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PROPERTY Q AND HOLOMORPHIC FUNCTIONS
WITH VALUES IN A PSEUDOCONVEX SPACE HAVING
A STEIN MORPHISM INTO A COMPLEX LIE GROUP.

NGUYEN MINH HA AND THAI THUAN QUANG

Abstract. It is shown that a Fréchet-Schwartz space F with an absolute basis

has the property 2 if and only if every holomorphic function on D X E with

- values in a pseudoconvex space having a Stein morphism into a complex Lie
group, where I? is a Stein space, is of uniform type. In the scalar case, where E
is a nuclear Fréchet space, the result was established by Meise and Vogt [5].

Introduction

Let E be a Fréchet space with a fundamental system of semi-norms |}.||l; <

lz < . For each k& € N define a norm
i-Ilz - E* — [0, o0},

by

llz* [l = sup{l=*()] : ||=]le < 1},
where E* denotes the dual space of E. We say that E has the property $ if
Vp,3gsuch that Vi, d>03C>0:

le* 17 < Clle* [l 15

for all z* € E*. The property Q) and another properties were introduced and
investiga,ted by Vogt (see, for example, [11], [12], [13]). Meise and Vogt [5] gave
an important characterization of nuclear Fréchet spaces having the property Q.
They proved that a nuclear Fréchet space E has property Q if and only if every

holomorphic function on D x E, where D is a bounded balanced convex domain
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in CN, is of uniform type. This means that there exists p and a holomorphic

function g on D X E,, such that

f(z,2) = g(z,wp(2)),

for every (z z) € D x E, where E is the Ba,na.ch space a.ssocmted to [I I, and
wp : E — E, is the canonical map. '

In the present note, we extend the result of Meise and Vogt to the case of
holomorphic maps with values in a pseudoconvex space having a Stein morphism
[1] into a complex Lie group: To get the main result (Theorem 2.1), in Section 1
we will mvest1gate an approximation of continuous plurisubharmonic functions
on open polynomiaily convex sets in metric topological spaces. Uéiﬁg this result

and the method of Meise and Vogt we shall prove the main result in Section 2.

1. Approximation of continuous plurisubharmonic functjons

in metric topological vector spaces,

Given F a topological x{rector space and G an open set in E. An upper-semi
continuous function ¢ : G — [—00,+00) is called plurisubharmonic on G if it
1s subharmonic on the interestion of G with every complex line in E. In [7]
Noverraz proved that if G is a polynomially convex domain in a Banach space
E with a Schauder basis then every continuous plurisubharmonic function ¢ on

G can be written in the form
p(z) = lim max {c}log|ff(z)]:1<j<m.}, = (BN)

where fF is holomorphic function on E and 0 < e} < 1. Moreover, the conver-
gence is uniformly on compact sets in G. In particular, it contains the result
of Bremermann in the ﬁnlte dimensional case. We prove in this section the

following

THEOREM 1.1. Let E be a metric topological vector space with a Schauder
basis, Then every continuous pIurisubharmonic_function on a polynomially
convex set in E can be written in the form (BN) if and only if E- has a continuous

norm,
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PROOF. First we prove the necessity. Let us show that there exists a sequence
{A\;} C C such that Aj e;, = 0,-for every subsequence {A;,} C {A;}, where
{e;} is a Schauder basis in E. Let D be an open polynomially convex set in C

consisting of 1nﬁmte1y many connected components D=}{|D;. We can assume

3>1
that 0 € Dy. Put S

G = UDq+M
j21l

where M = CI( span {e;};>2). Obvmusly, G is polynorniaﬂy convex in E. On

G, define a continuous plurisubharmonic function ¢ given by
w(z) = le(2)| for 2 € DJel + M

where {e*} is the dual system of {eJ} By the hypothes1s there exist constants
0 < ¢f < 1 and holomorphic functions f2, 1 < k < my, n> 1 on E such that
the sequence of plurisubharmonic functlons {¢n} converges uniformly to ¢ on

every compact set in G, where
$alz) = max {cf log |f{(x)]:1 < kS ma).

