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_EXISTENCE OF GLOBAL MINIMAX SOLUTIONS OF THE
+ CAUCHY PROBLEM FOR SYSTEMS OF FIRST-ORDER
NONLINEAR PARTIAL DIFFERENTIAL EQUATION S?

TRAN DUC VAN AND NGUVYEN DAC LIEM .

The purposé of this paper is to present the existence results of ‘g'loﬁai :
minimax solutions for some systems of first-order nonlmea,r partial differential
equations (PDEs). _ _ o |

Since a classical solution of the nonlinear pfoblefn can fail to exist even in
the cases where the data are analytm functmns we need to introduce concepts
of generalized solutions. ' L

In recent years many different methods have been created by'Beﬁtbﬁ-S. H.,
Cole V. J. D., Conway E. D., Crandall M. G., Doubnov B., Evans L. C., Fleming
W. H., Glimm J., Hopf E., Kruzkov 5. N., Lax P. D., Lions P. L., Maslov V. P.,
Oleinhik O., Rozdestvenskii B. L., Subbotin A, I., Tsuji M. ... in the study of
globé,l generalized solutions of nonlinear PDEs. Especially, nonclassical theory
of nonlinear PDEs represents a large portibn of research in which the 'cdncépt
of- global viscosity solutions introduced by Crandall and Lion [4,5] is used.

“Another direction in this theory is motivated by differential games which
leads the notion of global minimax solutions for the first-order: nonhnea.r PDEs.
The case of the Cauchy problem for a SCaIar ‘nonlinear PDE of first-order
was studied in -great detail by Subbotm A 1, Subbotmd N. 'N., Adiatulina

.. (see, for example, [1,7,8]). As the terminology “minimax solution” indicates,
solutions of nonlinear PDEs of first-order are closely connected with the. . -

minimax operations. .
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In this paper for the first time we shall stti’djr- minimax solutions of the
Cauchy problems for some systems of first-order nonlinear PDEs. Namely, we

are concerned with the problem

"tauk(t z) +Hk(t z u(t a,) v, uk(t a:)) 0, L

| (t m)EG = (o T)xIR” "1.4,'='1,... i,
u(T, :c) = 0(1:) z € R". (2)
Here U ;'(ul, .. yUm) : G — R™ represents the unknown function,

H:=(Hy,...,Hy): GxR" xR"* - R™,
= (uf,...,u m) IR”—>]R’“

8uk
’3%) o

3uk
are given functlons Vg = ( .

We use the followmg nota.tlons

S = {p € R” < |plln = 1}
_ B = {peR":{plla <1},
* Bi(z,6) = (@ em‘ ' lla” = all; <5}

where Il || is: the Euchde norm in RY,é € ﬂV For = (rl, . ,g"m),s 7_,=‘

(815 -28m) € R™ we write r < s, if ri < sk for.all £ =1;...,m. For functions
U, 0. A——)]R wealsownteu(v(onA)lfuL(z) <vk( )fora.llf. €A, k—
1, o0yme Be81de let

" H(s)(t T,T P) = Hk(t T 31: 1 Sk— I’TL’SH'D Sﬁ’p)’ |
S ' H(s) (H(ﬂ) H(s)) N T

where (t,z) € G, peR", re R", se R™. -

0

We first assume that the function u° is continuous and H satisfies: the

conditions:
. -a')‘ The fﬁncéi.bn“(%,“a':, f, P) S H (t, :z:, r; p) is continuous and pomtwe—homoge—
neous with respect to the variable p,
H(t,z,r,ap) =aH(t,z,7,p), «>0. (3)
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b) HO(,z,l,p) < H(t,z,l,p), r<s, S . (4)
V(t,z,1,m,5,p) € G xR™ x R™ x R™ x 5,

(the qua.s1 monoton1c1ty condition with respect to the 'vanable r).

