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ON CONVERGENCE FOR SOME DIFFERENTIAL
OPERATORS OF DISTRIBUTIONS

HOANG DINH DUNG

The convergence of cla,sszca,l dn‘ferentlal operators was c0n51dered by severa,l
authors (see, for instance, [1-4}). This work deals w1th the convergence for somnie

differential operators of distributions.

1. Convergence of distributional differential operators

Let © be a connected set in the real n-dimensional space R™. We consider

the following differential equations of distributions .

where : : o : L
© Pde,D)= 3 i)D" e
o lalgm .
is a fa,rmly of differential opera.tors of order m with coeﬂ'l(nents ai, € C°°(S2*)
Here (* = Q if O is an open set, 2* = Q\ 90 if Q is a closed set, 69 is
the’ bounda,ry of Q; fe € D’(Q) - the space of dlstrlbutlon in ), & > 0 o are

multi- 1nc'|_1ces and -

- gl : . Lo
D™ = o jal=o1 +-Fan.
:cl IR

Like in the cla,ssm analys1s theory, 1t is easy to prove the follomng

LEMMA 1. Suppose that when ¢ — 0 the sequences {u®} — u,{f°} - f
in D'(Q),{a%(z)} ~ an(z) in C°(Q*). Then the distribution u satisfies the
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following equation . .
P(z,D)u=f, (3)
where P(m,D) =y, aa(ﬂ;)D"‘

|al<1"n '

We now consider the convergence for ‘the solutions of generalized Cauchy
Problems. Let V be a closed convex acute cone, T' = intV*, V* is the conjugate
cone of V. Let M be a T-like surface and M+ a region lying above M (see [5],
~ Section 4.4). Similarly [5] we use the term. Generahzed Cauchy Problem for
the operators Pe(z, D) with the sources F* to descrlbe the problem of ﬁndmg

a generalized solution u¢ in D'(M™) of the equations.
P (:c D)u® = F*, (4)

where P (z, D) are the hyperbohc opera.tors relatlve to the cone I‘ of order m,
reD'(M M.

The Cauchy problem for a differential operator with variable coefficients
and the right hand side f € H ( k,s)(ﬁ) is considered in {6]. It is clear that all
solutions of the classical Cauchy pr"eblexﬁ are contained among the solutions of
Generalized Cauchy Problem. '

- The next theorems are followed by combining Lemma 1, Schwartz Theorem
on a weakly bounded set and the theorem on a convergent sequence of linear

functionals:

THEOREM 1. Let-{F*} be a sequence af. functionals from a we_c;kfy bouﬁ_ded se?
A C DATF), ie. (Fp) < Cp for all F € A and p € D(R™), here C, are
finite constants depending only on w. Suppose that {ag ()} — _aa(w), £ 0 in
C®(M™). Then the sequence of solutions {uf} of Generalized Cauchy Problems
(4) converges to a solution u of following Genemlizcd Cauchy Problem

P(z,Du=F, | - ®

where the distribution F is the limit of the sequence {F¢}.
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THEOREM 2. Suppose that the sequence {u®} of solutions of Cauchy Praﬁlem
(4) converges to o solution u.of Cauchy Problem (5) in D'(MT), then the
sequence of right-hand sides {F°} in ({) is « weakly bounded set in D'(MT)..

REMARK. The previous results can be extended to the convergence for differen-

tial operators in the space of temperate distributions.

2. Convergence of mixed distributions

DEFINITION. A mized dzstnbutwn on an open set Q i a contmuous positive

homogenous and convex or cocave functional on the space D(Q)

From this definition 1t follows that any convex d1str1but10n [8] is a mlxed
‘ d1$tr1but1on
Denote by @(Q) the set of all mixed d1str1but1ons deﬁned on Q Suppose f

and § are in @(Q), we define their sum and product with a scalar as follows:

(F+d,0) = (Fr0) + @),
(AF,0) = MF, ),

where ¢ € 'D(Q) and A is a real number. B _
" The mixed dxstrlbutxons f g are said to be homothet1c 1f the:r llnear comb1~
nation (Af + n§) belongs to D(Q) for any real numbers A and 1. This means
that the set of all homothetic mixed distributions on £ is a linear set which is
denoted by DH(Q) It is -easy to verify that f and D= f are homothetic.

