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ON THE PROPERTY (LB*) OF SPACES OF
GERMS OF HOLOMORPHIC FUNCTIONS AND THE
PROPERTIES (Q,ﬁ) OF THE HARTOGS DOMAINS
IN INFINITE DIMENSION

LE MAU HAI AND PHAM HIEN BANG

ABSTRACT. The aim of this paper is to establish the property (LB*) on
[H(K.)]" under the assumption that E is a Frechet space with an absolute
basis and K. is a balanced convex compact subset of E. At the same
time, the properties (Q,9) for the Hartogs domains associated to an open
polydisc in a nuclear Frechet space with a basis will be also proved.

1. INTRODUCTION

Let E be a Frechet space and K a compact subset of E. By H(K) we
denote the space of germs of holomorphic functions on K equipped with
the inductive limit topology

H(K)= llngllr(ldH (U)

where H*°(U) denotes the Banach space of bounded holomorphic func-
tions on U.
In [8] N. D. Lan has proved that if F is nuclear and K a balanced

convex compact subset in E then [H(K)]' € (LB™) if and only if (Qx)
holds on E. The aim of this paper is to consider this result for the case
where F is a non-nuclear Frechet space.

Let E be a Frechet space with an absolute basis {ej }j>1. For each

balanced convex compact subset K and € > 0, put
K. = conV(K + 8”6;”;6]')

where {e’; }j>1 is the sequence of coefficient functionals associated to

{ej}j>1. Then K. is a balanced convex compact subset of F¥. The main
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result of this paper is the following

Theorem 1.1. The following conditions are equivalent:
(i) E € (QK ) for some € > 0,
(i) E € (Qk. ) for every e > 0,
(iil) [H(K. )] € (LB*>) for some e > 0,
(iv) [H(K. )}’ (LB®>) for every e >0,
(v) K. is not polar for some & > 0,
(vi) K. is not polar for all € > 0.

Next we investigate the properties ((NZ,Q) for the Hartogs domains as-
sociated to an open polydisc in a nuclear Frechet space with a basis. In
the finite dimensional case a similar result for the property (Q) has been
established by Aytuna [1].

2. PRELIMINARIES
Let E be a Frechet space with the topology defined by an increasing
system of semi-norms {|| - || }. For each subset B C E define

lullfy = sup {ju()] : 2 € BY.

Write ||ul|} in the case B = Uy = {z € E : ||z||x < 1}, where u € E, the
topological dual space of E.

We say that £ has

(a) the property (2) if Vp 3¢, d >0 Vk 3IC >0 Vu € E,

lull 7+ < Cllully [l

(b) the property (SNI i ) if there exists a closed absolutely convex bounded
subset K C E such that Vp 3¢q, C >0, d > 0 Vu € F’,

Jull s < Clfulle [l

(c) the property (LB>) if V{p,} T +o0 ¥p Iq Vng 3Ny > ng 3C > 0
Yu € E’ HnongNo,

lullg 7% < Clulli [full;*

__In the case E has the property (Q) (resp. (QK) (LB*)) we write E €
(Q) (resp. E € (Qk), E € (LB>)). The properties (Q), (k) and (LB>)
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have been introduced and investigated by Vogt (see [10], [6]). In [10] Vogt
has proved that E has the property (LB®°) if and only if every continuous
linear map from F to A («) is bounded on some neighbourhood of 0 € F,
where

A% (a) = {5 = (&) Cw: €]k = sup|&;lpp? < 400, 0 < p < +00 Vk}.
J

Let U be an open subset of a locally convex space E and F' a locally
convex space. A mapping f : U — F'is called holomorphic if f is continu-
ous and Gateaux-holomorphic. By H (U, F') we denote the vector space of
F-valued holomorphic functions on U, which is equipped with the open-
compact topology. In the case F' = C we write H(U) instead of H(U, C).

