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Introdution

In several engineerning problems in fracture mechanics and eletromagnetic
theory (Cabdulkhaev [2], Lee-Advani-Lee [4], Mayrkhofer [5], Mayrhofer-Fischer
[6], Monegato [7] [8], Theocaris [10], Theocaris-Ioakimidis-Kazantzakis [11]) we
have to deal with the evaluation of the two-dimensional finite-part integrals of -
the form ‘

B u(z, y)dedy
I(X,Y)= ﬁ [(z =X + (y — Y)2]3/2
]z« f}w} u(X + rcos(0),Y +r sm(a))drdB

r2

(1)

x_X+rcos(€), y—-Y+?‘Sln(9)a r=[z-X)+@y-Y)yP*?,

where S is a two-dimensional doma,m, and @ € [0,27] — R(6) is the equation
of the boundary of S, and

fR“’) u(X +rcos(8),Y +rsin(6))drdf
0 ’ . .

p2

denotes the one-dimensional finite-part in the Hadamard sense.

The two-dimensional finite-part integral (1) does not exist as an ordinary
integral or as a Cauchy-type principal value integral.

In this paper we propose a new method for numerically evaluating the two-
dimensional finite-part integrals of the form (1), and an error analysis. A variant
of this method is used recently for cdmputing a tomographic reconstruction from
projection [1].
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1. A computation of the two-dimensional finite-part integrals.

Consider the two-dimensional finite-part integral

_ u(m,y)dw-dy
0= §, TR (s P

where S denotes a rectangle, (X,Y) is a point in the interior of S,andu:S = R

(2)

is a continuous function. When u is defined on a closed bounded domain @ C S,
we set u = 0 on S \ ; hence we may assume that = 5.

Setting
z=X+rcos(d) , y=Y +rsin(f),

r =z — X +(y=Y)I,6 € [0,27); ®)

we get

am R(6) _
I(X,Y) = /0 j€ w(X + rcos(8), Y + rsin(9))drds

P

(4)

wheére 8 € [0,27] — R(6) is the equation of the boundary of S, and the singular
integral

r2

fﬁ“ﬂ u(X + rcos(8),Y + rsin(6))dr
4 _

denotes the one-dimensional finite-part integral in the Hadamard sense.

‘Consider the rectangle § = [a,b] X [c,d], and let z; = hi, y; = hj, 0 <1<
N, 0<j <M, h=(b-a)/N =(d—c)/M, be partitions of the intervals [a, b]
and [c, d] respectively; then the set {(z;,y;) 0 <1< N, 0 <j <M} formsa
grid partitioning the rectangle 5.

We set
gi=zi—hf2,1<iSN;9i=y;—h/2,15j<M; (5)

and we assume that X € [&1,6n[, Y € [191,191\}[. Then we get two integers I, J
such that

]'.SI<-N3 ISJ<M$X€[§1—3€I+1[1 Y€[19]719J+1[' (6)
We _have the inclusion
[€n b [ X095, 9031l € [zr—1, 2r (X lyr—,vonl; (M

and the distance from the point (X,Y) to the boundary 6(S;, ) of the rectangle
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S1,0 = [zr-1, erp1[X[ys—1,ys41| is
dist((X,Y), 6(S1. 7)) € [h/2,2h21/?) (8)
Now, the function

u(z, y) _
(e —X)2+ (y—Y)]3/2

(z,y) € S\ S1,0 —

is regular, hence the integral

/ u(z, y)dzdy
Javss (= X)2 + (y — Y)2]3/2

is regular. We get

Y — u(z, y)dzdy
6= L\SI,J [(z — X)? +(y — Y)2]3/2
u(z,y)dzdy
¥ }{s (z—-X)2+(y-Y)Pp/r (9)

By bicubic spline apprqximation (see Prenter [9] p.131) we may assume that
the function (z,y) € St ; — u(z,y) is a cubic polynomial in two variables
z,y. Then the singular integral

f u(z, y)dzdy
sra (@ — XY + (y - Y)?PP/2
is a linear combination of the singular integrals

z™y"dzdy :
, 0<m,n < 3. 10
fSI,J [(:B - X)2 + (y - Y)2]3/2 _ (10)