¢) HO(,z,rp) > HO(t,z,5,p), r<s, . (5)
Nz, hrs,p) € GXR™ xR xR™ x5

d) HWU(,z,r,p)— HO(, 2,5,p) < }\(s—r) r < s, o (6)
Yt z,5,r,8,p,)€ (0, T} xCx RXRxRXS, '
where A = A\(C,R) > > 0 and C, R are bounded sets of R”, R™, respectavely

e) |[H(, a’:,r,p) _-H(tamar! @)llm -S “""(1 + ”m”n)”p = 4|l (7)
V(t,z,7r,p,q) € G xR™ x B x B,
where'k is a positive constant (the Lipschitz condition with respect to the

variable p).
‘ _M‘Le.t us define thé sets

F(s) = {f €R": |flln < VEx(1+ .‘m
Fulstteg) = 1F€ FE) < fra> 2 Hilto,na)),
(FL)k(t T T,p) Ll {fEF(:I:) < f:p>< Hk(t T T,P)},

where (2, a:)EG re R™, pES, g€ S, k=1,

From (3) and (7) it is easily seen that these sets are nonempty, convex and
compact. From the condition a), Prop051t10ns 1.4.9, 1.5:1 and Corollary 1.4.10
in [2] we deduce that the muti-valued function = — F(x) is globally Lipschitz
continuous in R”, and the muti;valuedffunctiohs_ (t,z,7) = (F)e(t, z,7;¢) and
(t,,7) — (Fr)e(t,z,r,p) are continuous in G.x R"™ wherep€ S, g€ 8, k=
1,...,m. . ‘

From (4)-(6) and r < s we have

(F0) (e, be) O (F0) (o ha),  (9a)
(F)O¢ L) € (B¢, L), . (9b)
F) Pt z,m9) € (F)P¢,2,59), (10a)

(F2)(t2,m,0) D (FL)P(t,2,5,p), (10b)
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where (¢,2) € G, lrsEIRm, p,qES k—.l ,m; and -
(FU)( )(t z,s ,q) C (FU)(L)(t z,r q)—l—A(sL - rL)B - (11a)

(FL)P (t,2,m,p) C (FL)E)(t,:c,s,p) +A(sc—re)B; - (11b)
for all (¢, z,1,7,3,p,¢) € (0,T)xCx RxRxRx S§x S, where' A = +/2X(C, R) > 0
and C, R are bounded sets of R*,R™, respectnely

We can now proceed analogously to the proof of Subbotm ALin [7)( Chapter
1, section 2) to show that = o

(FU)k(t T, T Q) n (FL)L(t :L',?,p) ?é w

for all (t,z) € G, r e R™, p€ S,. ¢ €5, k= 1 ,m., _H_e1_1ce we obtain the
equalities "

pES FE(FL)r(t,z,mp)
for all (¢, 1:) E C’ rGIRm, 'wGIR"' L: s e e T2
Briefly, let (Fy) and (FL) stand f01 the tubles of multi- valued functions
((Fuse .- (Fy)m) and ((FL)l, (FL)m) rebpectlvcly, in which

Hi(t,z,r,w) = sup min < fiw> 12a
-’»( y ) qE}S' fE(I"U)k(t . rq) f N - ( )
Hk(t z,T w) = inf max < f, w > (12b)

(FU)A, (FL)L G X ]Rm X ]Rn — I[{n k = 1 ,Am .

‘take nonempty convex and compact values.’ PR S
~Denote by U(H)and L(H) the sets of the tubles (FL,) and (FL) such'that
(FU);.( b @ (FL)k(oy0 ., p) o are continuous-in G x R™, forallp € S, ¢ € S, h

' .a.nd satisfy (9)-(12), respectively.. Moreover,

(Fu)k(i z,7,q) U‘(FL)k(t T ?"ap) C C(1+ lll2)B, .
V(t T rp,q)GGxIRmXSX S, i;,—-l

Where cis a pos1t1ve numbel

We note that L((H) # qband E( ) £ qﬁ Flom 17) and the Hahn-Banach

Theorem, it follows that = -

(FU)k(t?"E:T}q‘) N (FL)E(t'."T":--T}aP) # 0 (13)
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V(t,z,rpg) EGXR™ xS xS, k=1,.