For details concerning holomorphic functions with values in locally con-
vex spaces and scalar holomorphic functions as well as germs of holomor-
phic functions on compact subsets in a locally convex space we refer to
the books of Dineen [3] and Noverraz [9].

3. PROOF OF THE THEOREM

For proving the Theorem 1.1 we need the following

Lemma 3.1. Let K be a compact set in a Frechet space E such that
[H(K)]/ has property (LB*). Then K is an unique subset, i.e. if f €
H(K) and f‘K =0 then f =0 on a neighbourhood of K in E.

Proof. Let {V,} be a decreasing neighbourhood basis of K in E. Given

f € H(K) with f}K = 0. Choose p > 1 such that f € H>*(V,). For each
n > 1, put

en = | flln = SUP{|f(z)| RS Vn}-

Then {e,,} | 0. By the hypothesis [H(K)]/ € (LB®) and applying (LB>)

to {pn} = {1 /log% } Too we have

qunoﬂNozno, CnO>OVm>OEIkm:n0§km§NO:

L7l < Gl

which yields
17117 < Il 711
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Choose ny < k < Ny such that Card {m : k,, = k} = oco. Then

Pk

171, < 15 11175

< () (&) —0

as k — +o00. Hence f‘v = 0. Lemma 3.1 is proved. [

Proof of Theorem 1.1. We prove the theorem according to the following
scheme

(i) = (iv) — (iii)
I I I
(ii) = (vi) — (v)

(i) = (iv). Given a > 0. Since F € (QKE) we have

(1) ¥p 3g, d>0, C>0: |- 3 <O e - 157

Since {ej }j>1 is an absolute basis of FE, we have He;‘HZ = ﬁ for all
- Jllq

j=>1,¢>1. Using (1) to each e} we get Vp 3¢, d >0, C' >0,

1 e 1
Hiler < Cllej . —a
el es]],

_ O +o)elly
= d
e,
C(1+¢)

= alles |, el

K,
Ch

eslly

Hej‘ Ka

Cl+e)

where (1 =

a
In order to prove that [H(Ka)]/ € (LB®), it suffices by Vogt [10] to
show that every continuous linear map 7' : [H (K a)}/ — H(C) is bounded
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on a neighbourhood of 0 € [H(Ka)]/. Consider the function f : K, —
H(C) given by

f@)(A) =T(0,)(A) for ze€ K,, AeC.

Then f is weakly holomorphic. Indeed, note firstly that since F € ((NZ Kg)
and K, is compact, it is easy to see that F is Schwartz and hence [H (K a)} '
is also a Frechet-Schwartz space. Let p € [H (C)]/ be given. Then puT' €
[H (Ka)]// = H(K,) which is a holomorphic extension of uf to a neigh-
bourhood of K. For each s > 0 consider the weakly holomorphic function
h® : K, — H>(sA) given by h® = R°o f, where R® : H(C) — H>(sA) is
the restriction map. Since aHe;f H;ej C K, for every j > 1, it follows that
K, is an uniqueness sg‘t\)set. Then A? is uniquely extended to a bounded

holomorphic function h® : V° — H*(sA), where V* is a neighbourhood
of K, in E. Moreover, we may assume that if 0 < r < s then V* C V".
The uniqueness yields that

ﬁ;(x)‘ ﬁ?(x) for ze€V® VO<r<s.

T‘A:

Thus the family {?L;} defines a holomorphic function g on a neighbourhood

W= [ (V* x sA) of K, x C.

s>0

Write the Taylor expansion of g at 0 € Einxz € F

g(x)(\) =Y Pag(x)(N),

n>0

where

Pagle)(\) = = /g(m’A) dt.

