {1,2,...,N} be fixed. Setting x = Ryt in (11), where t =
(tn),tn, =0 for all n # k + 1 and tx41 = xk, we have

(12) opVixr =0 for all z;, € X.

Since Vi # 0 on X, from (12) we get ap = 0 for k = 1,2,..., N. Thus,
(11) is now of the form

(13) aoFy,x =0 forall x € X,,,.
Again, putting z = (xg, Aoz, 0,0,...) in (13) we have
ag(xg — Vo(Aoxo — Apxp)) =0 for all ¢ € X,

which is equivalent to agzg = 0 for all xp € X, i.e. ag = 0. Thus, the
system {Fy,, ..., Fy, } is linearly independent on X,,.
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3. VOLTERRA RIGHT INVERSES

We now formulate conditions for a fundamental right inverse Ry, €
Rv, to be Volterra.

Theorem 1. Let D be of the form (1) and let Fy,, be a fundamental
initial operator of the form (8). Then the corresponding right inverse Ry,
1s Volterra if and only if the operator

(14) Kp=I—-M+An_1) - (M+A))(A+ A_1),
where we admit A_y = 0, is invertible for all A € F.
Proof. By Lemmas 2 and 3, Ry,, is defined by the formula

(15) Ry, x = (VinTm, o + Ao Vin@m, 1 + A120 + A1 A VimZm, - . - )

Consider the equation
(16) (I = ARy, )z =v,v € X,.
For m = 0, by (15) we can rewrite (16) in the form of the system
zo — AVozo = Vo,
(17) r1 — Mz + AoVoxo) = v1,
T2 — M1 + A1z + A1 AoVozo) = v2,
Ty — ANXp—1+ -+ Ap_1-- AVoxo) = v, n>3.
It is easy to see that the system (17) has a unique solution for any v =
(vn) € X, if and only if the first equation of (17): o — AVpxg = vg has a

unique solution for all A € F and for all vy € X, i.e. the operator I — AV}
is invertible for all A € F.

If m > 1, then (17) is of the form
xg — AVpx,m = vo,
(18) r1 — Mzo + AoVin®m) = v1,
Ty = ANXp_1 4+ Ap_1- - A Vi) = v, n>2.

The system (18) has a unique solution for any v € X,, if and only if the
system of m + 1 equations

To — )\mem = Vo,
(19) r1 — )\(.TCO + onmwm) = V1,
T = A(@p_1 4+ An_1 - AV @) = Un,

n=2...,m
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has a unique solution for all vg,...,v,, € X. From (19) we have, for
n=0,1,--,m—1,

To = vg + AV,

x1 =1 + Mg + (M + Ag) AV,
(20) )
Tm—1 = Um—1+ A Um—2+ Am—_oUm_3+ -+ Ao Agvo)

4o N g F M+ Apa) - (M 4 A AV .

Also from (19) we have, for n = m,

T = M+ A1) -+ (M + Ag)lVixm + vy
(21) —F)\(’Um_l—|—"'—|—Am_1"'A0'U0)+"'+)\m’U0.

Hence, (19) has a unique solution if and only if the equation (21) has a
unique solution for all A € F and for all vg,...,v, € X, i.e. the operator
(14) is invertible for all A € F.

Corollary 1. If R € Rp,, Rx =y, where yo = Vo, V € V(X), then
ReV(X.).

Corollary 2. If R € Rp, and Rx =y, where yo = Qxo, Q € A(X), then
R e V(X,) if and only if Q is a nilpotent operator, i.e. there is s € INT
such that Q° = 0.

Proof. If Q € A(X) and Q° = 0, then I — AQ is invertible for all A € F
and (I —AQ)™! = I+ XQ + -+ + X 1Q*" 1. Hence, by Theorem 1,
the corresponding right inverse R is Volterra. Conversely, if () is not a
nilpotent operator then there is a non-zero root ty of Pg(t). Then 1 — Ay
is a root of Pr_q(t) ([4]). Let A = t;*. Then the operator I — AQ is not
invertible and @ ¢ V(X,). By Theorem 1, R ¢ V(X,,).

