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~ 11 ESTIMATES OF THE SIZES OF |
RELATIONS IN RELATIONAL DATAMODEL
VU DUC THE

| 1. Intrbduction '

In relational datamodel a relation is a table rilllatrix.‘l The rows are the
data records and the columns are the attributes. For the users the relatrional
datamodel is a finite set of time- ~varying relatlons

In this datamodel an important type of relat10nsh1p between attnbutes is
the functional .dependency [2]. W.W. Armtrong [1] has presented a set of axioms
(i.e. influence rules)for functional dependencies. Dual dependencies and strong
dependencies were introduced and axiomatizied in [3, 4]. It has been shown that
dual, strong dependencies have some practical importance (see [3]).

For a given family F(D,S) of functional {dual, strong) dependencies and
Sperner-system K there is a relation representing F(D,S,K) [, 3, 4. In
[7] J. Demetrovics, 7. Firedi and G.D.H. Kantona constructed the minimal
relations representing some special Sperner-systems. However, the construction
of minimal relation representing a vegin Sperner-system is very difficult in
the general case. In 8] Demetrovics and this author proved that there is no
éfgbritlim for ﬁpding a minimal relation repreéenting a given Sperner-system
K such that ité complexity is polynomial in the number of attributes or in
the number of clements of K. In [5, 6] Demetrovics and Gy. Gyepesi have
‘estlma,ted the sizes of minimal relat1ons that represent the families of functional
dependenmes or Sperner-systems In this paper we give lower and upper bounds
for the sizes of minimal rclations representing the families of dual or strong

dependencies.
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We start with some necessary definitions [1, 2, 3, 41

DEFINITION 1.1. Let Q = {a,...,a,} be a finite non-empty set of attributes.
For each attribute ¢ there is a non-empty set D(a) of all possible values of that
attribute. An arbitrary finite subset of Cartesian product D(aj) X --- X D(an)

is called a relation over Q.

It can be seen that a relation over §) is a set of mappings h : Q— LEJQD(a),
where h(a) € D(a) for all a.

DEFINITION 12 "Let R = {hl, m} be a relation over the _ﬁnité set of
attributes . Let'4, B C Q. We say: | | |
(1) B functlonally depends on Ain R (denoted as A -Ls B) if

(Vhihj € R)(Va € A)(h (a) = hy(a) = (Vb € B)(hi (b) h-(b))); |
2) B dually dependes on Ain R (denoted as A <, B) i

(Vh,, hj € R) ((aa € A)(hi(a) = h; (a) = (Elb e B)(h: (b) = h; (b)))
(3) B strongly depends on A in R (denoted as A =, B)if

(Vhi, h,- €R) ((Gae -A)(hi(a) hi(a)) = (Vb € B)(h (b) J(b)))

Let Fr = {(A B) A—-—)B} DR—{(A B) -~—>B} andS-{(A B)
A 5 Bl FR(DR,SR) is called the fa.:rmly of functlonal (dual, strong)
dependenc1es of R.

' DEFINITION 1.3. Let 2 bea finite set, and denote by P() its power_s.et._ Let
¥ C P(Q) x P(). Then wesay: I
(1) Y satisfies the F-axioms if for all 4,B,C,DGQ:

() (4,4) €Y,

(F3) (A,B)eY,(B,C)eY = (A, C) €Y,

(F3) (4,B)€Y,ACC,DCB=>(C,D)eY,
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(Fy) (4,B)eY,(C,D)eY = (AUC,BUD) €Y.
(2) Y satisfies the D-axioms if for all A, B, C' DcCQq,
(D1) (4,4) €7, |
(D3) (A,B.)EY, (B, C-)EY=>(A,?‘C’)'€Y,
(D3)(A,B)eY, CCA B=D=(C,D)eY,
(Dy) (A, B) e, (C’D)EY=>(AUCBUD)€Y
(Ds) (4,0)eY = A=0.
(3) Y satisfies the S-axioms if for all 4,B,C,D CQ and a € Q,
(51) ({a}. {a}) € Y,
(52) (4,B)€Y, (B,C)€Y, B#£ 0= (4,0) Y,
(S3) (4,B) €Y,C CA,DC B = (C,D) €Y,
(S4) (4, B)€Y, (C,D)eY = (AUC,BND)cY,
(S5) (4, B)€Y, (C,D)eY = (ANC,BUD) €Y.

DEFINITION 1.4. Let Y C P(Q)x P(£). We say that Y is an f- (or d-, s- )fa.rmly
over § if Y satisfies the F-(resp., D-, S-)axioms.