2 ian
lt|=p

Choose p > 1 such that K, + U, C V. Take ¢, d, C > 0 according to
(2). For each r > 0, choose s, D > 0 such that

(3) o)l < D]l |7

where o € H(C) and

loll; = sup {|o(2)] : [2] < r}.
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Using (2) and (3) we get

gwng(a:)u)! sT;jh%ﬁ@(ejl,---,ejn)w! es (@)] ... |e;, (2)]
Z 3 Dﬁc_ﬁ»ez<x>»kﬁuq-ﬁm» [A)
n20 1 anzt e |57 llegn i llea 17 - flesa 17
Hﬁig<eﬁ,-..,ejn>\\;+d |Pagless e | 7

7| Pag| 257 ||

<pmy :(ind%THPng}
n>0

1 _d_

1+d 1+d

IN
+

—(5” < 400

n>0

for x € 6U, with 6 > 0 sufficiently small and |A\| < r. Hence g can be
considered as a separately holomorphic function on (U, x C)U (V! x A).

Let F denote the family of all finite dimensional subspaces P of . Us-
ing a result of Nguyen and Zeriahi [7] to gp = g’(éUqﬂPxC)U(VlﬂPxA)’ we
get a holomorphic extension gp of gp on (VN P) x C. By the uniqueness,
the family {gp : P € F} defines a Gateaux holomorphic function g; on
(V1 x C) such that gllKaXc = f. On the other hand, g; is holomorphic
on V! x A. By Zorn’s theorem, g; is holomorphic on V! x C. Consider
g1 : VI — H(C) associated to g;. As in the above argument, it follows
that there exists a neighbourhood W of K, in V! such that §; is bounded
on W.

Define the continuous linear map S : [HOO(W)]’ — H(C) by

Since K, is an uniqueness subset of E, spand(K,) is weakly dense in
[H(Ka)], and hence it is dense in [H(Ka)], by the reflexivity of [H(Ka)}/,
where § : K, — [H(Ka)}/ is given by

6(z)(p) = p(z), x€ Kq, p € H(K,).

Now we have
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for A € C, z; € K,. Hence S|, =T and [H(K,)]' € (LB>).

(iv) = (iii) is obvious.

(iii) = (v). Let K. be polar. Choose a plurisubharmonic function ¢
on E such that ¢ # —oo and @’KS = —o0. Consider the Hartogs domain

H(Ka))

QQ, given by
Q, = {(z, NeEEXC: |\ < e_‘P(Z)}.
Since ¢ is plurisubharmonic on E, ), is pseudoconvex. Hence, €, is

the domain of existence of a holomorphic function f because E has an
absolute basis. Write the Hartogs expansion of f as

F(z:A) = hn(2)A",
n=0

where

I (2) = —— / f&

t"+1

|t|:%e*¢(z)

By the upper-semi-continuity of ¢, it implies that h,, are holomorphic on
FE for all n > 0.
Consider the function g : K. — H(C) given by

9(2)(A) = f(2, ).

We prove that g is weakly holomorphic. Indeed, let u € [H(C)]" be arbi-
trary. There exists r > 0 such that p € [H(rA)]’, where

Z:{AGC:\A\gl}.
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By the openess of {1, there exists a neighbourhood V' of K, in E such that
V xrA C Q. By the absolute convergence of the series ) h,(2)A\" on

n=0
V x rA, it follows that pg € H(V') and, hence, g € H,, (K., H(C)). Since
H(C) € (DN) and [H(K.)]" € (LB*), we can find by [5] a neighbourhood
U of K. in F and a bounded holomorphic function g € H(U, H(C)) which
is a holomorphic extension of g. We can write

9z 0) =) gn(2)A", XeC,
n=0

where §,(z) are holomorphic on U for n > 0.
Choose a neighbourhood W of K, such that W C U and W x2A C €.
Define two holomorphic functions

H: W —H>(A)
z ——(ho(2),h1(2), ..., hn(2),...)

where
H(z)()) = i B (2)A
and a
G: W ——H®A)
z [——(90(2), 1(2),...)
where

G)N) = Y al2)X"

