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THE STRONG LAW OF LARGE NUMBERS
FOR TWO-DIMENSIONAL ARRAYS OF
ORTHOGONAL OPERATOR IN
VON NEUMANN ALGEBRA

NGUYEN VAN QUANG

ABSTRACT. We investigate the strong law of large numbers for two-
dimensional arrays of pairwise orthogonal operators in a von Neumann
algebra A with faithful normal state. Some related results are considered.

1. INTRODUCTION AND NOTATIONS

The strong limit theorems for sequences of orthogonal operators in
von Neumann algebra have been considered by some authors. In [3] the
Randemacher-Menshov theorem has been proved. An other version of this
theorem can be found in [1]. The non-commutative extension of the Weyl
theorem was shown in [2]. In particular, the strong law of large numbers
was given by R. Jajte in [4].

The aim of this paper is to give the strong law of large numbers for two-
dimensional arrays of pairwise orthogonal operators in a von Neumann
algebra with faithful normal state. Our results extend some results of
[4], [5] to two-dimensional arrays and can be viewed as non-commutative
extensions of some results of [6].

Note that in the special case when the state is tracial, some results
on law of large numbers for sequences and for two-dimensional arrays of
independent measurable operators have been considered in [5], [8], [10].
In particular, one can find the law of large numbers of Hsu-Robbins type
for two-dimensional arrays of independent measurable operators in [11].

We start with some notations and definitions. Throughout of this pa-
per, A denote a von Neumann algebra with faithful normal state ®, and
N is the set of all natural numbers.

For each self-adjoint operators X in A, we denote by e (X) the spectral
projection of X corresponding to the Borel subset A of the real line R.
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Let X be a operator in A and X* the adjoint of X. Then X*.X is a
positive operator in A and there exists the positive operator |X| in A such
that

| X].|X|=X"X.
| X| is called the positive square root of X*X and is denoted by (X*X)'/2,

Two operators X and Y in A are said to be orthogonal if ®(X*.Y') = 0.
An array (X, (m,n) € N?)is said to be the array of pairwise orthogonal
operators in A if for all (m,n) € N2, (p,q) € N2, (m,n) # (p,q), Xmn
and X, are orthogonal.

Now let (X, (m,n) € N?) be an array of operators in A. We say that
X 18 convergent almost uniformly (a.u) to X € A as (m.n) — oo if for
each £ > 0 there exists a projection p € A such that ®(p) > 1 — ¢ and
| (Xpmn — X)p|| — 0 as max(m,n) — oo.

An array (X,n,(m,n) € N?) C A is said to be convergent almost
completely (a.c) to an operator X € A as (m.n) — oo, if for each € > 0
there exists an array (gmn, (m,n) € N?) of projections in A such that

Z Z (I)(qur_m) < oo and ”(an - X)an” <é
n=1

m=1

for all (m,n) € N? (where ¢, = E — gmn, F is the identity operator).

By the same method as for one-dimensional sequences we can prove
that if the state @ is tracial and X,,, — X(a,c), then X,,,, — X(a,u) as
(m,n) — oo (see [4]).

For further information we refer to [7], [8], [10].

2. PRELIMINARIES
In the sequel we’ll need the following lemmas
Lemma 2.1. Let (Y,,,) be a two-dimensional array of pairwise orthogonal
operators in A. Put
m n
)
i=1 j=1

Then there exists an array (Bpmy,) of positive operators in A such that

trnl? < (M +1D(n+1)Bp, for 1<i<2™ 1<j<2"



THE STRONG LAW OF LARGE NUMBERS 17

and
om gn

®(Byn) < (m+1)(n+1)) > (V%)

i=1 j=1

Proof. We start with the dyadic representations of ¢ and j. Divide the
interval I = (,2™] into intervals (0,2~ '] and (2™72,2™], each of these
intervals into halves, and so on, we obtain in this way a sequence of parti-
tions of I. For a positive integer i < 2™, we take its dyadic representation.
Then the interval (0,7] can be written as the sum of at most m disjoint
intervals 1" each of which belongs to different partition; that is

(2.1) (0,1] = i],gi),

k=0

where 1 ,gi) is empty or element of k' partition. Analogously, we have

(2.2) (0,51 =3 7"
/=1

where jéi) is empty or a element of £*" partition of [0,2"].

