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SPLINE COLLOCATION METHODS FOR
FREDHOLM INTEGRO-DIFFERENTIAL EQUATIONS
OF SECOND ORDER

NGUYEN MINH CHUONG AND NGUYEN VAN TUAN

Abstract. A spline collocation method is used to solve approximately a general
class of boundary value problem for integro-differential equations of second-order.
Theorem of existence and uniqueness of approximant via diagonally dominant
matrix is shown. Theorem of convergence rate of second order for approximate
solutions is obtained.

‘1. Existence and uniqueness theorem

We consider the following equation

: b
La(t) = 27 (8) + p(0'() + a(0=(t) + A [ K(t,9)ale)ds = 1), (1)
where ¢ € {a, ], with the following boundary value c':onditio'ns
- ez(a) + faz'(a) = 7a, | - (1b)

| wz(d) + fpz'(B) =m, (1c)
where &g, Op, ﬁa; ﬂb, A€ R3aa2 + ﬁaz > O:ab2 + Bb2 > 0 and p(t)a Q(t)n f(t) are

continuous functions on {a, b], and K(t, s) is continuous in Q = [a, b] % [a, 8].
Let G(%, s) be the Green function of the problem z”(t) = 0 with the following

conditions

{ agz{a) + Baz'(a) = 0, (1d)

: abz(b) 4- ﬁ_;,:c'(b) =0.
‘Then the solution of the equation z”(¢) = u(t) satisfying the condition (1d) will
be defined by

" f G(t u(s)ds
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(see [2], p. 132). It is clear that for the existence of the solution z(t) € C*[a, b]
of the equation (1a), (1d) it is sufficient to find conditions for u(?) € C*{a, ]
and satisfying the equation =~ o o

)+ [ Ko=)
where .
| m 8G(t, 5 BN .
Ki(t,s) = p(t)-—é't-—) +q(t)G(t,s) + A f . K(t,0)G(C, s)dC.

Let T be an operator from Ca, b] into Cfa, b] defined by

b
Tu=/ Ky (t, s)u(s)ds.

The equation (le) may be written as follows
I+ T)u = f,

where I is the ideﬁtity operator. . ‘ R ‘

It is obviously that if there exists an inverse operator (I +T)‘-'17 which brings
a function f € C?[a, b] into C?[a, b} then the problem (1a), 1(d) has solutions in
C*[a, b}. '

Let 7 be an uniform partition of {a,b] :

,'Vj':ax':—-"to_ <t1 < ..I'.<tn=.b, '

where t; = @ + ih, h = 232,

n

We introduce the spline space
Si(r)={ve 6'2[(1;-11] : Oty taqa] € Pk =0,...,m -1},
where P is the class of cubic polynomials.
LEMMA 1. With the above mentioned notation we bave:

i} S3(m) is a real vector space with the bas1s{B,(t) ntl | wheres

i=-=1
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r ({_ ti—2)3 : : . . ift € [ti—Z) ti—l])
h® +3h2(t — t;_q) + 3h(t —tiq)® = 3(t —t;y ) ift € [tioy, 14,

1 .
B;(t) = ﬁs“ B? +3h2(t,-+_1 — 1)+ 31.1,(1t,-+1 — 1) = 8(tiy1 —)° it € [ti,tiga],
(t,'+2 — t)a th € [ti+1,ti_+2]a
L0 ‘ otherwise .

i) If { B; (t)}:‘j’ll is deﬁned as foﬂows

1(t) SB_l(t), Bo(t) = Bo(t) 2By (t)
Bz(t) _Bl(t): i= 1:' -, _ 1: )
Bu(t) =Ba(t) ~ 2Bnsa(t), Busa(1) = 3Baia(2),
then the system {B;(#)}7¥}, is a basis of 53() too.
iii) For all t € [a,}],

ntl nd1 ) 99

Y 1Bi®) <12and Y BU) < T, (2)

i=—1 .ot==1 : : ' ‘
‘where Bi(t) is the derivative of Bi(t).
PROOF. By the standart arguments (see [5], p82), it is easy to prdvé i) and ii).
Moreover we can calculate B;(t), Bi(t), B;”(t) at t; as follows