For each j > 1 consider on Dje; + Ce; the functions, which converge uniformly

on compact sets to the function -
e} (2)] =-]z;], with z = z1¢; + zje;.

This implies that there exists zi' E C. with [z{] < 1/3 such that 1,!),,J (zl,zJ) |
depends on z;. Then there ex1sts Aj E o] Such that

|'J’n,-(zl, )I > J for every g > 1.

We claim that {A;} is the desired sequence. Indeed, assume that there exists a
subsequence {A;,} C {\;} such that A; e;, —.0. Consider the compact set in
E given by

K ={ze; +A;,65;0:9 > 1}.~
Since ) € Dye; +M for p suﬁieiently large, we have

zPer + Aje5, € Diey + M.



70 NGUYEN MINH HA AND THAI THUAN QUANG

Hence, -
(P(z]_ €1 + Aj‘;laf".i';p) - Ie ( el + )‘jpejp)l = |z{p| _—)'03

asp—>ooand

”(p ¢ﬂ; ”K > |(p( 61 + AJ?er) ¢n3 (zl €1 + /\Jp EJP)I
> [thay, (277 €1 + Aj,ej,;-)l — lp(el” e1 + Aj,e,)]
> Jp [lel ~ 00,

as p — oo, what is imposs:ble- -

Since {ej} is a Schauder basis, we have

0= hm e’ (z)eJ = hm (e (2)/A;)A e,

. ]—’00

for every z € E. Put
p(z) = sup {|ej(2)/X;] : j 2 1}.
By the Banach-Steinhaus theorem p is a continuous norm on E.
We turn now to the proof of the sufficiency. Assume that G is an open
polynomially convex set in F and ||| is a continuous norm on E. Let ¢ be a
continuous plurisubharmonic function on G. Write - . ~- . :

G = UF ,U Int F,,,

m>1 m2>1

‘where F,, are closed sets in E Vm > 1. For each J > 1, put -
Q;i={z€G: ||z|| <_7} and K = CI(E ﬂQJ ﬂA (E))

where
| Aj(Z) = Z e;(z)ek"fof'é‘verj:r'z € E.
L IgkSy o
Then
K; CF;n Aj(E) C GNA;(E)forj> 1.

Since the topology of 4;(E) is defined by ||.}||.4;, it follows that K is compact
in GNA;(E) for every j > 1. Thus by the polynomial convexity of G N 4;(E),
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according to the Bremermann theorem, there exist polynomials Pg on A;{(F)

and constants 0 < c‘,’é <1,1 <k S'mj,such_ that .
- 1
”‘P %IIK < 7

where t/;J(z) = max {ci log |PJ(z)| 1<k< m]} Obv1ously, gbj 0 AJ is a
plurisubharmonic function;on E. We prove that {t; o Aj}js1 converges uni-:
formly on compact sets in G to . Given K a compact set in G. Take g such
that . -
K+VCK+C(V)C It By, (1)

for sorne neighbourhood V of zero in -E: :Since 4;(z) — 2 uniformly on compact
set K in B, we get L R A
A(K)C K+ Viforj>ge - . (@)
From (1) and (2) we have

A; (K) C an C F; fOI‘j > j; = max (jo,mg) o (3)

On the other hand since Ujs14;(K) is relatwely compa.ct in E and || || is

continuous on F, it follows that
U A;(K) C Qj, for some ]2 > 31 o | (4)
IZh ’ C )
From (3) and (4) we have
AjK)CQ;NFNA(EYC K for 7> ja. o0
Heﬁce, ‘ T | | . _
A — el £ |I¢‘J ~A; ”K + ||90-4 —llx
S i = ellas o e A vllk
< H% ‘P”K 4+ lod; =l
<= + lp4; - el

for j > j;. This 1mplxes that: ||1[)JA - go||K — 0, as j — co. The theorem is

proved.
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.9. Holomorphic functions on.a Fréchet-Schwartz space
with values in a pseudoconvex space_having a.Stein morphism

into a complex Lie group.

