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ON THE STABILITY OF THE CHARACTERIZATION
OF DOUBLE-COMPOSED RANDOM VARIABLES

NGUYEN HUU BAO

Abstract. The random variable ¢ is called a composed random variable of two
random variables £ and # if its characteristic function has the form

W(t) = a[(?)]

where a[z] is the generating function of n and ¢(t) is the characteristic function
of £. In our previous papers, we have considered a stability condition for cha-
racteristic functions of a class of composed random variables: In this paper,
we consider another condition for the characteristic function of the composed
random variable of £ and n, if 5 is also a composed random variable.

Let us consider the random variable (r.v.) £ with the characteristic function
@(t). Let n be a r.v. with the generating function a(z). It is known (see [1])
~ that the composed random variable of £ and 7 has the characteristic function

P() = alp@)].

In [1] we have dealt with the properties of those composed random variables and
proved that it is a natural expansion of the class L containing the characteristic
functions of the infinite divisible laws.

“In [3] we considered some theorems on the stability for the composed random
variables. The following theorem was given in [3].

THEOREM 1. ‘Suppose that 1,(¢) and 1,b2(t) are two characteristic functions
with the generating functions

1(t) = alpa(2)], . ¥2(t) = alpa(t)), ' (1)

where a[z] satisfies the following condition: If z,, z, are two complex numbers
such that |z1]| <1, |zy| < 1, then

Ja(n) - az)| < Klza—z1] ()
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where K is a constant. If for some sufficiently small ¢ (0 < € < 1) one can
choose a number T = T(e} (T(e) — +o0 when & — 0) so that.

Mnslgg(ce) lea(t) — pa(t)] < 2 (3)

then the following estimation holds:

. < —_— 3
A(Ty;¥,) < max {Ks, T(s’)}
For distribution functions ¥1(z) and ¥2(x) with the corresponding characteris-
tic functions 1 (t) and 12(#) the metric \ is defined by

: 1 1
M(T1;¥2) = min mw{ﬁg}ﬁl@bl(ﬂ — h2(2)], f}- (4)

In this paper we consider the class of double-composed random variables.
Namely, if ¢ is a composed r.v. of the random variables v and 7, where 7 is
also 8 composed r.v. of two other random variables v5 and £, then ( is called a
double-composed random variable.

Next we give a stability theorem for the double-composed random variables.
Let ¢ be given by '

C = zﬂk, _ (5)
k=1 '

where v is a discrete r.v. independent of all 71, 72,... and has the negative
binomial distribution, and 11, 72,... are independent identically distributed |
(i.i.d.) random variables with the same distribution function as the r.v. 7. We
assume that 7 is of the form

k=1 '

where v is a discrete r.v. independent of all £, &, -~ and has the Poisson
distribution function with parameter X; and &1, §2,. .. are i.i.d. random variables
with the same distribution function as the r.v. ¢. We showed in [1] that ¢ is
a composed r.v. of v and 7, is a composed r.v. of v; and £. Thus ( 15 a
double-composed random variable.

‘Suppose that (X1,X2,--,Xn) 152 simple random sample from the set of
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values of 7 and there exist the absolute moments E(| X %) for k = 1,2,3,4. Put

n

Ak:me (k=1,2,3,4) (7)
k=1 :
and
Ty = Adg + 3BA2 + 20X A 4 62207 — AT (8)
Here .
A=n(5-n); B=n?-5n+T7 C=—(n®—5n+13). (9)

The statistic Ty is called e—zero regression with respect to the statistic A,
if
E(Ty /M) ==¢ (10)
The symbol ¥¢(z) denotes the distribution function of ¢, and ¥2(x) denotes
the distribution function with the corresponding characteristic function

0oty =p{1—q[XFE D]} (ptg=1). | (11)

Let 6 be a positive number satisfying the condition

1-6 § -
— > | (12)

1-

THEOREM 2. If the statistic Ty is an €—zero regression with respect to the
statistic A, for some sufficiently smalle (0 < e < 1), then

AT Ty)<Coe' T3 (13
¢

where C is a constant independent of € and A(-;) is the metric defined by (4).

LEMMA. Under the conditions of Theorem 2 we can choose a number T =

T(e) (T(e) — +oo when ¢ — 0) such that for any ¢, |t| < T(e), we have the
estimation

9(t) — g1 (8)| < Ce' TR (14)
where .
gi(t) = M= (15)

PROOF. In the proof of the stability theorem in [2] with two characteristic
functions ¢(¢) and ¢:(¢) (as in (14) and (15)) we have the following estimation
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(for any ¢, [t] < T):

7 £ oe ()
l9(t) = q1(8)] < e~ ()| O[5 i 1+620(5)Tu1§]5r. (16)

Here A, p1, b, « are positive constants, independent of ¢; é is a positive number
that satisfies condition (12), and

1-§ -

£
Ce) = St = Dn=2)n—3)° (D
If we choose
T = T(e) = Cye* "% (18)

with any constant C; independent of ¢, then T(¢) — +0co when ¢ — 0, and we

also have
&

Cle) - T(e) = Coel 2T = Cpe’ *7 ©(19)

where C; is a constant.

On the other hand, in {2] we have establishe& the estimation

1

(&) < T =~ E (] < T(e)), (20)

where T(¢) is chosen as in (18).

From (17), (19), (20) we can deduce the following estimation

19(t) — g1(8)] < Cse' ™5~ % [Ca + Cue* "] Cret 7

<C.e'Th - (21)
where C is a constant indepéndent of e.

PROOF OF THEOREM 2. Let us consider the double-composed random variable

_C:Z?:-'k

| (see (5)). If the r.v. g has the negative b1nom1al distribution function and its
. generating function has the form: =~

ca(z)=pll—¢]™t (p+e=1), (22)

then the second condition of Theorem 1 is satisfied. Indeed, for any complex
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numbers z; z; with |z1] < 1 and |z;]| £ 1, we have

p P < pglz1 — 22|

alz1) —a{z)}| = - < .
la(z) —alza)l = T~ T S A= g 1 = aaal

Since ¢ < 1, then

1—gzn|z21-qlzu]|>1-g,
|1 —gz2| > |1 —glz2|l > 14,

and | |
Zy— 2 s ,
la(1) ~ (=) < Bt = S = 4l (23)
Note that, for |t| < T(e) = Ciei-5,
9(t) — g () SCeFR, (24)

where C is a constant independent of all ¢.

Applying Theorem 1 we get

1—6 _

MZe(z); afe)) < Ce'F R (G o= 1),

This completes the proof of the theorem.

THEOREM 3. Assume that the random variable £ has the c—exponential distri-
bution function. This means that there exists T = T'(¢), T(e) — oo ase — 0,
such that for |t| < T(e) we have [p(t)— 1% | < €. Then the following estimation
holds \ .

9 4
- < = — 1,
A(¥e; ) max{=e*"g, T(E)}

PROOF. Let g(¢) be the characteristic function of 5. According to Theorem 1
there exists T = T'(e) such that, for any ¢ satisfying || < T'(¢), we have

|S64A

l9(t) — g1(8)] < e o(t) — €.

116t
On the other hand, if ¢¢(2) is the characteristic function of {, then

lpc() — ga(t)] < %Ig(t) — ().
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This implies that

q .
[0t = ()l < Zete, (] < T(E)).
According to the definition of the metric A(:;), we have

A ¥a) < max{ Lete; s,

which conipletes the proof.
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