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ON THE EXISTENCE OF BAYESIAN ESTIMATES IN
" NONLINEAR STATISTICAL MODELS
WITH COMPACT PARAMETER SPACE

o -4 UNG NGOG QUANG

1. Introduction

-+ The linear: statistical models are investigated. in:a large scale (see [1], [2]).
However, there are many problems in physics, engineering, 'bior‘ne.trics; and other
areas of applicatioﬁs of probability theory and mathematical statistics where the
assumption of linearity is not satisfied. Therefore, the investigation of nonlinear

statistical models is an unportant problem in:mathematical statistics (sce [2]

31, [4])

Let us consider the following statistical model
X =) +e, | @

where _ AR
X is an observed n- d1m<,11510na,l random vector;
¢ is a n-dimensional random error vector;
¢ is a known function, ¢ : © — R", © C R is a subset
of a p—dimensional Fuclidean space.

"~ @ is an uhlcnOWﬁ‘péraLrﬁétjer", gco.

Model (1) is called a linear model if @ = RP, 0(0) = A-0, where A is a known

n X p—matrix of real coeflicients, §is u p— dimensional unknown parameter (see
[1])-

Received April 8th, 1993. Revised 2/10/1994




150 UNG NGOC QUANG

Model (1) is called a nonlinear model if either ©.is a nonlinear subset of R?

or v is a nonlinear function (see [2], [4], [5]).

Tu [4] Bunke1 mvestlgated the nonhncar models by the inetliod of least
squares. In this note, we sha.ll mvestlga,te nonlmea.r models 111 “which compact-
ness of © plays an important role., Namely, assuming that © is a compact subset -
of R?, we shall prove the existence of Bayesian estimates of the parameter 8 € ©

by the functional analysis method (see [6]).

‘. Let us denote by-B,, the g-algebra~of all Borel sets in R?,:X the range of
the observed n-dimensional random vector X;.B(X) is the o-algebra of.all Borel

sets:in X, and K the closure of a set. K. =

1.1 DEFINITION. ‘A function A : (z‘f’ B(A:’ )) —= (RP, Bp) is called an. estimate of
the parameter § € © C R? if it is a Borel measurable function. P

A Borel measurable function A is called bounded if it satlsﬁes the condition
Sup || h(:a,) ||rr < +oo
zeX - !
A Borel measurable function & : ( A, B(X)) - (R”,B,) is called an essen-

~ - tially bounded function if there exists a set B € B(X) w1th ;L(B) 0 such
that _ EE SRR TS E LSS PR NP . e

sup ][ h(z) [lrs< 405"
. IE:I\B S s o

~ Let B(X,R?) denote the space of all bounded Bgl'el__measura,blqf_ﬁnctions
on &. Clearly, it is a Banach space with the norm
“{hhrl|8q(r1’,l§."):“‘m‘521%_““}1'(:&) Ilrr

and it forms a class of estimates of parameter § € © C R?.
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Similarly, let L°(u, R?) denote the space of all Borel essentlally bounded

functions.. It is a Banach space with the norm

L S S M G

and it forms a class of estimates of paraméter 6 € © C R?,

1.2 DEFINITION. Let us consider the parameter space (O, B(©)), where O is
a compact subset of R?, B(Q) is a o-algebra in ©. A probability measure 7 in

the measurable space (©,B(0)) is called a priori distribution of § € © C RP.

Suppose H : A X0 — RP xQ is a furlction defined by setting H(z,68) =
(h(z),8) and L : R? x ©® — Rt = [0,400] is a given function. Then the

compound function defined by -
L(h(},)=LoH: X x0 - RT
is called a loss funstion.
Let us consider the measurable spaces (X, B(zi")), (R?,B,), (©,8(Q)),
(R*, B(R")), where B(R') is a o-algebra of all Borel sets in R*. Put
A={AxB:A¢eBX),BebB(O)],
— {CxBiCe€B, DBeBO))
Let B(X ) x B(@) denote the o-ctlg( bla, generated bv A, a,nd B X B(©) denote
the a- al&cbld 5cnerd,ted by €. Then we have
1.3 PROPOSITION. Let L be a (B, x B(Q), B(R""))-méaéurable function. Then
the loss function L(h(.},.) is a (B(X') x B(®), B(R*))-measurable function.