It can be seen that Fr(resp., Dg,Sgr) is an f-(resp., d-, s-)family over Q.

DEFINITION 1.5. Let R be a relation over 2, and A C Q. A isa key of Rif
A-L0 A key A is a minimal key of R if for any 4’ C A, A’ NEANYY) implies
A= A

Denote by Kg the set of all mmlma.l keys of R. It is easy to see that K K €
Kr implies K; € K;. Systems of subsets of 0 satisfying this condition are

Sperner-systems. Consequently, Kp is a Spernensystem.

DEFINITION 1.6. Let R be a relation, F(D S) an f-(fesp d-, s-)family over
QK a Sperner-system over 2. Then we say that R represents F(resp D,S5,K)
lffFR—F(reSp DR—D SR—S]CR—K:)
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REMARK. Let F(D,S) be an f-(d-, s-)family, X a Sperner-system over (. Then
there is a-relation that represents F(D,S,X) {1, 4] B

DEFINITION 1.7. Let D be a d-family over £, and (4, B) € D. We say that
(A, B) is a maximal left side dependency of D if forall A C 4A', (A", B)}€ D =
A' = A. Denote by M(D) the set of all maximal left side dependencies of D. We
say that A is a maximal left side of D if there is B such that (4, B) € M(D).
Denote by G(D) the set of all maximal left sides of D.

DEFINITION 1.8. Let I C P(£2) be closed under intersection and M C P(£2).
Denote by M+ the set {NM' | M’ C M}. We say that M generates Iif M+ = 1.
With the convention N @ = £, if I is closed under intersection, then 2 € I.

DEFINITION

2. Sizes of minimal relations

2.1. Let K be‘a Spern’erféj}Sherﬂ, Fan f-family over Q. Set

s(K) = min{m|Kg = K, |R| = m, R is a relation over Q}.

s(n)=
S(F)

max{s(K)| K is a Sperner-system over Q,]Q| = n}.

mln{ m|Fp = F, |R| = m, R is a relation over Q}.

- S(n)-= max{S(F) |F-1s an f-family over Q,|Q}] = n}.

In [4] a.nd [5] one can find the following fact:
Leét = {ay,.. an} be a set of a.ttrlbutes Then

E ([n'/v]) =TCE ([ /2]) *

2 rn) <S("”<(”f)(n/2>) o

for some constant ¢.
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- Now we shall give lower and upper bounds for the sizes of minimal relations
that represent a family of dual or strong dependencies. First. we introduce t;he

following notion.

DEFINI’i‘Ij()N 22 Let R = {h1,. ,hm} be. é,.relatien. -over. Q. Let Nj; = {-a E
hi(a) # kj(a),1 < i< j < m}. Wecall N;; the non-equality set of R. Denote
by Npg the family of all non—equal:lty sets of . Set TR {4 € P(Q)|3N;; €
Npg such that 4 = N,J} o |

Based on the non—equa.hty sets of R we are able to glve a prec1se cha:acterl-

zation for DR = D. :

LEMMA 2 1 Let D be a d famﬂy and R a relatmn over Q Then R represents
D if and only if G(D) = (Tg \ {Q})"' U {@} '

PROOI‘ Let Dl, .D2 be the fam111es of dual dependenc1es over 9 Then D1 D,
iff G(Dl) = G(D,). Consequently, we only have to prove that

G(DR) = (TR\ {Q}) U {9}

It is easy ' to see that G(Dg) is. closed under intersection and contains §, €. By
the convention NP = Q we obtain € (Tr \ {Q})T. '
Suppose that N;; # Q. It is obvious that Nj; 3 B. Clearly, for any a € Q\N,J,
we obtain h(a,) = h (a) but for all b € N,J,h (b) # h; (b), ie alU N A N;;.
Hegce NzJ € G’(.DR) Th1s 1mp]_1es TR C G(DR) Thus (TR \ {Q})"‘ U {@} C
- Conversely, if A € G’(.DR) \'{@,Q}, theri”if we assume that for all h; € R,
there exists a € 4 such that hi(a) = hj(a). So Q 4, 4, which contradicts the
definition of A. consequeﬁily,'ﬁhere is an index pair (i,) such that 4 C Ni;.
Set H = {N;; |AC N;;}. If there 1s an Nij such that A = Ny;, then it is obvious
that A € Th. ‘
fAC N Ny then for all Nj; € H, we obtain A € N;;. So N Ny; LR
Ni;¢H : ‘ : N;eH
A bolds. This contradicts the assumption' A € G(Dp) \ {0,}. Consequently,
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we have A = ﬂ N, j- According to the definition of T, A € T+ So G(DRr) =
(Tr \ {entu {@} o

