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ON BING'’S QUESTION ABOUT FIXED POINT PROPERTY

LE HOANG TRI

Abstract. Bing [1] constructed a compactum X in R? which has the fixed point
property but X U D does not, where D is a rectangle and X N D is an interval.
He also asked whether X x [0, 1] has the fixed point property. In [4] Young gave
a positive answer to this question. The aim of this note is to extend Young’s
_result to the product X.x A where A is a compact AR-space. The result does
not hold if A is a compact fixed point space.

1. Introduction

We say that a space X has the fixed point property (or a fixed point space)
if each continuous map f: X ~— X has a fixed point.

It is well-known that there exists a compactum X which the fixed point
property but X x I does not [3].

In [1] Bing constructed a compactum X in R® which has the fixed point
property but X U D does not, where I} is a rectangle and X N D is an interval.
He asked whether X x I has the fixed point property (see [1], question 5). 'Young
gave a positive answer to this question [4]. In this note we prove the following
theorem extending Young’s result.

THEOREM MAIN. Let X be the compactum constructed by Bing. Then X x A
has the fixed point property for any compact AR-space A. |

Moreover we shall show that the theorem does not hold if A is a fixed point
space : -
Bing’s compactum X is the union of three segments [py, ps], (P4, Ps), [Ps.Pals
two curves Gq,G2 and a spiral § (see Figure 1). They are described precisely
as follows.

The points pi, pz, Ps, P1, Ps, s, P1, Ps, Po have the coordinates (-2, 3), (—2,1),
(— 2,— —2—sin 4),( 2, ~4), (2, -4),(2,-3),(2,-1), (2, 2+sin ), (2, 3) respectlvely,
(Figure 1).
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The curve Gy is given by the equation

1
y =2+ sin - (-2<z<2)

+2
while G is the reflection of Gy through the origin (0,0).

To describe S we select a sequence {g,} of points in G such that the length
of the arc [g;, ps} C Gy is 2+ Ef;-:l % Since it is a harmonic sequence, the points
g1, q2, ... approach the segment [p;,pz]. On the vertical line passing through
g:, let a; and b; be the points % below G and -;ql_—l above Gg, respectively. Let
d; be the reflection of b; through the origin and ¢; be the point of the vertical
line passing through d; which is ;%1- units above Gy. The spiral S starts from
po, runs to a; along a semi-circle in a plane pormal to the plane containing G,
follows a straight path to b;, goes from b to cy albng an arc p:irallel to G,
then straight to dy, then to @, along an arc parallel to Gy, ... In general, the
vertical segments [a;, b;] and [¢;, d;] are in S as arcs from b; to ¢; parallel to G2
and arcs from d; to a;y parallel to G;.

Fig. 1

2. Proof of Main Theorem

The main tool for the proof is the following theorem of Borsuk [2].
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THEOREM 2.1. Every compact AR-space has the fixed point property.
We shall need the following Lemma.

LEMMA 2.2. Let K be a compactum homeomorphic to a compact, convex set
of a Banach space, and g a continuous map from K into X. Then there exist
points z, € G1, zo € Gy, 23 €5 such that

9(X) C [p1,p3]U[ps, pa] Ulps, 5] U [ps, ps] U [Psspslubg,ws)U[Ps,ifl)U [ps, z2).

- PROOF. Without loss of generality, we may assume that K is a convex set. We
will prove the existence of z3. The existence of zy,22 can be proved similarly. .

Assume on the contrary that such a point z3 does not exist, i.e. for each
z € 5, there exists & € K such that g(k) belongs to the "twist” side with
respect to x.- Then by the path connectedness of g(K) there is ng € N such that
by, € g(K) for every m > ng. Take a sequence {ky,,} C K such that g(k,) = b, -
for each m > ng. By the compactness of K we may assume that k,, — k*.
Select &}, € [km,km+1] such that g(kl,) = dm. Note that k, — &* and
k;, — k* while {¢(kn)} = {bx} — p3 and {g(k],)} = {dm} — ps. This
contradicts the continuity of g, hence the lemma is proved.