First we recall that a holom'orphic.ﬁlap 6 from a complex space X to a
complex space Y- 1s called a Stéin morphism if for every y € Y there exists &
neighbourhood V' of y such that §~1(V) is a Stein space. (sce [y

In this section we shall prove the converse of a result by Meise and Vogt in
5} | |
THEOREM 2.1. Let E be a Fréchet-Schwartz space with an absolute basis.
Then E has the property Q if and only if every holomorphic function'on D x E,
where D is a Stein space, with values in a pseudoconvex space X having a Stein

morphism into a complex Lie group, is of uniform type.

The sufficiency was proved in [5]. In orded to prove the necessity, we need

some auxiliary results.

LEMMA 2.2. H(X) has the property (DN) for every irreduci.ble complex space

PROOF. In [14] Vogt proved the following result:

Let X be a real analytic manifold and Shbea subsheaf of the sheaf of germs
of real analytic functions. Then H °%X,8) equippeduwith the compact-open
" topology has the property (DN). B I
Consider the Hironaka singular resolution §:272 — Xof X. Since X is
irreducible we may assume that Z is connected. By the above mentioned Vogt’s J

result, it follows that H(Z).and hence H(X) have the property (DN ).

LEMMA 2.3. Let E be a Fréchet-Schwartz space with an absolute basis {€;};>1
and F a Fréchet space. Assume that Ee (ﬁ) and F € (DN). Then there exists
a compact balanced éoﬁvex set B such that |

(i) {ej}tiz1 C EB. |

(ii) Hub((EB,TE),F) = H((EB,TE),F),-_Where Ep is the Banach space
spanned by B and g is the topology of Ep induced by the topology of E.
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PROOF. Suppose that {e;}jen is an absolute basis in F and {e"-‘}_,-eN is the
dual basis in E*, i.e. the strongly dual space of E. Given f € H (E,F).
(i) First assume that F' is a Banach space. Then there exists a continuous

semi-norm |||, on E such that

sup {Ilf(x)ll} M < +oo.

llzll, <1

Since E € (Q) there éxists a continuous semi-norm ¢ on E such that for every

compact set B' in E, d > 0 there exists C > 0, w1th
||:1:*|]*1+d < C‘|[a:*||B,||:c*||*d for all 2* € E*.
Since F 1s a Frt.échet- space, we can assume that {e; } j>1 C Ep. Put
" = {sup {l65@les} 1 2 1)
. z€B .7 o

 Then B” is Bounc_led in E. Indeed, take p; a continuous semi-norm on E. Since
B’ is bounded, there exists « > 0 such that

lzllp, €« for z € Br:_A

This implies that [¢3()|||ejllp, < @, ¥« € B', Vj > 1. Thus B” C aUy,. This
means that B” is bounded. On the other hand , since F is a Schwartz space

then' B = conv(B’ U B} is a compact set and we have
P e e P
for all :z:"‘ € E*. Thus
e n’:’iff?‘f < Clliliplle}l for 2 1

" Note that

Ile lg =

||e g, frizh
illg. o

||e*||* for j 2 1.

T n}-



74 © -~ NGUYEN MINH HA AND THAI THUAN QUANG
‘Obviously, ||e*]| ©#0 for j > 1. By the construction of B we have ||e I3 Be, €RB

for; >1;ie. eJ € ”e ”. B (j > 1) This means that -

Iz < for]_l
Il < uen

We have therefore,

1 - C
< , for j > 1.
el S TeallalleglE 7 =

By the compactness of B, foi“evér} r >0,

aip {n'f"(x)n} = N(r) < +o0.