Bj(tjs1) =1, Bj(t;) = 4, Bj(t:) =0,

: 3 o —3
Biti-) =1, Biltiy)= -, Bj(t)=0,  (3)
] ’ 6 . o =12 g.m
Bi"(tiz1) =33, Bi() =57, BV(t) =0
For the proof of iii) it is 6n1y to notice that on [t;,t;41],7 = 0,. -1, in
the system {B; (t) nl there are only four non-vanishing functions: B,—l(t),

Bi(t}, Bi1(t) and B,+2(t)
Now we define an element z n(t) € S3(rr) as follows

L am | .
a:N(t Ea,B (t) | % (4)

j==1
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satisfying
- Lz n(t:) = f(t:), 1=0,...,n,

" aazn(b)+ fory(to) =e,

| o cpon(ts) £ Bty (tn) =10

From (3) i::.i::‘i“'ol."lows 7 | :

( 3(auh = 362)as +2ach +38.)a0 +(auh + 3)ar = Tuh,

- ntl _ 1 .
’ Z aJ[B (t)+p'B’(t)+q‘B (t3 ]+A z a’tJaJ ;fika 2'_—‘0:_‘" y 12y

- Q

j==1. -
where p; = p(t;), ¢; = a(t:), £ = f(t:),
=f K(ti,s)Bj(s)ds, i=0,...,m; j=—1,...,n+1,
a; R :
with T s e .
R a, ifj=—1,0,1,2, L (b ifj=n-2n—1nn+1,
a+(j —2)h, ifj=3,...,n+1
and we haVe an equlva,lent system -

I 3(aah 3fa)a—1 + 2(aah 4 3,3,;)&0 + (aah +. 3[3,,)0,1 A h .

3(qoh - 3pgh + 6)a 1 + 2(q0h2 + 3p0 - 12)a0+
: : e SRR
 (coh? + 3poh + 6)a1 + Ah by anja; = = foh?,
g=-1 '
B (Qih,, —'...3p='h +6)ainy + 4(g:h” — 3)ait
n+1
T (q',h2 + 3pih + 6)aiyy +Ah Z aija; = -f, o (6)

J-“"l‘; .

A

'1_1 ..,n—l

(thz - 3pnh + 6)(1,; 1 + 2(qnh - 3p" - 12)Gn+

C .
3(‘171’12 + 3Pnh + 6)‘3"1r1+1 + An? Z a’nJa'J = fn
: j=-1

(abh 3Bs)an—1 + 2(abh 3ﬂb)an + 3(a5h + 3,6;,):1,,.,.1 =h.

Jr et G .+'.2)h5: if 5 ==l in— 3,



SPLINE COLLOCATION METHODS 89

LEMMA 2. Given the following system .of equations

by 4 bd'xg + bz = g4,
. ntl- o o
Ci,i—1%Ti—1 + Ci,i%i + Ci,i+1Tit1 + Z di;T; = giyi = 0,... ,m, (7)

=1
‘ bn—lx;i-.l + bpy + bot1Zn41 = gnt1: 3
If the coefficients in System (7) satisfy
lbol + |b1] < [b),
- nt1
feiial + leiiral + Y |dijl < leigl, i=0,... ,m, (8)

j=—1

[Ba—1] + [bn] < [bn,
then System (7) has a unique solution.
PROOF. System (7) can be rewritten as follows

( 7 b_yz_y +bozo + biz1 = g1,

n+1 . '
z dije; 4 (ciicy + dii—y )z + ‘
B J';éz‘J—=1,—iTi+1' : _ L . (9)
- (eii +di)zi (g + di iy1)Tit1 = gi,
. \ .- .bn—l_xn—_l + bnmn + bn-{-lmn-l-l = gn+1-
We have -
n+1 ' : S C n+1 o
Z |dijl+leiimitdi g [+lei it diin | < E [dij|+leii-1]+lei ival.
'=—1‘ - X . L - noE . . .

j=—1, j#i
JF#i—1,i,i+1 T

On the other hand, by (8) we get |

n+1 o B o
D il + leiical + Jes il < leiil = ldis < leii + i il.
j=—1_ )

Jj?ﬁ '

‘Thérefore |

n4-1 ;

Do il lenics +diica] F leiin + diia] < loii + di,i.

~ ‘

J#i=1,i,i+1
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By the first and last inequalities from (8) it is'obvious that the coeflicient
matrix of System (9) is of diagonally dominant type. Consequently it has a
unique solution Lemma 2 is proved

Now we ﬁnd solvab:hty cond1t1ons for System (6)

If the coefficient matrix of System (6) is of diagonally dominant type then
the coefficients of the first and last equations of (6) must satisfy

loah — 384] > |k + 3Bal, .

a.nd

laph + 385) > |osh — 30s|-

Hence

@ufB, <0 and asBy > 0.