PROPOSITION 2.3. Let
X1 = [ps, p4] U [p1, ps] U [ps, ps] U [ps, pr] U Goa.
Then for every N € NU {~c}, X1 x IV has the fixed point property.
PROOF. Assume on the contrary that there is a continuous map
f: X xIN—>X1 x IN
which has no fixed point. Then by Borsuk’s theorem we have
F(lps,p1] x IN) ¢ [pe, pr] x IV,

Take (zo,%0) € [ps,p7] X IV such that f(zo,t0) & [ps,p7) X IV, Select
a sequence {z,} C G such that each z, has the same ordinate as z, and

To — g (see Fig. 2). We will prove that there exists ng such that

(%) M1 0 f({@ne} X IN) C [p1, Tno)

Here m; : X x IV — X denotes the natural projection of X x I N onto X and
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Fig. 2

[pr, ] = [p7,ps) U [ps, pa} U [pa, p3] U [ps, z]. If this is not the case, we have

() m 0 f({za} x IY) ¢ [p7,24]
for evéry n € N. By Lemma 2.2, there exists z € Gz such that
w0 f({:cu} x IM) C [pr,@).

Let ¢ = d(z,m; o f({zo} x IV)), then € > 0 because {zo} x IV is compact.
By the uniform continuity of f, there exists n € N such that '

(1) zn ¢ [p-,r.,m],

(2) m1 0 f(@n,t0) € [pr, %),

- (3) d(my 0 f(zn,t),m 0 f20,1)) < 5 for every t € IN; By (#x),(1),(2) and
by the path connectedness of 71 © f({a:n} x IV there exists t; € I N such that
g =m0 f(2n,t1). By (3) we have d(z,m 0 f(zo,t1)) < 5, therefore

€= d(a: m 0 f({za} X IN) < d(z,m of(xﬂ’tl))

Nlm

This contradiction proves (*).
We now define a map ¢ : X1 X INV-— [pr, 24,] X IN by the formula

| (2,8) - if o € [pr,Tn]
ol b= { @rort) 2 ¢ [p12ma]

Note that ¢ is not contmuous, but the ma,p

[p7,acno] X IN — [p7,xno] x IN

=0 l
g T f [p-r,xno]XIN

is continuous by Lemma 2.2, Therefore, by Borsuk’s theorem there exists
(z',1') € [pr,Tne] X IN such that o f(z',t!) = (2,#'). We shall show that
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(z',#!) is a fixed point of f. This will contradict our assumption.

Consider two cases:

Case 1: z' € [p7,Zn,). Then m o f(z',t') € [pr,2n,). Therefore ¢ o
fla', 1)y = f(z1,81) = (z1,¢}).

Case 2: z' = z,,. Then ¢ o f(zn,,t') = (zn,,t!). Thus, m o f(z,,,t) ¢
[p7.%n,). By (%) we have my 0 f(zn,,t') = zn,. Therefore v o fz,,,t') =
f(xnoatl) = ($nostl)'

In this way Proposition 2.3 is proved.

PROPOSITION 2.4, Let

D = [p1,pa] U [ps, 4] U [ps, ps] U [ps, ps] U [ps, ] U [p7, ps]
and X, = DUG, UG,. Then for every N € NU {0}, Xo x IV has the fixed
point property.

PROOF. Assume that there is a continuous map f : Xy x T N X, x IV which
has no fixed point. By Borsuk’s theorem we have

Flp1,p2} X IV) & [p1,pa] x IV,
and . |
F(ps,pr] x IN) & [ps,pr] x IV,

Thus, there exist (zy,%;} € [p1,p2] x IV and (23,%,) € [ps, pr] x IV such that

m o f(x1,%1) € [p1,p2] and m; o f(z2,%2) € [ps, p7]. By Lemma 2.2 there exist
¥ € Gi,i=1, 2, such that

m 0 f([p1,p2) x IN) C D U [ps,2}) U Gy,

and that _
™ 0 f([pe.p7] x IN) C DU [ps,z3) U G;.