From now on, we work only with (Fi) € L{(H) (FL) € E(H) and F(m)
{1+ ||z|[)B;z € R™. For a function v : G < }R ‘we define’

v'(2) = limsup{o(y) : |2 =~ yllnsr < e, y € G},
ve(2) 1= liminf(u(y) 1z =yl < & y € G},

for all z € G. We note that v* and. v, are upper and lower semicontinuous
functlons respcctlvely, with values in ]R U {ioo}, and v, < v < v* on G.
Moreover if v is a Iocally bounded function then v* and v, take Yalues i in R!.

Briefly, we put u* = (uf,...,u},) and w, = (w4, ..., %n.) for a function
o= (Ug,y e, Um) G — IR™, Fui‘ther, for a locally bounded function v : G —
R™ and r; € RY, we write

(FU)}:-’(t, Ty Tl 9') = (FU)’-‘(t! T, ul*(ts ﬂ,‘), e :u(k-—l)*j(ts :B)a 7‘kau(k+1)*(ts ;U), sy
. : : J | ums(t, ), ),
(Fr)i(t, 2, re,p) = (FL)e(t, 2, u(t, ), ..., U (t, %), Tkauz+1(ta T} d
U (t, 2), p),
where (t,2) €G, pe S g€ S, k=1,...,m. _‘Ne have

LEMMA 1. The muti-valued functions (t,z) —.(Fy)it, = r],,g) and (%, :c)

(FL)i(t, 2,7, p) are upper semicontinuous in G.

PROOF. The lemma is deduced from (9)-(11) and Proposition 1.4,9 in [2].

Here we note that the conditions (9a) and (9b) deduced from the quasi-
monotonicity condition of the function H ( the condition b)) with respect to
the variable r are essential. . 7

“ From (9), Lernma 1 and the fact that (Fy )i, (F )k take nonempty convex

compact values in R", we get that the muti-valued functions

T (t2) o (Fuk(t w7, ) and (t2) — (FL)(E,2,m,p)
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satisfy the conditions of Theorem I3 in [T] Deriote by (Xu)i(to, 0, Tk, ¢) and
{X£5);(t6,T0, 7%, p) the sets of all absolutely. continuous functions 0,73t —
z(t) € R", satifying for almost all ¢ € [0, T} the differential inclusions

L3 & (Fu)i(t ety 0,

2(t) € (Fu)i(t, ”b‘(f) Tk P);
respectlvely, ‘and also the cond1t1on “c(tg) = 1:0, whuc (t{,, 1:0) E G' Note thdt

both (XU) (to, ’I,O,T].,q) a,nd (XL)L(t{h 1,(,, r ks p) dlC noncmpty compact sets in |
C'([O T] IR") '

DEFINITION 1.:Let u:: G —IR™ be a locally bourded function. We call-u a
minimax supersolution of Problem (1)-(2)} if for all tg '€ [0,T), 7 € (%o, T}, zo-€
IR‘n a.nd L = 1 ,m, then

Losup- . inf up(r, 2(1)) - up(ty, 2 <0 14
e .r(..)G(XU)E(to,zm“mq){ (5,2 ~ el )} SO (14)

and  ~ ciT

wT,z) 2 u’(z), zeR" _ - (18)

DEFINITION 2. Let u : G —» R™ be a locally bounded function. We call u a
minimax. subsolution of;Problem (1)- (2) if for:all ty € [0 T), 7 € (£, T), xp €
IRna.ndk-l -,m, then S L

o sup L {w(r,a(r)) ~uk(te,z0)} 2 0 (16)
S e (Ye(XL)p(to zorie(ta, Fo),p) T T T e T T
and; v oo feen L DT T L e e L ST
@) <ul(z), weR™ . L (1)

... The sets of supersolutlons and subsolutions wﬂl be denot(,d by SoIU and

Soly, respectwely

DEFINITION. 3. Let. W G - R be a Iocaﬂy bounded function. We call
. u a minimax solutmn of Problem (1)- (2) if it is s1mu1taneous]y a minimax

supersolution and a minimax subsolution of the same problem.
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THEOREM 1. Suppose that v € C'(G,IR™) N C(G,R™) is a global classical
solution of Problem (1)-(2). Then u is also a minimax solution of the same

problem.

ProoF. We first prove that « is a minimax supersolutmn of Problem (1)-(2).