For the second equation of (6) we have

o n+1
3lgoh? — 3poh + 61 1 |q0h2 + 3poh + 6l + [l > laojl
. . j=-1
o ntl
< 3|goh? —3Poh+6|+|90h2+3poh+6|+1/\|h2/ |K(toa3)| > |Bj(s)lds
J—-l

< 3lgoh® — 3poh + 6] + |goh? + 3poh + 6] + 12h2|A|031@<x f |K (£, 8)|ds.
For the coefficient matrix of (6) to be of dlagona.lly dominant type we need
3]qoh2 - 3poh + 6| + quh2 + 3poh + 6| + 12ph2 < 2|qgh2 + 3pgh - 12|, . (10) ¢

where p = |)\|0121§i,<){ fa |K(#:,s)|ds. Let go < 0. When 9p3 + 48g0 < 0 or
-3 +/9p2 284
Po + 23% + 4840 < 0 we take
0. -

¢ = min {3P0 — VO] —24q0  —3p0 — /98 '—24qa}

240 ’ 2q0




SPLINE COLLOCATION METHODS 91

—3po + 1/9p% + 4840
2qg

> 0 we take

In the case when"

. {3p0—«/9pg—z4qo —3pg+1/9pg+48qo}
0= 4 - — -

2q0. N N 2q0

If g0 < 0,0 < k< € a,ndo<p<—§q-wehave(10)

Analogously for the followmg equatlons from (6)

e

(q;h 3p,h+6)a,_1 +4(q3h 3)a;+(th2+3pth+6)at+l +Ah Z al]a] fihza
j=-1
1=1,...,n—1, we get
n+1
Iq.h — 3pih + 6] + Iq,h2 + 3p,h + 6]+ AR D Jaijl
j=—1

< |gih? - 3p,h + 6| + [q:h? + 3p,h + 6[ + 12ph2
So we. need to show |
|gih? — 3pih 46|+ |q: A2+ 3p;h+ 6| + 12ph% < l4g;h* —12|,i =1,... ,n—1. (11)
Und(;,r ‘the E;nditi;aﬁs :‘.q,- <0, = 1,... ,: n— 1, | |

SO — 940,
0<h<mm{e—:l:s"p3 op; 24q’,_i:1,...,n—1},

2g;

and 0 <p< Tq we obtain (11) We get :I:3p, < \/Qp < 4/9p? — 24¢;, which

yields-e; > 0. : R
Finally for the following equation from (6)

(4nh® = 3puh + 6)an_1 + 2(gnh® — 3p,h — 12)an+
n+1 ’
3(th2 + 3pnh + 6)a'ﬂ+1 + AR? Z UnjQd; = fnh21
j=-1
we have

n+1 -

lgnh? — 3pah + 6] + 3|q,,h2 — 3pnh + 6| + AR ) lans!
j=-1
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< lgnh? — 3pnh + 6| + 3|gah® — 3pah + 6] + 12pR°.
Therefore we nged_ to show _ .
|g=h? — 3pnh + 6] ;{-:3lqnh2 + 3pph + 6] + 12ph® < 2|gnh? — 3pah — 12| (12)

When g, < 0 and either 9p2 + 48¢, < 0 or % < 0 we take

o —rnin 4 Z3Pn /9P2 — 244, 3pn — +/9P% — 244

3pn 9p2 + 48
In the case when — t+ V9Pa t+ 254 > 0 we take
2¢n

e = mind Z3Pn ~ V/9p: — 24gn 3pn + /9PE +48¢n

 ; T 0 - 2qn - ? 2qn "
Soifqn<70,0<h<e,, and 0 < p< _—2q'3-.weget (12)

Therefore we obtain the following

THEOREM 3. Assume that p(t),q(t), f(t) are continuous on |a, b, K(t,s) is
continuous on € Q, q(t) < 0,Vt € [a,b] and aa, as, Ba, B, satisfy the conditions

- aaﬂa < 01 abﬂb >_ 0.
Set

' . qi .
= min ——, € = min{eg,... ,€n}.
0<i<n 2 { e ”},

Then, for 6 < p < 1 and 0'< h < € the collocation solution (4) of the boundary
value problem (1a-1b-1c) exists uniquely and will be defined by solving System

(6)-

2. Estimate of convergence rate

Let y(t) € S3(w) be an interpolation spline of the solution of (1). Then -

y(t,—)-= z(t;),1 =0,...,m y'(tp) =z'(p), ¥ (tn) = ='(a).
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H z(t) € C*[a,b] then
”‘DJ(m - y)HOO < ’th4_j’j = U: 1’21 3)

where

Illoo = max su z(t
lelloo = max  sup_ st

and D? is the j-th derivative ( see [5], p. 112).