Recall ([7]) that for a random vector X ‘there exists a conditional regular

distribution P19, We shall usc the symbol Qg to denote P19,
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', Assumeithat y is’a o-finite measure in (X, B(X)) and Q4 < u for every 6.
Then by the Radon-Nikodym theorem there éxists.a density function . ’
Qs(dz)
u(da)

By Proposition 1.3, we can 'deﬁne.-deyesian estimates, . - . 1. . -

o=y =

-1.4. .DEFINITION- A functional .

$:B(X,R") SR

(¥ : L=(p, RP) — §+)
is said to be a Bayesian risk function with a ptiori distribution 73 =

P(h) = L(h(z), 0)Qe(dz)(d6) ... . .
(v = [ [ Ziho ) fa@ itz a9))
e x
An estimate £ € B(X,RP) (fﬂz € L°°(p,RP))is said to'be Bayé‘éiénleétifdate'

of the pa.rameter 9 E @ C Rp W1th a pI‘lOI‘l dlstrlbutzon 1f _

)= inf . u(h)

IEB(X Rp)
(‘b(h) = el m)¢(h))

' 2. Existence of Bé{jesizih‘:és:timaté_s in nonhnear .'ﬁlbzdgls .‘ S
In this section, we shall investigate the existence of Bayesian estimates in
B(x, Rp)ande(pRP)
2. 1 THEOREM Let K be a class of aﬂ estunates of the pdrameter 9 E @ C Rp
satlsfymg the followz_ng condztmns '
(1) k(X)) C O, VR EK.
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(ii) Ve > 0,3 finite partition {E;}~, of X and pointsz; € E;,; 1 =1,2,...,m
such that:

sup || h(z) — h(z;) |re<e, VREK, Vi=1,2,...,m
T TelR; : _ : o o
(iii) There exists C > 0 Suah tha,t

Then K is a relatively compact subset of the space B(X,R?) and in the class

K there exists a Bayesian cstjmatc

PRrOOF. Since K is a class of estimates of the parameter 8 € O, it follows that
the members of K are Borel measurable functions. Since © is a compact subset
of R?, by (i), we have S
sup i h(fﬂ) lre < oo

Accordingly, K C B(X,R?). Now let us. c01131d01 the function qb B(X,R?) —
RP™ defined by ¢(h) = (h(z1), h(z2),- .., A{&wm)). By (i), there exists C' > 0
such that . ' o |

| A(z:) e < €', Vi=1,...,m, VhE K.

Since

|| 4’>(h IIRPm—.lIéMX I (e )Ilm

it follows that
| (1) |re-m < C',Vhe K.

Thus ¢(K) is a bounded set of RP-™ Smce R»™ is a finite dimensional space,
then ¢(K) is a totally bounded sct of R”'™, i.e. there exists s balls B(¢;,¢), j =
1,2,...,s such that | ‘ | '

$(K) c | B(tj,e), t; € RP™.
j=1

It follows that for every h € K, there exists j such that

[l ¢(~) —tj [|Re-m < &
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This means that. : -
| o) =t fmr< s Vi= 1,200, @
Moreover, we can (,hoose the ba.lls B(tl,s) B(tg,s) ) .,B(_t;,é) sﬁch that
qb(K)ﬂB(tj,e)#@ Ni=12,.,8 "

Conbequently, for every B (tj,s) there exists h € K such that é(h; ) E B(t ,,s)
This shows that || ¢(k;) = t; |re-m< &, ¥§ =1,...55. Therefore, :

i) =t e < w=‘1,.'.:;m:* O ®
From (2) .,,nd (3), we obtcun o "
) = o) I e, Vimloms (@)

Next we want to prove that I& - U B( b, f-‘) Let he K he given arbitra-

111y F(n every 1 =1,2,...,m and for any = € Eu = 1 ,m, we have S

ll h('ﬂ) ~hy (%) Ile <|I h(ﬂf) —h(a:,) Hm
| Aw) = hglea) iz + 1| Ri(i) = Ri(2) R -

Since h, hi; € K, by (ii) we obtain

sup || h('z:) - h(a, ) |[.1:£r7< e, Vi= 1; . , . (5)
s . NS e
sup || h;(2).— hj(zi) |lre<e, Vi=1,...,m. {6)
€Ly