Using (2.1) and (2.2) we obtain

(0,4] x (0, 4] = Emj il;ﬁ“ x JI) = Zm: Z A,

k=0 £=0 k=0 £=0
and therefore
i 7 m n
tz] = 5 Yuv = § < 5 Yuv)
u=1v=1 k=0¢=0 UEA;Z

where Agy = I x J, I (and J) runs over all intervals with appear as
the elements of the partitions of (0,2™] (and of (0,2"], respectively). By

Schwarz inequality,
" 2
>z <n 1A
k=1
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Thus,

n

P < m+ e+ DD (] Y Y

k=1 ¢=1 (uﬂ})eAij

< (m+1)(n+1)Bmn

Moreover, B,,, does not depend on i € (0,2™], j € (0,2"] and

2B <Yl X vl |22 X e(v.p)

Agy (u,w)EARy Ake (u,w)EALe
2™ 2™
= (m+ D+ 1) Y e
i=1 j=1

which completes the proof.

Lemma 2.2. Let (X,,,,) be an array of positive operators in A and (€mn)
an array of positive numbers. If

Y

N —

Z L ®( X)) <
1n=1

m=

then there exists a projection p € A such that for all m, n € N

)>1-2 Z Ze’l D ( Xnpn) and  |[pXomnp|| < 2emn.

For sequences this lemma was proved in [5], (2.2.13). It also holds for
arrays because all X,,, are positive operators and all ¢,,, are positive
numbers.

Lemma 2.3. Let (X,,,) be an array of operators in A. If

(2.3) Z Z ([ Xmnl?) < oo,

then X, converge almost uniformly to zero as (m,n) — oo.
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Proof. Let € > 0 be given. By (2.3) we can find an array (&,,,) of positive
numbers such that &,,, — oo as (m,n) — oo and

Z ngn(b(|an|2) <e/2.

By Lemma 2.2 there exists a projection p € A such that

Op) >1-2> > (| Xpmnl*) >1-¢
n=1

m=1

121 Xomn | *Dll < 2€pm-

Thus 0 < [| Xpnpll = 12| Xmn?2l|Y? < v/26mn — 0 as (m,n) — oco. This
means X,,, — 0 (a.u) as (m,n) — oo, and the proof is completed.

3. STRONG LAW OF LARGE NUMBERS
The main result of this section is following theorem

Theorem 3.1. Let A be a von Neumann algebra with a faithful normal
state ® and let (Xun) be a two-dimensional array of pairwise orthogonal
operators in A. If

then

converge almost uniformly to zero as (m,n) — oo.

Proof. Put

Let 2F < m <2k 2f < n < 2641 Then
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(3.1)

1 1 ok 9t
S = Sl = [ (7 = 577) 2 Z:X
1 m n 2k n m n 2
A S S x)E S ne £ 5
1=1 j=2¢41

i=2k 41 j=2¢41 i=2k41 j=1

<4 | (o ~ ). \ZZXw ol >y x

i=1j=1 =2k4+1 j=2¢+41

EzwwiiM

1=1 j=2¢641 i=2k4+1 j=1

We have

S — 4 (ﬁ 2k+1) ‘ZX_:XU

\ > ZXU

=2k417
[ 1 1 m n 2
=4 <2k+é+2 2k+é> ‘ZZXZJ 22(k+1)‘ Z Z Xij
i=1j=1 i=2F41 j=20+1
1 m n 2
<4 |9.2- 2(k+£+2)‘ZZXW 2_2(k+1)) >y xy
i=1j=1 i=2k4+1 j=2¢41

EIDDS |

=2k 41 j=2¢41

< 92— 2(k+1) ‘ Z Z Xij
i=1 j=1

Applying Lemma 2.1 we obtain:

‘Z Z X”’ (k + 2)(¢ + 2) By

=2k 41 j=2¢41

where By, is a positive operator independent of m € (28,281 n €
(2¢,2¢+1) and
gk+1 9t+1