Setting
R;; = [miqmi+1[x[yjiyj+1[ y 0<i< N ) 0 Sj<M, (11)

we have [a, b{x[c,d[= | J{R:;, 0<i< N, 0<j< M}, and

/ u(:]:’ y)d-’cdy _
s\sr,y (& = X2+ (y - Y )P/

u(z, y)dzd
2 {fR (C X)(z v )(y —yy)nm # i S Sr,-r} (12)
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By bicubic spline approximation ([9], p-131) we may assume that the function
(z,y) € Ri,j — ulz,y)isa cubic polynomial in two variables z,y. Then the

regular integral

/ U(Cﬂ? y)dzdy
Ry (2= X)2 4+ (y - Y)23/2

is a linear combination of the regular integrals

™y dzdy : o ‘
, 0<m,n<3; 13
jR.-,,- [(z — X)2+(y - Y/ (13)

where R T S\ Sr. Let us evaluate analytically the integrals (13). With
t=z—X,s=y—Y, we get |

/ ™y dedy 3
S CES TS SOR
(t + X)™dt

(s + Y)"ds / (G270 -y
‘/[.yi -Y, 9541 -Y] [J:.'—X,I,'.H—-X] (t2 + ‘92)3/2

and we are reduced to evaluate the indefinite integrals

. t™ dt '
[ ds/(t2+s2)3/2’ <m,n < 3.

From the tables of Gradshteyn-Ryzhiz [3], p. 83, we get the indefinite integrals

t
/(t2 T s2)3/2 T

tdt 1
(t2 32)3/2 ‘“ (t2 +32)1/2 |
t2dt t
/(t2 s2)3/2 = NCEINE +arcsm(t/3)

$3dt . %426
_[(t2 S22 = ({2 + st /2 (i5)

and also the indefinite integrals
[ 1o 4 (8 + 8)2) = arcsin(t/s)
(tz + 32)1/2 g , : ’
_ tdt '
(2 + s2)1/2
t™2dt -

™ dt m— . _
m/ (t2+32)1/2 =1 .1(t2+-32)1/.2—(m-.-1)32‘/"m s m_EZ
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dt _ (t2 _[_32)1/2
202 +s2)12 ~ st (16)

From equations (15), (16) we obtain the indefinite integrals
g s""2ds
S (12 + 32)3/2 = (2 +32)1/2’
fdfﬁ““)“f“=‘ft¥+—)f‘ AR
t2dt sds
n _ : n
f ds / N 32)3/2 = / @ 1 )i ]arcszn(t/s)s ds.
By integrating by parts, with
n+1
u = arcsin(t/s), v =s", uv' = t s

s sz ' T a1
we get

n+1

- " = t Snds .
]arcszn(t/S)s ds = arcszn(t/s) n+1 + (n + 1) / (2 1 s2)172
" i : s tn ' snds
f dS/ T i = resint/s) g - f

ntl n+l) @22
t3dt . t2 252 :
j /(t2 32)3/2 = /S ds [(t2 +32)1/2 + (12 +52)1/2] (18)

n+2d
=1 +2 °
(tz + 32)1/2 (1% + 32)1/2
for 0 < n < 3. Let U(z,y) be the infinite integral

. ™y dzdy
Ve = | R Gy~

given by equations (15) (16), (17), (18). From (13) we get analytically the
integrals

/ ™y dzdy _
R ; [(z — X + (y— Y)2]3/2

U(zit1,9541) = Ulirn,40) — Ui, yj1) + V(=i 95) - (19)
Consider the singular integrals of (10)

f ey dody ~
b =T+ Gy PP
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~ ]2w fR(G) (X 47 cos(ﬂ))m(Y -+ rsin(8))"drdf
= r2 V ?

where 8 € [0,27] — R(6) > 0 is the equation of the boundary of S;s. Then

R(8) 4
we are reduced to consider the finite-part integral f _.f and the Cauchy
R(e)
singular integral ][ . We get
RO gr 1 R() dr '
- = ——== — = log(R(8)) . 20
[ EE I A e D) (20)

Now, let U(zx,y) be the infinite integral

f "dxdy
o= XV + (s~ V7
given by equations (15), (16), (17), (18). Then we obtain

: z™y"dzdy B _
'fi'su [(z—X)2+(y— Y2 = U(zr41,Y7541) U(zi+1,95-1)

—Ulzr-1,¥041) + U(zi-1,901)  (21)

2. An error analysis.

" Assume that u € C®([a,b] x [c,d]) , and let uy be the bicubic spline
interpolate to u, see Prenter [9], p. 132.