4. INITIAL VALUE PROBLEM

Let D4 be of the form (1) and let V € V(X). Consider the following
initial value problem

N
(22) ZajDi‘:U =,
§=0
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(23) Fy,D¥z = up,up €ker D,k =0,...,N — 1,
where ag,a1,...,ay € F. From now on let F be the field of complex
numbers.

Let Ry, € Rp, be a fundamental right inverse of D4 and Fy, be
an initial operator corresponding to Ry,. By Theorem 1, Ry, € V(X,).
Hence, applying the algebraic analysis method of [3], the problem (22)-(23)
is equivalent to the equation

(24) ZaN jRJ r = Ry y+ZR] u;.
7=0

Let t1,...,ty € F be n roots of the polynomial
Pt)=tN +an 1tV 4+ 4 agt + ap.

We can rewrite (24) in the form

N-1

I —1t;Ry, x—RVOy—i—ZR Uj.
7=0

||E2

Hence the problem (22)-(23) has a unique solution of the form

—t;Ry,) " HRY y + Z R, uj).

||::]z

Remark. By the same method one can solve the first mixed boundary
value problem

N .
Z a;Dhx =y,
§=0
Fy DFz=wy; wupc€kerDy, k=0,...,N—1
under the assumptions that every operator of the form
Kp=1T—-—M+An-1) AN+ A)N+A_1)V,,

(m=0,...,N—1; A_y := 0) is invertible for all A € F.
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5. EXAMPLES OF APPLICATIONS

Example 1. Let X = C(IR,F) be the set of all continuous functions
from IR to F. Given (A,x)(t) = z(n —t), (Vox)(t) = z(t) and a € F.
Find all sequences {z,(t)} (z, € X) such that

(25) Tnt1(t) — Tn(n — 1) + azy(t) = yn(t),

(26) Zl)o(f) + xo(—t) - .Z'l(t) =0.

where y,, € X(n=0,1,...) are given.
Write (25)-(26) in the form

(Dg+al)x =y, Fyxz=0.
Then the problem (25)-(26) is equivalent to the following equation
(27) (I + GRVO)ZL' = Rvoy,

where Ry, is defined by the formula (9).

Theorem 1 implies that the equation (27) has a unique solution if and
only if the equation xo(t) + azo(t) = yo(t) has a unique solution, i.e.
a # —1. If that is the case, the unique solution of the problem (25)-(26)
is of the form

= (I +aRy,) 'Ry,y.

Example 2. Let X be a linear space over C and let A € A(X) be an
algebraic operator with the characteristic polynomial

T

Pa(t) =[]t —t;); ti #£t; fo i+#}.

Jj=1

Write:

r

Pe=w(AT); wlt,r)= [ (t—t;) "t —t;7).
J=1,j#k

Then the following equalities hold [1]-[2]:

PZ‘széi]‘Pj; Akzztﬁpj; k € IN.

=1
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Consider the following algebraic weighted difference operator
(28) Dax = (xp41 — Axy) for z = (x9,21,...) € Xo.

Then ,
ker A = {x e X, :xr, = Zt?Pju, u € X}.
j=1

Every right inverse of D 4 is of the form
(29) R =Ry + FuB,

where Fiy = I — RyDas € Fp,, B € Lo(X,) and Ry is defined by the

formula
r n—1

Raz=y; y0=0 yn=> > thPixn 1 4
=1 k=0

By Theorem 1, we can formulate a sufficient condition for a right inverse
R of D4 to be Volterra by means of B in (29).

Corollary 3. Let X, = {x € X, : 9 = 0} and B € Ly(X,) with
BX, C Xu.0- Then R defined by (29) is a Volterra operator.
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