IIEHB <r

For each z = Z_,>1e (:a:)e, c EB, w;th

Ilfcllq Zle (-'ﬂ IIIeJliq <,

3>1 e
we have - o - e
1F@ < S IPf@) =D 11Pa f(Z (m)e.-,)n
n>0 : n>0 izl
< Z Z |eh(:c)| (m)lllpﬂf(eJl";'_f ’e.?n)”
n>011, J . L
R A uq'“ﬁ’;f (lfm ”'-cfvl'ln_)"_ ~
n>0 f1,m0e 0n Julig - - 1% lig
<3 (@) T @)l 15, @l - lez
n>0 Fseeeadn

A 1/1+d [y 5 ' afied
y [nPnf(eﬁ,-.- ,e,-,,)u] ! [uPnf(eJ-l,--- eI

lej -l lle el -+ llesa il

1 - .
<y — Z eZ, (@)l - 1e5, (@)llessllq - - - llesa llg

[uﬁnf(cpe;; ..., Cpe; ) ] Hixd [ 1Baf(eins. . e5)l ] i
el nej,.ua 1 lesillp -~ liein llp

ez, ()] ‘|e;f,,(;:)n|ejluq---nej,, ]
g ( 1/1+ d) z |

Fiyeesdn
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[y Bl ot Com) 1Ba ez el
1+d  lellz---lles s L+d lejllp-- e il
1 .
<> ——= ) le @) le @lesllg - ||e:,.||q
n>0 (p1/1+”‘) Jom sin
[N(Cp) n" dM n_]
1+d nl(Cp)y» 1+dnld
N(Cp) ( . )
= e.\r c
i §n|(cp(2+d)/(l+d)) >kl

aM %
*THas (pu 7 (2"“’. (m)me,nq)

N(CP) . + T dM E St
*Tvd nl(cp(2+d)/(1+d)) S Lk d ()"

< 400,

for p sufﬁc1ent1y large. _
- (ii) By (1) for each contmuous seml—norm P there ex1sts a contmuous semi-

norm g = ¢(p) such_that |
M(p,r) = sup {If@; : = € Bp, |y <7} < +oo,
for all > 0. Take py such thaﬁ: VpIpmd>0 and C > 0:
at 15+ < Cll-llpal- "p1
P_ut' él = ¢(p,) and ¢z = g(p2)- Sigce Ee (Q) wecan ﬁnd éo,_D > 0 such'tha.t..
Tellaleln < Dlesler o
fqr @11 7. Consider the Taylor expansion of f z;,t 0 € E,

f(z)_ EPnf(z)

wﬁére _ Lo . f( )
Ye o _ ”
Pufl) =5 [ dh
|t]=r

for al-l'n_ZOI and all r > 0.
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For z.= Z‘ J.>1e (z)e_, where {e"‘} is. the sequence of coefﬁc1ent functionals,

we have :
1F @)l < D NPt @l Ay
n>0 ‘ .
* * ] . r.. ) “Pﬂf(ejn .. Sejn)llp
< €5, (2)]- .- lej, (2)illes lgo - - - 11€5n o
-3 nzzojlgjn | 11( )l | J,.,( )l” i "! “ In ”Q‘ I[ e "qo ] ”ejn "gu
<Y ¥ (cl/Hd/D"/”d)w (M-l M - o
n2>0 ji,. <sdn
5 [nPnf(en, e,.,)l|pl}'f4?+“’[|lP N[O u,e,,,)upz]”l“ |
”611“91 HeJn”!h ”831”92' HeJn“h
(n/1+d) »
< cm+dz( ) 2 1S el e
7 n>0 ::.,. 'Z‘ B Jl; »Jn
% l:”Pnf(eJu eJn)”Pl + ”P .f(e.h: . eJn)llpz] L
Ilenllgl- [lesallgx IIen llga - lesallen 1

[

S M+ MO L (Sl

1
= [M(p1;7) 4+ M(pz )] Cl/l+d Z _,nn”zllqﬂ prfi+d
n>0
1/1+4d ' v
< (M1 + M(Pza?‘)]c Z} n,(e ; 1),, < oo,

L L L, €+l
E;>1 |e (z)||[e_,||q, for every z € E and every q.
Consequently, f is of uniformly bounded type and hence Lemma 2.3 is

for all z € E with ||z||q0 5 M.; We may here assume that |]z[|q =

proved.