Since u is a global classical solution, we have

_aﬁ(t ) _|._Hk(t F u(t z), Vs uL(t :E)) (18)

Y(t,z2)€G, k=1,....m

Suppose that #; € [O,T),mg eR"qge S k=1,...,m Let @ = (T1,...,m) In
which @; = u; on G, i # k and

ur(t,z) = max {uk(t, ), ue(to,z0)}, (t,7)€G. |

Since both # and (t,z,r) — (Fu)w(t,z,7,q) are continuous in G and G x R™

respectively, it follows that the composition of functions

(t_, .’B) - (FU)k(ta mnﬁ(t‘_:m), Q)
is also continuous in G. Set
PRt 3(t,2),9) = { o €(Fu)ult,2,05(8,2),0); < fo, Voua(t,2) > =
: . - _ _ < , i

fE(FU)kI(Itlylaﬁ(t:r).q) fiVault, $) }

From (12a) and (5) we ha,ve A o

< fo, Iuk(t :l:) > < Hk(t T u(t :1:) Veui(t, m))

S Hk(t7x:~ u(t7x)7 Vz:_"u-k(t,ii:))-, (19)

Y fo € F(t,z,u(t,z),q), (t,z) € G. Tt is easily seen that the set

F(t, 2 'ﬁ.(t ), ¢) is nonempty convex and compact. Moreover, since (t,z) —
(Fu)k(t, z, a(t, %), q) and (t,2) = Vour(t, :1:) are continuous, it follows that
(t,z) — FQ(¢,z,ult, :ﬂ),q) is upper semicontinuous. From this we deduce that

the set of solutions X (%o, x0,%,¢) of the differential inclusion

(1) € FOa(t), at,2(0),q) ae. t€[0,T],
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sa.tlsfymg the condition: a:(tg) = g, is'nonempty and compact. .
Fixy(.) € X? (tg,:cg,u g)- Then the function [0,T] 2 t — ug(t, y(t)) € ]R] is
absolutely continuous in (0, 7).

From (18) and (19) we obtain

duk(t y(t)) _ at (t y(t))—l— < y(t) \Y atk(t J(t)) >

< T 1,9(0) + Hilty (1), u(t, (), Vot J) = 0

for almost all ¢ € [0,7]. Hence
ur(t,y() < wilto@o), do<t<T. o (20)
Thus | o
FR(t, (0,34, 9(1),0) € (Fu)ult,u(t), (k. 5(1)), ) |
- C (Fu)i(t,y(2). Uk(fua‘b‘u) q)y, to <t <Th
Choose z(.) € (Xy)} (tu,’Bg,uk(to,.’Bg) q) We set
S EE) 0Kt t,
37(1‘) = .
y(t) ty <t <T.

Therefore z(.) € (XU)k(tO,CBU,UL(tO,:EO) g).- From tlus and (20), we con-
clude that uy sat1sﬁes the condition (14) Hence u is a minimax supelsolutlon
of Problem (1)- (2) | '

By an argument analogous to the d.bove pmof we show thdt u is albo a

minimax subsolution of the same problem Theorem 1 is completely pro‘. (,d
THEOREM 2. The gIobaJ mlmmm so]utmn u of Problem ( I) (2) satisfies the

equatwn { 1) at ‘each point (t z)’ ‘where v is differentiable.

PI{OOI‘ By deﬁmtmn, u belongs to SolU Let g€ S A = 1 . ,'rﬁ We assurﬁe
that uis dlfferentlable at (%o, 0).€ G. From (14), f01 >0 amd d€, (0 T —to),
thﬁe‘n the_re _ejx::s_ts'_'z:g( ) E(X ) k_(t_g,_'po ,”tjti;, (to, :»PQ):, q)_l_m}ch th_at

“uplte + 6,75 (80 + 8)) = uxlto,o) <es 0 (21)

F
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Since (t,2) — (Fu)r(t, =, ur(te, %0), ¢) is upper semicontinuous at (¢g, o), then

there exists v; > 0 such that for every ¢ € Bi(t0,7;), * € Ba(20,7;) we have
(FU)z(tamsuk(thxULQ) - (FU)k(tO’:EU_:u(tO:mO)? q) + ;Ba

for any 7 € IV.