Let ‘
"+l

y(t) =2 b Bg(f)

j=-=1
Setting Ly(t;) = fi, ¢ =0,... ,n, with f; € R, we have

n+1

Lan(t:) - Ly(s:) = Z(a; b; )[B "(t:) + piBj(t:) + a:Bi(t:)]+
n+l ”
A Z a;j(a; — b)—f, —£:,i=0,...,n.

Denoting é; = a; — bj we get the following system:
( 3{aah —38.)0-1 +2(aah +3B:)60 + (aah +38,)61 = 0,

S(Qth - 3p{)h + 6)6_1 + 2(Q‘0h2 + 3pgh — 12)6u+
.o n+l
(g0h? + 3poh + 6)51 +AR% > ao,a = Tgh

j=-1

(qih? — 3p;h + 6)6;—1 + 4(gv,h2 —3)6:+
4 - n+l

_ j=-1 .
(qnh —3p,h 4+ 6)6,_y + 2(qﬂh2 ~3pnh — 12)6,+
n+1
3(gnh® + 3pnh +6)8n41 + AT Y anib; = Tah?,

j=-1

(@sh = 364)6-1 + 2(csh — 3858 + 3(csh + 385)6n31 = O,

where ; = f(t;) — f(&;), i =70, . nand f(t) = fi, f(t) = fie

(qih? +3p,h+6)5,+1 + AR? > aijé; =Tk i=1,..

93

(13)

..n—1

(14a)
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We have
I7i = |La(t:) — Ly(t)l < | (8:) =y (8] + Ipall='(8a) — v+
Jaille(t:) — (el + 1Al ] 'K (ti, s)[z(s) —y(s)lds|
Slle” —y7llee + Ipllooll=" = ¥'lloo + "‘i‘lloo”f’»' — ylloo + pllz —Ylleo-
Using (13) we obtain
I3l < 12h? + lIplloo712® + (llglleo + £)R 0
= b1z + lpllooi + (lalleo + )R 70117
Consequently |
Il < BR?, i=0,...,n with f =7 + [[Plleomrht (lalleo + )R 70.

Now by the hypotheses of Theorem 3 and by the first and last equatmns of
System (14a) we see that if e_; > 0, en41' > 0-thene; < €o 0T e_1 < e; and

€nt1 < €n OF €541 < €41, Where ¢; = |6:},2 =—1,...,n+ 1. Indeed from
et = 384 > laah + 38,
it follows that o : o
3|aah 3ﬂa|e_1 > 2|aah + 3ﬁa|e L + ]aah + 3ﬂa|e_
fe_;>epand ey >e1 then e

3|a,,h 3ﬁ,,1e_1 > 2|aah + Sﬂaleg + Iaah + 3ﬁa|e1,

which contradicts to the ﬁrst equatlon of System (140;)

Similarly it is proved that
ent1 < €n OF €nt1 < €n—1-

Let us denote

e = max{eg; él, .. ..,en} = max{e_1,%€o; .- ,"én-'_{_l'}.‘-v'- R (145)
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If e_1 = ent1 = 0 then the equality (14b) remains valid.. From (14a) we have-

n41 '
(4g:ih® — 12)8; = — AR? ) ay6; +h ri—
Li=m1 ST
(Q'zhz _3p1h+6)6z 1 _”(th2+3pzh+6)6z+laz =1,. n—1
It follows that L
- n+41
[4g:h® — 12[e; <h2|)\| Z laijle; + h® |T=|+
- J—"—I C

Ichz 3ch+6|ez 1 + Iq:h +3pzh+6lez+1 _
< 12ph23 + ﬁh4 + (2q,h2 + 12)6 '

with i = 1,...,n—1 -and for 0 < b <e. Hence
4(3 — ¢;h%)e; < 2(gqih? +6)e + 12ph26 + Bhti=1,. cam—=Lo
Since R
Qihze < Qihzeia
we have
6(2 — gih?)ei <'12e+12ph%e + AR, ¢=1,... n 1. (15)