THEOREM 2.1. Let Q= {a,l, an} be a finite set ofaf;tributes. Put
U(D) = min{m | |R| = m; DR =D, Rxs a relation over Q}.
U(n) max{U(D) | D is a d-family over Q}
Then there are fwo constants ¢y, e such that _
<U(n)<2 1 + ( )
e Tormrr ) V0 <20+ 0 (o

PROOF. We assume that Disa d famﬂy over Q and G(D) is a set of a.ll ma.xlmal
left sides of D. Set - : : e

—{AEG(DHA#QA#@(VBCGG(D))(A BﬂC’)=>A B
_ " orA C}

Then if [@Q] = 0, we construct the relation R = {hl, ha}, where hi(a) =
0, hofa) = 1 for all « € Q. If Q {Ay,.. A2 | & > 1}, then we set
R =+{hy,ha,..., hop_y,hyr} wherefori=1,...,kanda € 2, hy;_;(a) =2i~1,
2%—1" “ifae Q\ A, -
; hg,-(a) = { '
. _ 2 otherw1se o
It is obv1ous that 1f [Q| = 0 then DR: D by Lemma 2. 1 If ]Q| ;é 0 then zt is
ea,sy_to see that Q U{Q}= N Rs where N risa fa.mﬂy of non-equality sets of R.
On the other hand, (Ng \ {2})* U {#} = G(D). By Lemma 2.1 we see t\haﬁIR
represents D R | | | |

It is known [9} tha,t there is a constant o such that _

w1+ ()

v <2 (1 * f) ([#721)

Consequently,
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We now prove the lower bound of U(n). First let us make the following trivial
observations:

(1) Let R be a relation over § with m rows. Then there exists a relation R’
over {2 such that R’ uses no more than m symbols and Dp = D R.

(ii) Let R be a relation over Q with rows and m' > m. Then there is a
relation R’ over Q with m' rows such that Dps = Dg. From (i) and (ii) it can
be seen that the number of d-families that are represented by a relation with
U(n) rows is not greater than U(n)™*UY(®), Thus, the number of d-families over
§2 is not greater than U(n)™Y(") On the other hand, let K be a Sperner-system
such that |K| = ([::72])' Clearly, for all H C K, HY U {B} is a set of maximal
left sides of some d-families over 2. It can be seen that there are 2{n72) such
d-families. Consequentl&, U(n)»V(™ > 2t

It is easily to check that

n.U(n)log, U(n) 2 ([ /2])

Since

vey <20+ ), )

from Stirling’s formula it follows that ({n /2]) < W' So we obtain

-

U(n) (log2(1 + —%) - %logg ntnt 1) > ([nr/zz]).

([n/2]) < U(n)
n. (n + ey~ log2 n)

where €1 = 1 +logy(14¢p). O

Hence

We now estimate the size of minimal relations representing a family of strong

dependencies.

DEFINITION 2.3. Let R be a finite set. The mapping E : P(Q) — P(Q) is
called a strong operation over  if for every a,b €  and A C 2, the following
properties hold:
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(@) a € Eayys
(i) b € Etap = Eqiapy € Egapy:
(iii) E(A) = ] -E(a)..
. aeA L
It is easy to see that by the convention ﬂﬁ = {0 we obtain E(@)
For A,B € P(f) we have E(AU B) —‘E(A) n E(B) and if A C B, then
E(B) C E(A) o

LEMMA 2:2. [10] Let S be an s-family over Q. We define the mapping Eg :
P(Q) — P(Q) as follows: Es(A) = {a €0 | (4, {a}) € S} for all A. Then Es
is a strong operation. Conversely, if E is a strong operation over Q, then ‘there

is exactly one s-family
S = {(4,B)|A, B € P(Q) and B C E(A)}

such that Eg = E

LEMMA 2.3. Let § be an s—famﬂy a.nd R = {hl, yhm} a relation over Q.
Denote by Ti; the set {a € Q | h i(a). = h; (a),l <.t < j < m}. Then R

represents S iff for each a eq:

[ N Ty i {Tylee Tl £0,
| I-Es({a})e{ae%

¥ otherwise.