From the fact that 4; > 0 and 24(.) belongs to compact 'sét'.
(X0)(to, 20, urltn,a0), ) € C(0, T, R™) -
for every § € (0, T —tg), it follows ,tllz;t thei‘e exists 8; € (0,7 — t[)).ASU.(l:h that
s;(t) € Bi(zo,7;), ¥t € Bi(to,8;), 7
and é; — 0 as j — oo. Therefore
zg;(t) € _(Fv)z(ta%,- (£), ur(to,20),q) C (FU)fé(fo,fb‘_o,ﬂ(to,ﬂ?o),Q) + }BQ

for almost all ¢ € By(t,6;). Applying Lemra 12 in [6] we get

3’_’(356,- (to + 6;) — o) = / zg; (1)dt € (Fu)e(to, o, u(to, 20),q) + ;B
7 : it . :

Since {(FU)A. (to, o, u(te, o), @)+ %B} is a decreasing sequence of sets, tends

izl
to the compact set (Fy)i(to, 2o, u(to, %0), ¢), we find that

5—1_(-'865(?50 +6;) —w) = fo+gj : (22)
" where fo € (FU).]_-(to,{BQ,u(tg,Lﬂ-g),rq)- and [|g;]|. — 0 as j — co. From (21)-(22)
and the fact that uy is differentiable at (#y, 7o), we see that
E (’ttk(tu + 6],1:5j (tg + 63)) - Uk(tg,.’l,'o)) =
R b
- -—a?(fmﬂm)'f' < Vgur(to, o), fo + 95 > +a; < €
g L . (23)
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where aj — 0 as ~j__—.?,,oo.;Let,ting J — coiin :'(23) we get
£ min < Voup(t , & >

( 0’ 0) + fE(FU)k(to,ﬂ:o,‘u(to,Io),q) i k( 0 0))f .
Buk

(to,:cg)—f- < quk(tﬂ,a:(,) fg > < e,

for any ¢ € S. anscquentiy, .

Ou
7 (to, z0) + Hi(to, wo,ulto, o), Vaur(to, z0)) =
3 up :
t,:c —l—su : min NS I't,r.L.tmﬂ,j”> < €
(0 0) qeg JFE(FE) e(to,zn,ulto,z0)q) " - (0’ U') R
Since both € > 0 and k& can be arbitrarily chosen, we have
3’2“ T
(tg,ﬂ?g) + .Bk(tg,ﬂf(),‘u.(tg, 'Eg) V U,k(fg,:ﬂg)) k = 1, NP £ £ T

Analqgously, from u € Soly, we get -

Juy,

"—a't_(tl]a -’50) +Hk(t0:$0: U.(tg,‘mg)i, vzuk(tﬂ)xﬂ)) 2 . (,): : k= ]_-: ERRR LTS
Ther__eforg % satisﬁes equation (1) at (to, scg'). |

Further to prove the ex1stence of the mlmmax solutions we need the follow~

ing auxiliary results.

LEMMA 2. Soly # @a,nd .S’oIL 7é 5.

PROOI‘ Assume (2, a,) € G We denote by X (t 'v) the set of solutlons of the

dlfferentml mc]usmn

:L(t) € F('t:(t)) ae. te€ [O Ty,
which satisfies the condltlon ;r:(t) = z. From the Thcorem 18 in [3] and F is

Lipschitz continuous, we deduce that X (t,z)is a. nonempty compact set in
C([0,T),R"™)} and (¢,2) — X(¢,z) is continuous on G. Moreover set

D(t,e,7) = {o(r) : 2(.) € X(¢,2)}, T€0,T],
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we deduce that (¢,2) — D(t,z,7) is continuous and D(t,z,7) is a nonempty
compact set. Let 1 = (31, .. ,gbm) G — ]R w1th

hito) =l v EDOATY, OB
V()€ G, k=1,...,m o

We will now show that ¥ € Soly. Suppoée to € [0,T), T -E- (t0,T), z0 €
R"* ¢ € Sand k = 1,...,m. Fix z(.) .€ -(Xu)f(lﬁg,mg,ipk(tu.,:n_g),q). Then
z{.} € .X(to, :r:c,) a.nd 1,(1') € D(tu,a,g, 7). Therefore .. o

| D(T m(f) T) - D(to,'cg,T)
Thus we get |
Sl (7)) = max {u;.(,;) v € D(r,a(), T)}'
<ma.x{uk(y) Y E D(tg,sr,g,T)} = l/)y,(tg,:cg)