PROPOSITION 2.4. Let E l;e a'Fréc}let‘;-wSchwa.rtz space With‘an. ‘a-,bsolute .ba.-sis-
and let E € (ﬁ) Assume that 'F is a* Fréchet ‘space with F € (DN). Then for
every family F of .holomozphic functions from E to F which is locally bounded,
there exists ¢ € N such that every f € F can be factonzed holomorphmaﬂy

i\_.

through the canonical map wy : E — Eg.

PRrOOF. It suffices to prove that there exists a compact, balanced convex set

B such that |le;{|j>1 € Ep and for every family F of holomorphw functions
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f € H{(Eg,TE), F), there exists f € Hyu(E, F) such that fleg = f, for each
EH((EB,TE) . _

First we construct a subset B as in the proof of Lemma 2. 3 Let fe }' By
Lemma 2.3, f € Hut((EB,7E), F). Thus there exists a continuous semi-norm
-llqe om E such that for all r > 0, f(r(Ep N Upgk)) is bounded in F, where
U, = {z € E: |zl < 1}. By the Cauchy inequality, the complétness of F
and by standard arguments, f can be extended on nUy, for all n € N. It follows
that f has an extension f € H(E, F). For each r > 0, we have

("qu) = f(r(Eg 0 Uy,)) C f(r(Ep NUy)) = f(r(Ep NUy))-

Thus f(rU,,) is bounded in F' for all » > 0. Hence f € Hy(E,F). The .

' propos1t1on is proved

PROOF OF NECESSITY OF THEOREM 2.1. _

1. Assume first that the necessity of the theorem holds for the case, where
- X ais complex Lie group. l

Given f: D x E — G aholomorphic function where D is a Stein space and
G an arbitrary pseudéconvex space having a Stein morphism into a complex Lie
group. Let i be a continuous plurisubharmbnic exhaustion function on G and
let 8 : G — S be a Stein morphism, where S is a complex Lie group. Since the

nece331ty of the theorem holds for S, there exists p and a holomorphm functlon
9: DXE —>Ssuchthat ‘

6f = g(id x wp),

where w, : E — Ej is the canonical map.
a) First consider the case where E has a continuous norm.
(i) Using Theorem 1.1 to the continuous plurisubharmonic function ¢ = o f

on D x E, we can write
P(z,z) = nli_'ngo max {c} log [f}|:1 < j <ma},

where 0 < ¢} <1 and fJ" are holomorphic functions on D x E, for every
1 < j £ m, and n > 1. Moreover, the convergence is uniform on compact sets

in D x E. This implies that the sequence { f;‘} is locally bounded in H(E, H(D)),
where f;‘(z)(z) = f}'(ﬁ, ).
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Since E has the property (ﬁ) by Proposition 2.4 we can find ¢ > ¢
mdependent of 1 <5< mn, n > 1 and holomorphlc functions gJ on D.x K,
such that " T R L R : :

‘ SR ""gj(dewq)
for 1 < 3 < mn a.nd n > 1. Moreover we also have '

sup:{|g7(z, -'v)l Z€ K, I]wllq < r} < exp: [’YN(K r) +ﬁM]/c < oo,

for every compact set K in D and every 7 > 0 1 < j < mn and n > 1 These

inequalities 1mply that-
- osup {¢(z,2) 1 2 € K, ||zf|g <7} S2yN(K,r) +8M], -

for every compact set K in D and every r > 0. Thus f(z :r; + Ker || g ) 1S
relatlvely compa.ct in the Stein manifold 8™ (z wq(:r)) for every (z :r:) € D x E