As in the proof of Proposition 2.3 there exists zjy € G1 whose abscissa is
smaller than the abscissa of z} such that -

™ Of({ﬂf}lo} xINYcDu [ps, x5, ] U Ga,

and there exists :r:fm € G having abscissa greater than the abscissa of z% such
that
m o f({a2,} % I¥) C D U[ps, 22,1 UGy
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Q@ x IV such that
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Fig. 3

(see F1g 3)
Let Q DU |[ps,z no]U[pg,, ,) and define a map

w: Xy x IV — QX N
by the formula
, (2,1) if 2 € Q,
o(z,t) =3 (zh,,t) iz €\
(3231 ,t) lf:I:GGg\Q

Note that ¢ is not contmuous but ¢ o f N is continuous by Lemma 2.2,

Since Q x IN is a compact AR-space, by Borsuk s theorem there exists (z*,#!) €

o f(z*, 1) = (', ¢).

- As in the proof of Proposition 2.3 we can show that

fla', £ = (e, t).
This completes: the proof |

THEOREM 2.5. X x I N has the fixed pomt property for any N eNU {0}
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PROOF. Set Dy = (p3,ps] U [ps,ps] U [ps, ps) and X3 = X, \ D,. First, we
show that f(X3 x IY) ¢ X3 x IN. In fact, assume on the contrary that
f(Xz x IY) € X3 x IN. Then by Lemma 2.2, there exists z € § belonging to
the twist side with respect to the set w0 f(D} x IV}, where D} = D;U{p;}U{ps}
(see Fig. 1). Define ¢ : X x IV — X, x IV by the formula

(z,8) ifzeXs,
(p(&':,t): .
(ps,t) ifzd¢ X,

: Xo x IN — X, x IV is continuous. By Proposition

Then the map o f TN
X
2.4 this map has a fixed point. As in the proof of Proposition 2.3, we can show

that any fixed point of p o f lx In is a fixed point of f. This contradicts our
o2 X

assumption. Hence f(X3 x IN) ¢ X3 x IV,

Let (io,tg) € X3 x IV such that 71 o f(zo,t0) ¢ X3. Then we have three
cases: : | '

a) There exists z3 belonging to the twist side with respect to the set m; o
Ff({zo} x IY) (by Lemma 2.2).

b) There exists 2, € S belonging to the twist side with respect to z} and

m o f({z3,} x IV} C X3 U [ps, 23, ]-
c) There exist zi € Gii= 1,2, such that
w10 f({zh,} x IV) € (X \G1) U lpa, 2, ],

o of(.{m?m} b% IN) C(X\Gz2)U [pa,a:io].
Set . '
Q" =D U [ps, 2,,] U [p3,27,] U [ps, po] U [ps, <3, |
and define H: X x IV 7—> Q* x ™ by the formula
(z,1) if z € @,
:L'},D,t) ifz € Gy \ Q*,
(z2,,t) fzeG\Q*,
(mio,t) fzesS\Q*

H(J:,t) =

Note that G =Ho f 0 . . is continuous. Since Q* x IV is compact, AR, G
.. 4
has a fixed point (Theorem 2.1). As before we can see that this point is a fixed
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point of f. Thus the theorem is proved.

It is well-known that every compact AR-space is homeomorphic to a retract
of I® and every retract of a ﬁxed point space is a fixed point space. Therefore
by Theorem 2.5 we obtam our main result

THEOREM 2.6. X X A has the ﬁxed pomt property for a.ny compact AR—space
A.

Our next result shows that in the above theorem_ »compact AR-space”

ca,nnot be replaced by compact ﬁxed point space

PROPOSITION 2.7. Let A be any compactum such’ that [0, 1] X A does not have
fixed-point, property. Then neither does- X X A Where X is the Bing set.

PROOF. Since X retracts onto I, we infer that X x A retracts onto I x A, hence
the assertion follows from [1}.

REMARK. Knill [3] has constructed a compactum A which has the fixed point
property but I x A does not. Therefore, by Propos1t10n 2.7 X x A does not
have the fixed point property.
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