This means ¢ satisfies (14). The cond1t1on (15) is deduced from the fact that
D(T 2,T)={z}, z € R™ Thus, 1& € Soly.
. By an-ar -gument analogous to the above proof, we can show that the -

continuous function & = (p1,... ,c,om)— in ‘which™
w(t z) = mm{u,.(y) y € D(t 2, 1)}, (25)
V(t m) E G’ k= 1
'l:)élb‘ng‘su to :Sof L -
+ We note that ¢(T,z) = o(T;z) = u%z), z-€ R". Since.u} and (t,z) —
D(t,z,T) are continuous on IR* and G, respectively, we: conclude that the
marginal function i is also continuous on G, k& = 1,...,m. This means that

the function % is continuous . Ana,logously, (¢ is a continuous functlon

By the definition of 3 and ¢ in (24) and (25), respectively, we get

LEMMA 3. Ifu € Soly and v € Soly, thenu > ¢ andv <4 on G
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‘Let us now define f‘.b::‘(wl, wm) G — R™, in which
wr(t, z) = inf {m(t 3:) v = (vl, vm) € SOIU} =1,.. ,m
t'i;h1s definition is correct by Lerrlma 3. )
'LEMM/_\_&. w € Solg. o

PROOF. Tiet # = cw,. It is sufficient to show that u € Solyr.

By definition, we have ¢ < u <'¢ on G. Thus w(T,z) = u“(m)lj}- e R™
This means v satisfies (13). We note that u is lowc,r semicontinuous on G,
1,...,m. Suppose € > 0, ty c [O T),T € (tu,T] 2o € R*, g € Sand k =
1,...,m. By definition, there exist sequences {(ti,m-)} i>1 and {v;}i>1, where
(t,,:rl) € [0,7] x R" and ui € Solu, i=1,2,... such tlmt (ti, @ ;) — (to, o) and
vi(ti, z;) — 'U.j,(tg,d,g) as i — oo. Smce vi E S’olU, we ﬁnd 1,( ) contained in
(XU)L(t,,'L,,L,_(t,,.:,,),q) and ' ' o

i (b )—i—e > uk(r 2} (T)) - z~1\r,.'. (26)

From (9)-(12), both . and (-are contiriuous and the fact that, {vk(t,, 1,)}0] is
~ a convergent sequence, we deduceg;that_;_therg exists a positive: constant A such
that

:(t) € (FU) (t -'L'z(t) uk(tﬂ,'co) Q) + Alvk(tntz) uk(tb’ﬂ:U)IB

for a.e. £ €{0,7],i=1,2,..., where A= A(C ) > 0 and C, R are bounded
sets of R™, IR™, respectively. T

- {Using Theorem: II5 in [7] we clain that the set of limit points-of the sequence
{i;(:)}i>1 is not-empty, and it is contained in the set (Xy9)p(to, To, ur{to, o)y q)-

Without-loss of generality we can assume: *+ -
o wi0) = 20) € (Xp)itto, o welto zo)ya) iooon

Thus

B AT

e e
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From (26) we have
up(toyee) + € > lim v};.(f,:i:,-(,r)) '

100

> .li_muk('r,:l:,'(’i‘)) > ur(r,z(7)).

T— OO
This means that u satisfies (14). Thus w € Soly.
LEMMA 5. w € Soly,.
PROOF. It is sufficient to show that w satisfies (16).

Fix 8 € (0,7}, k = 1,.'.. .,m. Suppose t € [0,.9], € R", e eR', p€ S. Let

(DLt w,m,0,p) = {2(8) : () € (X0)E(t 2] me, P},
and _- _ _ :
At re) = sup{wi8,y) ¢ v € (Do)t v, 8,p)} — .