From: (4) (o), (6) we:-have

sup || () — h,(m)an < 4u, Vi=1,...,m.

zel;
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Finally, for any = € X := B E; we obtain that

1=

sup || A(z) ~ hj(z) [rr = sup | 2(z) — hj(2) [ire
T€X z€ O B : -

=1

= lxéllc.l,(x sup I h(:z,) — hj(z) ||lrr < de. |

This means that _ _
Kc ,C’JIB(h,-,aLe)
j= '

and K is a totally bounded sct.of B(X,R?). Since B(X,RP?) is a complete
metric space, it follows that K is a relatively compact subset of B(X,R?).
Nd.w,' we shall prove that in the class of estimates K there exists a Bayesian
estimate. First, by virtue of (i} we have R(X) C ©, Vh € K. Indeed, for any
Iy € I{ there exists a sequence (k,, )} C K, such that '

| n = R lBex,Re)— 0, asn — oo

Since N _ 7
| hn(2) — 2z} lrr <[ = 1t || B2, RA)
we obtain that

| B{2) — hy(z) ||Re— 0, asn —s oo,

On the other hand, it follows from (i) that h,(X) C©, Vn € N. Thus, we have
| 7n(2) — (2} lRe— 0, asn — o0

ha(2)C O, YneEN,Vzek.
Since O is a closed set, we obtain that h(z) € O, V.’L‘ e X. This‘mea:qs that,
R(X)C O, Vhe K.
Next, consider the functlona,l P B(X RI’) — R+ deﬁned by

(k) = [ [0, 0@ 09)

QX
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We claim that ¥ is a continuous. function on,.B(-;;Y:' ,.'R?_), Indeed, take any .h €
B(X,R?) and suppose tha.t o
][ h —h“B(A,'R,P)'-—’ 0 a.én—+$o,
where () C B(¥, R?). Then, by (iif) we obtain that

i) ¢(h)l<j ] k(). 6) — L(h(m) 0) Qo(dz)r(de)”

[ / e hn(m) o) e Qa(dm)f(dﬁ‘)

j / ¢ | hi ._hHB(x ) Qe(dm),,_(d(,)

= Cfl b B i) / [ Qe(dr)r(de)
o/
ZC | ha—h “B(XRP)-_’ 0 ‘asn - 0.

Thus, 1 is a continuous function on B(X, R"). Hence 1 is a continuous function

on compact subset K of B(Af' R?). Consequ(,ntly, there exists i € K such that
_?,b(hf)_? ,}gf(_?[f(i{)-

By:Definition 1.4, B _is_--a:Baye_sizL_n‘estima.te and.the proof is complete. -

2.2 THEOREM. Let K be a class of all es'f;'iriﬁzitt:as of the ﬁa"i‘ameﬁer fecOCR?
satisfying the foIioWing conditions:
(i) R(X) C © ( mod u), ¥h e K, RS
(11) Ve > 0,3 ﬁmte pa.rt;t:on {E} 21 - X and pomts zi e El,z = 1
'such fhat "
(a) 3C" || h( i) “Rp< C'Vhe K, Vi=1,2,...,m.
(b) Yh € K, B € B(X) ,u(B) =0 sup || h(:r:) — h(m,) 1|Rp< £, Vz =

1,2,...,m.
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(iii) There exists C > 0 such that:
|L(y,0) — L(y', ) < C ly = ¥ Ir», Vy,y' € RP, VO € O.

Then K is a relativevity compact subsct of the space L%(p, R?) and in the

class I there exists a Bayesian estimate.

PROCF. Since © is a compact subset of R?, by (i) we have

sup {|h(z)|lrr < +o0,
zEX\B

where B € B(X), p(B) =0, Vh € K. Therefore X C L*(u,R?). Now, let us
consider the function @ : L°(u, R?) — RP™ defined by

B(h) = (h(21), h(z2), -~ h(zy)), h € L=, RP).

Arguing similarly as in the proof of Theorem 2.1 we can show that for every
ball B(%;,¢) there exists a function h; € K, such that

®(h;) € B(tj,¢), VJ =1,2,--,8.