Let 0 < A < e. Now we prove that (15) holds also for 7 = 0 and 7 =n. - -

If o = 0 then we also get (15).'If €y > 0 then either e < e;, hence (15)
holds immediately for z = 0, or ey > e; then from:the second equa,tmn of (14a)
we obtain '

— .,' n—{-l :
2((_[0h + 3p0 - 12)(50 - Tgh2 )\h Z (1.0_,6 - 3(qOh — 3p0h + 6)6_1—
i=-1

(goh® + 3poh + 6)61_.

A ¥ ':.

It follows that
—6qohley < 12ph%e + B, o . (16)

Taking into account the following inequality -

60_<_”6,'
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from (16). we can assert that (15) holds for ¢ = 0.

Similarly (15) is proved for i = n. Therefore
6(2 q,h2)e < 1ze + 12ph26 + ﬂh’* z' = 0 Ty

and
e < ik with By = B/12(1— p)

Consequently

= i — bl < Bih? | '
e -1<:<n+1| b! ﬁlh | (17)

Now let us estlmate ||:c(t) - a:N(t)"oo We have " =

'n+1'

|y(t)—xN(t)|<max|a=—b|ZIB| B '

i=-1

By (25, (17), (18) we obtain

HMﬂ—mﬁmwslwmi

Because of

@) - 2n ()l Slle(®).— v(Elleo +1ly(E) — 28 (B)lleos

and of (13)-we get - : o
| (8 - $N(t)l|oo < nh2
where n = Ao h? + 126,. Silﬁilaﬂy, we have -

n+1

V(O —an(®) Smaxlai =l 30 BOL 09

f=—1

By (2), (17), (19) we get

' (t) ~ v (llo < 2261
Next we .estin.late |z'(£) — 2'y(t)]|co as follows
() = zn(B)lleo < ' () = ¥'(E)lleo + 1/ (2) — 2 (Blloo -
<4228k |
— 6h,
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- where 8 = v h% + 228;. So we get the following

THEOREM 4. Let z(t) be a solution of (Ia) (1b), (Ic) and z(t) € C*{a,b].
Assume that all conditions in Theorem '3 are satisfied. Then we have the

following estimates
l2(t) — zn(t)lleo = O(A*),
and | |

I12'(2) — ey (D)oo = O(R),

Now we show a simple example as an application of Theorem 3 and 4.

Let us consider the following equation
1 . _
z”(t) — z(t) + 1/20 / s¥2(s)ds = —1% — 2t + 2521/688800

satisfying the conditions : '
[ z(0) - 2'(0) =0,

z(1) + 2'(1) =9.
The exact solution is z(¢) = #> + 2t + 2. If e = /6, 0 < A < /6 then the
collocation solution exists uniquely. '

Choosing h = 1/15 we can calculate the approximate solution and the error

given in the following list.

a_y= 0.32286839262  ag = 0.55560452377
G0 =0.32996216531 g = 0.59057752118
a1 = 0.35270835532  anp = 0.6270._2354870
4y =0.37691845573 a1y = 0.66494327750
‘@ = 0.40278417732  azy = 0.70433733518
ay =0.43040903237 a3 = 0.74520632522
as = 0.45950287959  ai« = 0.78755081966
as = 0.49006663398 a5 = 0.83137136666
a7 = 0.52210115174  ays = 0.84647040819
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(1]
2]
3]
(3]

[5]
[6]
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t; |2(t:) = zis(ti)] |2 () = =y ()
00 00187621362 0.0187632353 - .
01 0.0200637354 0.0203002644 -
02 0.0212780889 0.0132546767
03 0.0215334191 0.0070759488
04 0.0205212581 0.0190082688
05 0.0192905931 - 10.0179254058
06 0.0181294328 | 0.0169222468
07 - 0.0170353464 0.0158717072
08  0.0160143431 - 0.0147535034
09 0.0150618428 0.0138561219
10 0.0141627843 0.0131257011
11 0.0133104506 0.0124537250
12 0.0125010566  0.0118371474
13 0.0117309887 0.0112734683
14 - 0.0109968073 0.0107601981 . -
0.0102952225 0.0102952210
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