, Hence, by the Liouville theorem .one has

L fz0) = fza Kerllllg)

for every (z :J:) E D X E a,nd hence the form h, | glven by

FTRE

h(z 2 +i Ker. II IIq) -—f(z l‘),

for every (z :z:) E D X E “defines a functlon ' on D X E/ Ker || ||q w1th values

in G, where E/ Ker ||.||, is the 1mage of E under the canonical projection
: E — E,. Given (z,wy(wo)) € D' E/ Ker ||-|lq- By the hypothesisthere
eXIStS a nexghbourhood V' of g(zo,w,(z0)) such that 6~ 1(V):is a Stein space.

Take 6 > 0 small enough a,nd W a nelghbourhood of zg in D such-that"
T oW X in(an + U CY,
where U, is tlhe open ball defined by the semi-norm |l-llg- Since
sup (2,0 +62) 12 € W ally S 1} < 4oo,
it follovv's that |

BOW x (o 4+ 6T,)) = FOV x(m0+6Uq)) o
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is relatively compact in 87'(V). Since 6~1(V) is a Stein and h is Gateaux
holomorphic on D x E/ Ker ||. ”q we conclude that h is holomorphic on D X
B/ Ker ||l A

(ii) Extend A to a holomorphic function k on a neighbourhood Z of D x
E/ Ker ||.Jl; in D x E,. Consider the domain of existence Zp, of hover Dx E, .
Since E/ Ker ||.||q is densein Fy, it is easy to see that Z), is an open set of D x E,.
We prove that Zj is pseudoconvex. By [8] it suffices to show that Z), satisfies the
weak disc condition. This means that if a sequence {0, } C H(A, Z3), converges
tooc € H(A*,Zy)in H (A* Zh) the o can be holomorphlca.lly extended to A
and {an} converges to o in H(A, Zy). Here H(A,Zy) and H(A*, Zh) denote the
space of holomorphic maps from the open unit disc A'in C (resp., A* = A\ {0})
into Zj, equipped with the compact-open topology.

First observe that the complex Lie group S satisfies the weak disc condition.
This follows from the fact that S is a hblomorphic bundle over a commutative
Lie group whose fiber are Stein manifolds and that Stein manifolds satisfy the
weak disc condition. Since G has a Stein morphism into a complex Lie group,
it is easy to see that G satisfies the weak diAsc condition. Hence the sequence
{hay} converges to ho in H(A,G). Take a Stein neighbourhcod V which can
be considered as a closed submanifold of C™ for some m > 1 of £o(0), and € >
0,N > 0 such that Edn(sA) C V for every n > Np.

For each n > Ny, define a holomorphic function

On 1 EA — limk21H°9(Wk,Cm),
by .

s =k + o),
where {Wi}e1 is a basis of neighbourhoods of 0 e CV x E,. It follows that
the sequence {6} converges to ¢ in H(eA*, H °°(Wk C™)). Indeed, given K a
compact set in ¢ A* and hence, o(K) is a compact set in Zp. Then there exists

V C Z such that & is uniform continuous on ¢(K) + V, i. e. for every §>0
there exists V() C V such that for z,y € o(K)+V,z—y € V(o) we have

() - R < 6.



80 ' NGUYEN MINH HA AND THAI THUAN QUANG

For each k > 1 and r > 0, put
Upr = {f € Hw(kacm) : ”f”Wk < _}

r
and consider {U;} with.I: N — N, deﬁned by
U= con'v( U (U, ,(k)))
k21

where Jk: H °°(Wy¢, C ) — hmk>1H (Wk, C ) is the canonical embeddmg It
is easy to see tha.t {U;} isa bas1s of nelghbourhoods of 0 in 11mk>1 Heo (Wk, C"‘) ,
G1ven a Uz m hmk>1H°°(Wk, Cm) Take kg such that Wko C V a.nd Ng

sufﬁaently la.rge such that
an'(t) —o(t) C 'Wka,

)=o) C V(i)

for every n > N, and all ¢t € K. Thus, for all'n > N0 we get a(t) €
H”(Wk,,,c )foralltEKa.nd i o

| fgfg ;up Ih(one) +#) ~ W) + 2 < L Ty

le.