By Lemma 3.1, from the condition [H(K.)]' € (LB*) we infer that K.
is an unique set. Moreover, we note that H‘KE = G}KE and H>*(A) is a
Banach space. Thus there exists a neighbourhood W; of K. in W such
that g WixA = f‘Wle. Let X be a connected component of Wj. Since
X x C is connected and Q}XXA = f}XXA and X x A C Q, and Q,, is
the domain of existence of f, we have W; x C C Q. Hence go‘Wl = —00.
This is impossible.
(v) = (i) follows from a result of Dineen-Meise-Vogt [4, Theorem 7].
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(i) = (iii) is similar as (i) = (iv) by remarking that if £ € (QKE) then
[H(K.)]' € (LB®).
(iv) = (vi) is similar as (iii) = (v).
(vi) = (ii) is similar as (v) = (i).
(ii) i) is obvious.
(vi) = (v) is obvious.
Theorem 1.1 is now proved. [

EN
=
=

(

4. THE HARTOGS DOMAINS AND THE PROPERTIES (Q, ()

Let D be a pseudoconvex domain in C" and ¢ a plurisubharmonic
function on D. Consider the Hartogs domain Q, in C"*! given by

Qp = {(z, N eDxC: )< e*W)}.

In [1, Corollary 7] Aytuna has proved that if ¢ is continuous then H(€2,)
has the property (Q) if and only if H (_D) has the same property. Recall
that a Frechet space E has property (2) if

-1

3d > 0 Vp 3¢ Vk 3C > 0: <C|l -l II'

or, equivalently [11],

1
3d>0VU3W\7V3(J>0:chrdv+;U.

In this section we extend the above result to the infinite dimensional
case.
Let E be a nuclear Frechet space with a basis {ej }j>1. For each a =

(@1,...,an,...), a; >0 for j > 1, define
D, = {xEE:sup\a:ij < 1}.
J

Then D, is called an open polydisc in F. Since D, is finitely pseudo-
convex, D, is pseudo-convex in F. Let ¢ be a plurisubharmonic function
on D,. Consider the Hartogs domain

QLP(DG) = {(Za )\) € Da X C : |)\| < eigo(z)}.
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Then €2,(D,) is also pseudoconvex.
Now we prove the following

Theorem 4.1. Let E be a nuclear Frechet space with a basis {ej }j>1

and a continuous norm. Assume that D, is an open polydisc in E and ¢
is a continuous plurisubharmonic function on D,, ¢(z) = lim ¢; log|h;]
71— 00

uniformly on every compact subset in D, where {h;}i>1 are holomorphic
functions on D,, 0 < ¢; <1, fori > 1. Then H(Q,(D,)) has properties
(92,9Q) if and only if H(D,) has the same properties.

Proof. Tt suffices to prove the case () because the case (ﬁ) can be proved
)-

in a similar way. Assume that H(D,) has property ({2 y [3] we can
choose an exhaustion of D, by compact polydiscs {D }q>1 of the form

Dq:{y:(yj)eDazsqp b()’<1}
j

Since p(z) # —oo for z € D, without loss of generality we may assume
that for each ¢ > 1,
he(z) #0 for zeD,.

By the convexity of D, we can write

hai(z) = e91?) for zeD

q>

where g, € H(D,).
For each ¢ > 1 choose g, € H(D,) such that
2= 9allp, < 5
¢~ Yallp, = |
Since {\egq(z) |} , converges uniformly on all compact sets of D, to e?, it
follows that {|egq(z) |} | also converges uniformly on all compact subsets

of D, to e®. Take a sequence of positive numbers {(5q} 1 0 such that
20441 < 04. Write each f € H(Q2,(D,)) in the form