O(Bre) < (k+1)(C+2) > > (X,

=2k 41 j=2041
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Thus SU < Dy, ¢, where Dy, € Ay and

ok ot

O(Dge) < 22720 [N "0 (1 X5))

i=1 j=1

gk+1 9l+1

+k+2)+2) Y Y (X

i=2k 41 j=2¢+1

By the assumption

m=1n=1
We have
k £
oo 00 o lle’ - 2k+€ 2 2 lgzlg]
D)ILTNED 3 JECEE N 3 pPFCICL Y
k=1 ¢=1 k=1 ¢=1 i=1 j=1 J
= 92—2(k+0) 22 ) (| 4 2)2(€ + 2)?
2 2 b+ 1200+ 22
ok+1  of+1 ) .
> 3w (e
%) .
i=2F41 j=2¢+4+1 L
(3.2) < e 0> a(lxy) (ELEL)
k=1 ¢=1 j=1i=1 J

£
s Y > e ()

12
k=1 ¢=1 i=2k4+1 j=2k+1
i lgi lg
(C1+C2) -3 (X ) (F2)
i=1 j=1

where C = Z Z 12 EQ and Cy is the constant satisfying

2°(k +1)%(0 + 2)?

(k+ 1)2(0 + 2)2 < Cy (Vk, V0).

21
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We now estimate the second term of (3.1). We have

SIS

i=1 j=2¢ i=1 j=2041

Applying proposition 4.4.2 of [5] for sequences (X;;), j € N,i=1,...,2F,

we obtain
> Xy
j=204+1

2 __
S (E + 2)Bz£

where By is a positive operator independent of n € (2¢,2¢+1!) and

Zn (¢+2)B g<2(lg]> o(|1X,;5]%)
éZZ(lg”g”) (1%, <

. 2k . o)
Put Bxe = (¢+1) >  Bjs. Then By, depends only k, ¢ Z

®((mn)?Bye) <

[ Mg

oo and

2k n
‘Z Z Xij| < By

i=1 j=2i41

Analogously, we can find a positive operator ?M such that EM depends

only on k, ¢, > > @((mn)_2§k4) < 00 and
k=1¢=1

< B
i=2k4+1 j=1 J=1 j=1
Thus
m ok 2
5(2)_ ’Z Z ij —}—‘ Z ZXU
i=1j=2041 i=2k41 j=1
4 —
(3.3) < 5 ((Br,t) + (Bie)) = Di
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where Dy, € A and Z Z ®(Dyy) < oo. Combining (3.1), (3.2). (3.3),
we get T
S — Saroe|> < SW + 5@ < Dyy + Dy = Die

where Dy € A and > (I)(ﬁkg) < 00. Moreover

k=1/4=1
oo 00 ok ot
k o2
i=1j=

1 22(k—|—€) 2k 2t

lgz 1g]
22(k+£) 242 ZZCI) |X| ( )
1 =1 j=1

M T
M 11

e
I

1

~
Il

Using the Lemma 2.3 for (S, — S%.2¢) and (S5.2°) we obtain

Sy = (Smn — S5.25) 4+ 8526 - 0+0 (a.u) as

2kl — m.n < 2k 261

This completes the proof.

Under some conditions stronger than those of Theorem 3.1 we can
obtain the almost completely convergence of the averages. Namely, it is
easy to prove the following theorem.

Theorem 3.2. Let (X,u,) be an array of pairwise orthogonal operators
in A. If there exists an array (amy,) of positive numbers such that @, | 0
as (m,n) — 0 and

(34) ZZGUCDUXUP) < 00

i=1 j=1

(3.5) ZZ (ij;azj < oo

i=1 j=1
Then
1 oo oo
— Xi; — 0 . , .
mnzz i —0 (ac) as (m,n)— oo

i=1 j=1
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Proof. Put
1 m n
=—> > Xy
k=1 j=1
Then
B(|Snl?) = Gz D0 D0 (XKl
=1 j=1
S ZZ%‘I) |Xw|
=1 j=1

Using (3.4) and (3.5) we obtain

n

I
_
3
I
_
-
I
—
<
I
-

Now, let € > 0 be given. Put ¢mn = €[ c2](|Sma|?). By Lemma 2.2 of
[8], we have

|HSmn|2qﬂm” < e’

Thus
1S mnl@mnll = (1Smn@mnll®)*? < || gmn|Smn|*@man >
< 1Smnl?@mnl)*’? <& ¥YmeN, V¥neN.
Moreover o e o e
DD agmn) <7 ) Z (I1Smnl?) <
m=1n=1 m=1n=1

This means that

converges almost completely to zero as (m, n) — 0o, which completes the
proof.
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