Let us define convergence in DH(Q) : a sequence {fi}, k = 1, 2
‘DH(Q) converges to f € ?H(Q) if for any basic function ¢ € @(Q) ( fk,cp)
(f,cp) k — co. In this case we write ft = fik = ooin DH(Q) The linear
set DH(Q) equ1pped W1th this convergence is called the space of homothetlc
mixed distributions. DH(Q) is obviously a vector space. Note that arguing as
in proof of the completeness of the space DH(Q) [8] we can show that DH(Q)

is a complete space.
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The definitions of differentiation, integration, multiplication by functions,
convolution, ... of homothetic mixed distributions are analogous to that of
convex distributions {8].

‘We now consider differential equatmns of homothetic mixed distributions:
P.(D)ic = f*, (6)

where f¢ € Du(Q), {P(D)}isa family of differential operators of order m with

constant coefficients Cg

P(D)= Y ceD ) 1Cal £ 0.

jor|<n el <

LEMMA 2. Supppose that the sequence of fundame: -ntal solutions {EE} of opera-
tors P.(D) converges to E, {f) — Fin Dy(Q) and {C3} — Cay € — 0. Then -
E is the fundamental solution of operator P(D) and the sequence of solutions

of the equations (6) {i€} converges to a solution i of the followmg equation
P(D)u=f, (7)

where P(DY= 3, CaD".

lo]<m

ProoF. The solution of Equation (6) can be written in the following form,

which is analogous to that of Convex Distributions [8]:

= fo« EF, ®)
where E¢ is a fundamental solution in Du(f) of the operator Pe (D)

It is easy to verify that if {C5} — Co and (B} — E, € — 0, the homothetic
Imxed distribution E will be a fundamental solution of the operator P(D).
Hence, passing to limit in (8), by virtue of the continuity of a convolution for
its components, we obtain

~5—-+ﬁ=f*E.

The last equality shows that the limit @ is a solution of Equation (7).
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We now consider Generalized Canchy Problems for operators P.(D) with
the source F* € DH(M"‘) . »
- P.(D)ii* = F=, S (9)

THEOREM 3. Suppose that {C5} — Cq, € — 0. Each of the following two
conditions is necessary and sufficient in order that the sequence {@¢} of solutions
of Problem (9) converges to a solution u of the following generalized Cauchy

problem

P(D)i=F . (10)

a. {Fc} is a sequencé from o weakly bounded set in Dy(M7T);
b. The sequence of fundamental solutions of operators P.(D){E®} is a weakly
bounded set in Dgy(M*); where F is the limit of {F<.

PROOF. The solution of problem (9) can be written in the following form

i = B° « Fe.
Hence 'We have |
(@ 50) = (F(z), (B (), 7()BW)o(z + 1)), (11)
(&, p) = (B, (F*(a). 1@lwele + ) (12)

where ¢ € D(R“), v and f are any functions in C‘°°(R“) that are equa.l tolin
the neighbourhood of supp F and of supp E© i'espectlvely
By virtue of (11) and (12) the theorem now easily follows.

Fina,lly,_we! give an example for the convergence of solutions that has been
mentioned in Theorem 3. In [9] we have constructed the exact solution for

Problem of air pollutmn described by the following equation (see formulae (1 )

(24) i [9]): op | o |
EF ~MF+V.VF+0oF = §, - (13)

where F' = F(z,t) - the concentration of pollutant, V- the Win& velocity,
A = A=) - the diffusion coefficient , ¢ = o{z) - the rate of chemical decay
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_ transformation and f = f(z,%) - the power of source. If the considered region
is unbounded, the concentration of pollutant vanishes at the infinity and the
density distribution of masses f is a mixed distribution, the solution of (13) has
the following form (for f = f¢, E = E®):

FofeE @O E, (9)

where E¢ is the fundamental solution of the differential equation corresponding
to (13) (see the formula (20) in [9]) of the considered problem (for V=V, A=
Xey @ = 0¢), I{z)- the initial condition, §(¢)- the Dirac distribution. When the
distributions f, I are continuously differentiable functions this solution has the
form (see (34) in [9]): |

fe(é") ) ' |(m_€)_"‘[?£(t T)|2 :
] f,. [4)\511'(:5 g e:np{ [oe(t —T) + Dt~ 1) }d£d1'+
H(t)e“’?t ' Iz -y — Vv ot

From the last equality we see that when A, — 1, V and ¢, — 0, our solutions

}’y

converges to a solution of the Cauchy problem —AF = f (see the solution
(7.1) Section 15.7, p.256 in [5)) -
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