Hence,
Hh(Tz) — hj(:?:i)“Rp <2, VheK Vi=12.-- ,m. (7)
We claim that K ¢ B(hj,éls). Indeed, let us take any A € K. For every

j=1 .
i=1,2,--- ,mand for every z € E;\ B, p(B)=0, : =1,--+ ,m, we have

k() — By (@)llre < [1A) — (el + [0(z:) — hi(z)llrs
| + [hj(zi) — h(z)l|re- '

Since h, h; € K, by (b) we have

sup ”h(.’ﬂ) - h(.’l:i)HRp < g, Vi= 1, ERLE (8)
rE€BA\B )
- sup “hj(il:) — hj((b'j)”Rp <eg, Yi=1,---,m. (9)

€\ B
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From (7), (8) and (9), we obtain

Sup Hh(:ﬂ) - h](m)“Rp < 45:. Vi = 11 e ?Em
zeE.\B

Nc,xt for any z 6 X \ B wherc X = U E,, we ha,vg

sup [h(z) — hj(z)|lrs = max  sup nh(x)—h,-u-mm < 4e.
X\B ‘ 1<i<m ze BB '

Hence,

inf s h{z —h'-:)z: ‘ < 4z,
B:p(B)=0 ,_IEARB” ( ) i(@re <

- This means that [ — hj|loo < 4e. Consequently,
KC _U ‘-B.(hj’4€)"'

Thus, K is a totally bounded set of L°°(p, R?). Since L°°( i1, RP).is a complete
metric space, it follows that K is a relatively compact subset of Ly, RP).

Next we shall prove the existence of Bay esian estimates in the class of
estimates K. First, we see that A(X) C © (modp), VA € K. Indeed, for any
h € K there is a sequence (hn) C K, such that Hhn — lleo — 0 as n — o0
Since - L
k(@) = B(2)llrr < [thn = hlleo (mod ),
we obtain that o

l|hn(;r:) h(m)“m -0 (mod ,u) ~asn — oo

On the othel hand it follows from (1) that h (X ) C @ (mod B Vn e N. Let
- us set

A={z e X : {[ha(z) - h(:n)lIRp — 0}

B ={z € X | hy(a) e 61, _ .
B={zeX: e, =N {z X : hu(s = .
B tw e ha(z) € ©, ¥n € N} nQN{:L €& h“(t) E@} nQNBn
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Theh,
ANB={zec X : |[hn(m)_h(m)||g,, — 0asn — co, and hn(z) € O, Yn € N).

Since O is a closed subset of R?, we see e that, if z € An B, then h(m) e E') ThlS
shows that R :
ANBC{z €l : h(z)ec OL

Hence {h(z) € @}c C {AOB}"' —.ACUBCI.l Since g(AchC) < u(AC)-}-p(BC) =0,
we obtam that L :
L u({h(z) € ©}) =0
This means tha.tg o L R
h(X)C@(mod,u) vhe K.
Fma.lly, con31der the function 4 : L°°( 78 RP) — R'*' deﬁned by

(M—// M@@n(mwmﬂw>

We see that is a continuous function on L°°(,u, RP). In fact, take any h €
Lo?(pu, R?) and suppose that [[hp — Al — -0, as n — oo, where (h,) C
Loo(p, R?). Then by (iii) we have o

pha) — wn<[]ww'wm D(h&), ) ol () 7(d6)
<c/]m4e—humm fo(sp(de) w)
<c[/Wa—mw>ﬁumwmfwm

'—cm mef/Qwhﬁwe

= C][hn —h|loo — 0 asn—oco.

Thus, ¥ is a continuous function on L°°(u, R?). Therefore, ¥ is a continuous

function on the compact subset K of L°°(y, RP). Consequently, there exists
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. k E K such that

LA

By

»(h) =i (h).

Deﬁmtlon 1 4 h is a Bayes1an estlma,te The proof 18 complete

2.3. REMARK In [5] we have con81dered the foHowmg model

'A_,49+.,, W

where A 18 @ unknown n X p—matrr-: of coefﬁcxents 8 is a unknown pa,r unetor

B¢

6, and O is a compact subset of R?. In [5] we proved the existence of

Bayesian estimates for local pa.rameter ¢ ) C RP? in the class of estimates

K c L*™(u, RP). Clea,rly, the model (1 ) isa pcu"tlculzu case of (1): -

ge

[6]

[7)
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