Setting
v=u—un, [t =sup{|l(a,y);a <z <he<y <d}, (22) -

we get the following error estimates:

lelloo < Boh*
Q0 sﬂlh"", ”@“ < ﬁi'h“
av_ loo ~ i -
ug%sm naa hﬂnaﬂwsmv, (23)

2y
where fq, 51 and f; depend only on the norms of u, c‘;u ?3; 2;2:; ) aizgy gyz )

see Prenter [9], p. 132.
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Consider the integral of (12)

'U(:B, y)dwdy
v[S\sf.., [ - XP2+(@-Y)p2- (14)

By the following change of the variables

¢ =X+rcos(d), y=Y +rsin(8), r=[(x — X)* +(y -2 6 ¢ [0,2x],

we get

/ v(z,y)dzdy /2" /RM V(r, B)drdﬁ ( 25)'
s\sr,; (2= X)2+(y-Y)?2p/z — R1(6) ez

where V(r,8) = (X + rcos(8),Y + rsin(8)), 8 € [0,27], r € [Ry(9), Rg(@)],
and & — (R;(8), Ry(0)) is the equation of the boundary of § \ S1,7. From (8)
it follows that

2~
Then, (23), (25), (26) yleld

b < R(B) < Ry(8), VO [0,21] . (26)

V(r,0)| < Bok?,

/2" /Rz(ﬂ) V(r, 9 drdf| ot /Rz(a) dr
T
R,\(8)

Ry (6) ?“2

= 2nfob* (Rll(a) R:(e))

< 211',30 h4 <
R, (6)

< dnBohd

< 4mBoh3 . (27)

, / v(z, y)dzdy
$\80.s (&=~ X)2 + (y — Y2
rUsmg the integral of (10) we get

f (e, y)da:dy _
81,4 [(“'"'_—X)z-‘i'(y Y272

/,% f-R(ﬂ) (X +7cos(8),Y + 7sin(6))drdd : (28)

r2

g=X+rcos(0), y=Y +rsin(f); r= [(-’D-X)2+(y—Y)2]1/2 ,
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where 8 € [0,27] — R() > 0 is the equation of the boundary of Sy ;. Setting
R1(8) = —R(6 + =), R2(8) = R(6),V0 € [0, 7], equation (28) yields

o(z, y)dzdy R2(9) y(r,6)drds e)drda
}gf,, (z—X)2+(y-Y)23/2 f f.(e) , (29)

where

V(r,0) = v(X + rcos(f),Y + rsin(6)),
and equation (8) yields

e~

S S-R(O)< 2v/2h,

g- < Ry(8) < 2v/2h,

—R.(8) + R4(6) < 2V/2h. (30)

Now, for each @ € [0, 7], we have

ng(G) V('f‘, B)dr _ /Rz(ﬂ) [V(r,ﬂ) — V(O, 9) — T(%!;/_) (0,9)] dr

Ri(6) T R, (6) r?

Ra(6) g Ra(6) 4
+ (BV) (0,6) —" +V/(0, 9)j{ =, (31)
R1(8) Ri(e) T

where

/ R [V(r,6) — V(0,0) — r (3%) (0,6)] dr
R1(6) ‘ 2 '

is a regular integral,

o))

R2(6) |
][ d——log(Rz(B))_IOg( R(6)) = log (Rl(e)

Ri(e) T

is a Cauchy principal value integral, and

%Rz(a) d_f‘ . 1 ‘ + 1
rey ™2 Ra(8) - Ra(9)

is a Hadamard finite-part integral.
- Equation (30) yields

0 < |Ra(6)] + \Ba(6)] < 2v3h,
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1 |Ry(6)
< < 42,
4/2 T |Ry(6)] ~
Ry ()
270 <
s (|71 ])| < ostev®
1 1 1
_ < + < =
‘ IXORSAOIE R2(9)| Rl(m’
Therefore,
V(r,0) - V(0,8) ~r ($£)(0,8)] 1|8V
r < ||
r =21 or? (32)
R0 gy ( Rz(e)l)l
—|=|lo < log(4v2 33
1 T = e (|28 < osteva) (33)
R2(8) g 1 1 4
=== + < - 34
by B30 olEE (34
Now, for each 8 € [0, 7], equations (30), (31), (32), (33), (33) yield
Ra:(8) 2 4
f V(r’f)dr < 6‘: h\/_+” ” log(4V2) + V] . =. (35)
Ry (8) T or h
From equation (23) we get
| 162V |
Wie s, |50| <o |25 <m, o