PROOF. By Lemma 2.2, Sp = S | if and'only if Es, = Eg. Consequently, we
have to show that Eg, ({a}) = ﬂ Tij if theré exists T;; such that a '€ T} J-,' and

Es,({a}) = Q otherwise. It is easy to see that ESR({a}) = {b €| {a} —
{8}}. Accordmg to the strong dependency we know that for any a € 2, {a}

B iff {a} . B. Let us denote by @ the set {T}; | @ € T;;}. It 1s obvious
tha.t if @ =4, then {a} EEINY0) Thus ESR({a}) = Q. I Q # 0, then we set

A= () Ty If Q= {T,_, [1<: <5< m}, it is obvious that {a}
ceeTy oo

IfQ C {T,J-|1 <i < j < m} then h; i(a) # hj(a) for T ¢ Q Consequently,
- we also have {a} L, A. Denote by A' the subset of Q such that {a} L, A
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implies {a} 4" for any A" C A. It can be scen that A’ = 4. According to
the deﬁmtlon of ESR we obtain Esn({a}) = (1"T3. Thus if $'= Sp, then

aET.,

(O Ty i ATy ae T £D,
- ES({_Q}).%: { il

Q C 0therw1se

Conversely, if Eg satlsﬁes (1) then we obtain Es({a}) = Esn({a}) for any
a€ Q. By Lemma 2.2 and since ES,ESR are strong opera.tlons we obtain
Es(A) = Es, (A) for all A C Q.'Hence, Es = Eg,,. The proof is complete -0

TﬁEOREM '2.4. Let Q@ ={a,...,an.} be a,vﬂn;'.te eet of attrﬂ:)ﬁ.tes. Put
V(S)=min{m |Sp =S, Ris a relation olver Q1B =m)
7 V(n) max{V(5) | S is an s-family over Q} |
Then \/W<V(n) <n+1.

PROOF. Assume that S is an s-family over @ = {a1,...,aa}. Let T = {A €
P(Q) 1 Ela cQ such that Eg({a}) = A} Suppose that T' = {Al, Ak}. We

set
N:{AETIA;EQ,(VB,CET)(A:BﬂC:>A=BorA=C)}.

If {N| = 0, thén we set R = - {hy, ha), where hy(a) = 0 and hg(ﬂ.) 1 for
all a € Q. If IN| #°0, we suppoee that N = {By,.. Bt} (t < L) Set R =
{ho, hl, . ht} as follows: ° '
A "olifa'eB,-,
hi(a) =
t otherwise,
Clearly, if |[N| = 0 for all @ € Q2 with ho(a) =0, then Sp = 5. In case |[N| # 0,
we sha,ll show that relatlon R represents. . By Lemma 2.3 we plove that for
each a€ Q ‘ EER
| ( NTy i {TylaeTy) =0,

otherwise
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where Tj; = {a € Q| hi(a) = hj{a), 1 £ 7 <j = t} and Egs(A) = {a €
Q| (A {a}) € S}It is casy to see that if Es({a}) = 2, then there is no
T;; such that a € Tj; by the construction of R If Es({a:,}) = By, then from
the condition (ii) in the definition of strong operation we know that a;, € Bg
implies Es({ai,}) = B: € Bx. Consequently', ES({ai;}‘) = f} T;; = To¢ = Bx.
Hence Es({a,:}) BjN---N Bj,. Clearly, for any By (a;, € Bk) we have
ES( L,,}) C B by (). Therefore Es({a,,}) = NTy= A Tng By (11),

e €Ty;
for any a € Q with Es({a}) = ES({a,t}) we. obtaln ES({a}) = ﬂ T,Jr = To:

a€T;;
|N| € n. Hence V(n) <n+1.

For the lower bound of V(n) we suppose. that R is.a relatxon that represents S.
For all By, B, € N (B, # Bt) we have

or Es({e}) = N Tj; = qngoJ‘q. Comnsequently, Sg = S. It can be seen that

{(i,j)|1£z<35m,IRi m, B, CT:J}%{ ,J)I1<z<a<m,
' ' w m&cn}

Consequently, |N| < 2. Let S = {({a} {a}) ] a€ Q} U {((D A), (4, 0)].4. C Q}
It is easy to see that N = {a |a € Q). Hence |N| =n and 1/2.log, n < V(n),
as required. O

Itis interesting to note that by virtue of Theorem 2.4, the number of rows of
rmnnna,l relatlon tha.t represents an s—fa.rnlly hnearly depends on the number of
attributes. However, the number of rows of minimal relation which representsan .
f-family, or d-family, or a Sperner system exponentmlly depends on the number

of attributes.
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