Smu, (DL)Y (t x, Tk, 8,p) is a compact set, wi(€,.) < ¥i(6,.) in R™ and oy is

continuous, we deduce that
plt e, ry) < +oo, V(t,aﬁ,rk) € [0 Al x R* x R

Set p(t,z,r) = l1m1nf{p(t z,ry) 1 |re =] < € v € R}. We sec that p is
strictly decredsmg in r. From this we are d.ble to define the function {0, 8] x
R" 3 (t T) — rk(t 'L) E R as follows

rk(t,:v) mm{u E IR1 : [)(t-.;l’-,?'k) S 0}.

Here we note that ri(6,7) = wi(f,2), 2 € R™. Suppose thdt to € [0,8), T
(t0,8], xyp € R", ¢ € S. Then the multi-valued fuu(uon

(t, :L') — (FU)‘;:(ta T, Tk(t(h :UU)ﬂ q) N (F[,)T(t: r, Tk(tU 3 'T'U)ap)
satisfies the conditions of Theorem TI3 in 7). Hen(:é

(Xu)t]:'(tﬂa g, Tk(tﬂa 3;0): Q) n ("X.L)‘;:(tﬂa Lo, T'k(t[h 37()), P) '_]é @.
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Assume z(.) € (Xv){ (o, 2o, e (t0, z0), g) N (XL)7(fo, To, Ta(toyTo); P)yWe get
(DL )§ (o, o, Ti(t0, 20): 6, 8) ' (DL)i (7> 2(),m(tos 20), 6, P)

Thus
p(r,2(r)ri(te, 20)) < plto,oo, rilto, o)) <0

In accordance with the definition of p we find that
rilto o) > a(r,a() (27)

Hrewe ot tha () € (4 o204l 50, 1) 5 1 = (-t wih

u(t'c)—wg(t:r,) (tm)EG z%kz_.]_ m;.
(h.2) = { min {r(t, 'c),w;,(t :c)} (t z) € [0, 9) % ]Rn
k wL(t ’ﬂ) - B (t T)E[G T]XIR"

From (‘)7) a,nd w 6 Solu, we ¢an ch(,ck that u E SolU By the deﬁmtion of w,
we have' up > wyion G. Thas 7> wyp on’[050) x R™. LR
Assume to € [0,T), 6 € (t0,T], 2o € R®, p € Sand k’:‘-‘-‘l,;".'.;‘rri.""B'y:’the

above argument, we have 7y .GO’-_"_-.'“' 02 = w;.(tu, Zo )- Thus‘ ‘
_:‘-,r_‘ﬁ(_t;g',__:x?‘,ufg(_tf?,{lgn)?__>._[{(??0337'0_}915;(_?0’_.“:_'9{_)){.-?;zo:_— R
-Tftll.is;11‘1651,"1:13't:liz;’i,t"'ti rpiae e e
sup {wz(9, y) y € (DL)h(tQ,‘Bo,LUk(tO,:LQ)) 4 p)} —UJL(to,’Lg) >- 0-.
sup! - {wk(f) :1:(9)) —L..‘L(to,:lg)} > 0.

I( )E(XL)"’(f-o,-l'o wx(to z0)sp)

Thuefore w satisfies (16). ..

TFrom the Lemma, 4 and. 5 we ha.vc, i

b e

THEOREM 3. Suppose that the conditions a)-e) are satisfied and that uo(z) is

continuous. Then there exists a minimax solution of Problem (1)~(2).
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EXAMPLE. Let

H = {h:R' - R'| % is bounded, increasingand globally

Lipschitz continuous}

We note that H # 0, (for example, the function arctan € H).
H=_H,...,Hp) : R" xR" — R™ is defined by

L

Hi(rp) = ) fu(m)lpil, k=1,...,

=1

3

where

Fui(r) = hpaa(r) 4+ + hrigr—1)(rh—1) + Brin(=re) + hgiggany(Trpr) + - +

hkim (7'm ),

k=1,....m,i=1,...,nand hy;; € H, k,j=1,....mi=1,...,n.
We can check that the function H satisfies the conditions a)-e) of Problem

(1)-(2).
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