Ou Qu &u  u O
" Ox ' By’ 8z’ Bzdy > Oy?

where depeﬁds only on the norms of u

Equations (35), (36),-(29) yield

}{sz) V(r,8)dr

Ri(9)  T°

< BEY(V2 ¥ log(4v/2) +4), (37)

% | v(z,y)dzdy
Sra [(m - X)2 + (y - Y)2]3/2

< 7R3 (V2 +log(4v2) +4).  (38)

Finally, from equations (27), (38) we get

/ v(z, y)dzdy
slEz—=X)1?+(y-Y)Ppr

< B3(AnBy + 7A(V2 + log(4v2) + 4)).  (39)

Hence our error estimate is of order 3.
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3. An example.

Consider the following example:

_ zdxdy
= “XP + (s~ YVPP

where S = [-1,1] x [-1,1],u(z,y) = z . For all R; ; C S\ 57,7, equation (14)
yields.

] zdrdy _ f s f (t + X)dt
R [(@ = XP+(y—-YyP? [y =Y\ 9541 =Y [2i=X,zi41—X] (t2 + 52)3/2

= f | ds([((:r,- — X 4 6%V (24 — X) _}_32)—1./2]
[v; —Y.yi41-Y]

(40)

+X [(IC;'.H _X)S_z((‘”i-{-l'——X)z +S2)—-1/2 _(-Ti —X)S_z((.ﬁ!.',‘ _X)2 +S2)—]/2])
(41)

We get
[ (=X ety =
[¥; =Y\ 41-Y]

log (yj+1 —Y 4+ ((zi = X%+ (¥j41 — y)2)1/2> 1
y;i — Y + ((zi — X)? + (y; — Y)?)1/2

/ 5=2((as = X)? 4+ 57)"V/2ds =
(¥ — Y.y 41-Y] '

e ((m = X+ i =YV (3 = X+ (i — V)P
(w_‘ %) ( yi —Y Yji+1 - Y ) '

.Hence

/ zdzdy _
Ry ; [(z - X)2'_+‘(y - Y)2]3/2 .
log (y,-+1 =Y 4 (o = XP? + (541 Y)Z)l/z)
=Y (@ - XP A+ -V
tog (Lt Z¥ (e ~ P 4 (s PP
v =Y +((@er - XP + (u — Y/

2 (“"’"*l =X (4 VPP (oo = XV 4 (i = VP

o mmmX yi~¥ gy
X ((a:,-—X)Z_I_(j_-Y)z)l/Z 2i— XP+ ; L — Y)R)/2

_a:,-—X( yj___yY | o )yj+5y—_+Y . )) ) (42)
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By a similar manner, from equation (21) we get

/ zdzdy _
srp (z = XY 4+ (y - Y)2p/2 |
log (y“-_l — Y+ ((zr-1 = X)* + (ys41 —- Y)z)llz)
PP N (P § I oy

—log (yHl =Y 4 ((@rp = X0+ (g - Y)2)1/2)
yi-1 =Y + ((zr41 — X2 + (ygoq = Y)2)1/2

= (((wm = X)? +(ys- = Y)?)1/?
Trgr— X yy—1 =Y
(@1 =X + (Y41 — Y)2)1/2)
Yi41 — Y
X (((:ef-l — XY + (ys_1 —Y)2)1/?
zr-1—-X Yr-1—Y ‘
(o1 = X + (g1 — V)22
Y —Y ) (43)
We have the analytic solution
. zdzdy
I(X,)Y)= fs [(z—X)2+(y— y)2]3/2

e (LY A+ XY + (1 =)

=08 (—1 Y+ +X)2+(0+ Y)?)l/z)
1-Y+((1-X)2+(1-Y)2)/2

(—1 -Y+{(1-X2+(1+ Y)2)1/2)
L X Q=X+ (A=X)2 41—
1-X ( ~1-Y - 1-Y )
. (((1 +XP AV (14 X)) 4+ (1 - V)22
1+X ~1-Y B -V ) ,
(44)
‘Therefore,

sry (2= X2 +(y - Y)2 PR

u(z, y)dzd ‘
+3 { fR,.,,- [(z — X)? f(y —?)2]3/2 P Rij €5\ SI,J}-
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