fg}g :gprg llhan(t)(w)—-a(t)(m)ll < l(ko)

. Then, &,(t) — a(t) C Usy, (ko) for all £ € K. Thus we infer that {a,,} converges
to & in H(eA* l1mk>1H (W, C™)) and hence & can be extended holomorphi-
cally to eA and {an} converges to & in H(eA, hmk>1 H>(W, C™)).

Since {6,(cA/2)} is bounded in hmk;.lH °°(Wk, C™) and the inductive limit
is regula.r [8] there exists k; such that &6(t) € H®(Wy,, C™), for every [t <e/2
and every n> No Observe tha.t o can ‘be extended holomorphlcally to- £A and
on — o in H(A D >< E,). It remains to check that ¢(0) € Z;. We have
& (0)(z) = h(an(O) + m) for every z € Wi, and n > N,. This ylelds that
o(0) € Z,,. : .

(1ii) Since the’ topology of E' is defined by Hilbert Semi-rrbrms, witheut 1oss
of generality we may assume that Ey is a Hilbert space. Choose g > psuch that



HOLOMORPHIC FUNCTIONS WITH VALUES IN A PSEUDOCONVEX SPACE 81

‘the canonical map wy, : E; — E, is compact. Let 7 denote the linear metric

topology on H(Z}) generated by the uniform convergence on sets

K, = {wgp(2) ¢ |2]) < 1, (5, wgp(2)) € Z, dist ((2,105(2)), 0Z) 2 1/, € D).

Since the canonical map [H (Z3),2] = H(E).is continuous and
 H(B)er 2limHy(B)

(see [4]), where H(E)p,r denotes the bornologit:al space associated to H(E) and
for every k > 1, H;(E;) denotes the Fréchet space of holomorphic functions on
Ey, which are bounded on every bounded set in Ex, we can find k > ¢ such
that H(Zy) C Hb(Ek) It remains-to check that Im (z'd X wgp) C Zp. In
the converse case, there exists z € Ej such that (z, wip(2)) € OZ. Choose a
sequence {z,} C E/ Ker li-|lz which converges to z. Since Ej is a Hilbert space
we can find f € H(Zy) such that

' sup |f(z,wip(2n))] = oo,

what is impossible, because fw, € H(D x Ey).

b) General case. Let p1 > p such that f(D x Up, N E) is contained and
relatively compact in a Stein open subset of G, where U,, = {z e E:|z|p £
1} By the L10uv1lle theorem, it follows that

 fea+ Ker ) = £(,2),

for (z,z) € D x Uy, N E. Hence, the unique principle imb]ie_s that the relation
holds for all (z,z) € D x E. Asin [8] put

= {.7 eN: ||31||p1 750}:
and write

where E! is the subspace of E with a Schauder basis {ej,'j € J} and a.

continuous norm ||.||p, | g1, and E? = Ker ||. ||pI
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Using a) to flpxzr, we can find k > p1 and a holomorphic function A! on
D x Ej with values in G such that

2 flpxgr = hMid X w)lpxst-

It is easy to see that Ey = E] & EZ. Consequently, setting; h(zm)= hi(z,z!)
for z = (z!,2?) € Ex, we get a holomorphlc functlon hon D x Ek, with values
in G, for which f=Hh{d x wk) ‘

2) To complete the proof it remains to check that the necessity of the theorem
Ihold_s for every complex Lie group. Given G a complex Lie group. By virtue
of [11] there exists a Stein morphism 6 from @ onto. a torus.S. Since:S has an
universal cover which is a Euclidean space, by Meise and Vogt: [5] the necessity-
of the theorem holds for .S and hence holds for G. The theorem is completely

proved.
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