A) = hn(2)A”

n>0

o (2) = —— / f&N

An+1

where

[A]|=e—(#(x)+8q)
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By Cauchy’s theorem, h,(z) is not dependent on d,. We have

sup {\hn(z))\”] t(z,\) € Ky, n > 0}

< sup {}hn(z)e—n(@(z)-l-lsq)’ VA Dq, n > 0} < Hqu,
where

K, = {(z, N :zeD,, |\ < e—<@<z>+5q>},

£l =sup {£z 0] 2 € Dy, 3] < P00,
On the other hand,

£l < D sup la(2)A"]

n>0 Kp
< Z sup }hn(z)e*”(‘P(z)Mp)’

n>0 z€D,

Dq

n>0

Hence, the topology of H(2,(D,)) can be defined by the system of
semi-norms {|[| - [||4}, where

1£1lls = sup {Fallly : m > 0},

nllly = sup { | (2)e~"#E@+50|  2 € D, }.
Since H(D,,) € (), we have

1
(4) VpEIq,d>OVk:EIC'>OVr>O:UqCC'rdUk—i—;Up,

where

Up = {h e HD.) : [hll, = sup [h(z)] <1},
z€Dy,
We show that

1
(5) VpEIq,€>0Vk>OEID>OVr>O:WqCDTku—F;Wp,
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where

W, = {f € H@u(Du) s [I£ll, < 1}.

First observe that (5) holds for all ¢ > p, ¢ > 0, D > 0, k > 0 and
0 <r <1, because W, C W,,.
Now let f € W,, r < 1. Write

[l = sup o (2)e " (2 00)
DP

ein(épiéq)

< sup ‘ B (2)e~(#(2)+82)
Dq

< e~ 0p=0q) <

S =

logr

ifn>a= - For each n > 1 choose j, such that

p_éq

ene(2)
) [ )] 1‘ <1

and
‘enﬁjn (2) }

() —1‘<1 for zeDyg.

Since

hn(2)

zsup{ :zqu}
q

= sup {’hn(z)e_”(‘P(zH‘sq)} 1z € Dq} X
on((2)+3,)

engjn (Z)

Xsup{ :zqu}

P S log r
< 2e™% < 2e %%

g
< 2ror=2q

for all 0 <n < «, and by (4), we have

(d+ 5q ) e 20q=0p .
hyp = 2Cr\"" =%/ "9inqy,, + 2r %»=% "Jin y, ,

Up € Uy, vy, € Up for 0 <n < o
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For £ > q and 0 < n < a we have

[l|e™95m |||, = sup |79 Py, ().~ #E+00)

o[ @5 ()= () =6

< sup
z€Dy
e™(djn (2))
<sup{ W’ ZeDk}
’enéjn(Z)}
= sup {)767190(2) ’ 1z € Dk}
< 2.

e"9iny,

This shows that

€ Wy, for 0 < n < a. On the other hand,

e85 v, = sup [e78n D (z) =014
Dy
<2 for 0<n<a.

Hence, we can write

FA) = ha(2)A" =D ha(2)A" + g(2, ),
n=0

n=0
where
o0
g(z, )‘) = Z hn(Z))\n
n=a-+1
We have |
llghly = sup {[nlllpin > a+1} < -
and )
s NnNGjn 254 —6 R
hn = 4CT<d+5p35q) ¢ ; o + QT‘ﬁengjnUn
ngj,
for 0 < n < a, where € Un o W, and

4
5p—264

26g—%p
[[|2r =7 ey ||, <
r op—3q
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)
Op = 20 > 0. Thus

ith ——
wi 5, =0,

1
feDrw,+-W, for r>0,
r

where

5:%<d+ ﬁ), nzmin(% ,1).

This shows that H(Q,(D,)) € ().

Conversely, we note that H(D,) is the quotient space of H(Q,(D,))
under the continuous linear surjection 7" : H(Q,(D,)) — H(D,) given
by

T(f) =g,

where
g9(z) = f(2,0) for zeD,, [feHQ,(D,)).

Hence, if H(Q,(D,)) has property (€2) then H(D,,) € Q). O
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