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A REDUCTION OF THE GLOBALIZATION
~ AND U(1)-COVERING

TRAN DAO DONG

Abstract. We suggest a reduction of the globalization and multidimensional’
quantization to the case of reductive Lie groups by lifting to U(1)-covering.

- Our construction is connected with the M. Duflo’s third method for algebraic
groups. From a reductive datum of the ‘given real algebraic Lie group we
firstly construct geometric complexes with respect to U(1)-covering by using the

- unipotent positive distributions. Then we discribe in terms of local cohomology
the maximal globalization of Harish-Chandra modules whlch correspond fo the
geometric complexes

Introduction

In order to find irreducible unitary representations of a connected and simply
connected Lie group G, the Kirillov’s orbit method furnishes a procedufe of
quantization, starting from linear bundles over a (:'r'—hom.ogene.ous7s3_(mplectic~
manifold (see [5]). In [1] and [2], Do Ngoc Diep has proposed the procedure
of multidimensional quantization for general case, starting from arbitrary ir-
reducible bundles. This procedure could be viewed as a geometric version
of the constructlon of M. Duflo [4] In 1988, W. Schmid and J.A. Wolf [3]
descnbed in terms of local cohomology the maxxma.l globahzatmn of Hansh-
Chandra modules to realize the discrete series representations of sem1-31mp1e
Lie groups by using the geometnc quantization and the derived Zuckerman
functor modules. In [9], we modified the construction suggested by W. Schmid
and J.A. Wolf to the case of U(1)-covering by applying the technique of P.L.
Robinson and J.H. Rawnsley [6]. Our purpose is to give an algebraic version
of the multidimensional quantization with respect to U(1)-covering. In this

paper, we reduce the same problem to the case of reductive Lie groups. Using
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the unipotent positive distributions we construct geometric complexes. and their
corresponding Harish-Chandra modules. Then we will describe the maximal
globalization of Harish-Chandra modules in terms of local cohomology with

respect to U(1)-covering.

1. Unipotent positive distributions

Let G be a real algebraic Lie group. Denote by G the Lie algebra of G and
G* its dual space. The group G acts in G* by the coadjoint representation.
Denote by G fhe stabilizer of F € G* and by Gp its Lie alge_bra. Let U F
be the unipotent radical of Gr and Ur be its Lie algebra. Denote by Qr the
reductive component of G in its Ca,rte,n-Levi’s decomposition.G F=U F Qr.

Let G F(l) be the U(1)-covering of Gr and Up U) pe the inverse image of

Ur under the projection ¢; : G F( ) Gr, where o; is the homomorphism
defined in [8,§2]. Since |

1—U(l) —U U(l) D Ur — 1

is a short exact sequence then we have the spht short exact sequence of corre-

spondmg Lie algebras
00— U(1) — LieUp® — Up — 0.

Thus U7 is the U(1)-covering of U and we have Lie Up® = Up@U(1).

From the local tr1v1a,11ty of the Qp- pr1nc1pal bundle Qr — U F\G—» G F\G
there exists a connection on the bundle. Then the Kirillov 2-form Bg of K-
orbit Q passing F induces a nondegenerate closed G-invariant 2- form BQ on the
horlzontal part TH(UF \ G) defined by the formula.

- Bo(F)(X,¥) = Ba(F)(kX, k.Y,

where f € UF \ G, K f) = F € Q, a.nd k. is the linear hftmg isomorphism
induced from k (see [7D). As in (8], the symplectlc group S P(Tna(Ur\G); Bg( 1),
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has an U(1)-connected covering Mp(Ti 4 H(U F\G)) and we obtain the following

isomorphisms

Sp(Tipa(Ur \ G)) = Sp(G/Gr) and Mp*(T(pyu(Ur \ G)) = Mp*(G/Gr).

Using these isomorphisins we can view UE @) as a Lie subgroup of the Cartersian
product of Lie groups Ur x Mp (T u(Ur \ G)).-
We do not assume that the orbit passing F' € G* is an integral orbit, i.e.

there does not exist a unitary character xp of G P-
DEFINITION 1.1. A point F € G* is called (u, U(1))-admissible (u for unipotent

radical, U(1) for U(1)-covering) iff there exists a unitary character 65 v,
UU(I) — S' such that

do%V (X, p) = %'(F(X) +9)

where (X, ) € Up @ U(1).
We see that if F' is U(1)-admissible (see [8]) then it is (u U(1}))-admissible,

but the converse does not hold in general.

DEFINITION 1.2. A smooth complex tangent dlstnbutlon Lc (T(UF \G))c is

called a unipotent positive distribution iff

(i) Lis an integrable and G-invariant subbundle of (T (Up \ G))c
(i) L is invariant under the action Ad of Gp. ,
(iii) Vf € Ur\ G, the fibre L 7 1s a positive polarization of the symplectic
vector space ((T(f)H(UF \ @))c, Ba(f)), i.e.
( ) dimIrjf = 1dim T /5 (Ur \ @), )
( 8) Bg(f)(X Y) =0 forall X,¥e Lf,
(v ng(f)(X X) >0 forall Xe Lf,
where X is the conjugation of X. We say that I is strictly positive if the
mequa,hty (7) is strict for nonzero X € L -

We see that if L is a un1p0tent posﬂ:we distribution then the inverse image
BofLp =% Lf under the natural projection p: Gg — gc/(gF)c is a positive

polarization in G (see [8D).
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- Let Lbea umpotent positive distribution such that LﬂL and L+L are the
complexifications of some real distributions. Then the corresponding complex
subalgebra. B= P 1(k L f) satisfies the. following conditions: BN B and B+ B
are the complex:ﬁcatlons of the real Lie subalgebras BN g and (B + B) N g
‘Denote by :By and Np. the correspondmg analytic subgroups.--

The unipotent positive distribution L is called-closed iff all’ the subgroups
Bo, Ng and the semi-direct products B = Gr- By'and N = G - Ny are closed
in G. In what follows, we assume that I is closed. We know that By is-a normal
subgroup in B and GF has adjoint action on Bg. Moreover, G[FJ_(I); acts on By
and we can define the semi-direct product.- G ( ). By. :

Then BV = GU(I) x By is the U(1)-covering of B = Gp.+ Bg and we have

Lie BYD). = Bou(1):

Denote by BU(I) the inverse image of By in BY®) under the U(1)-covering

prOJectlon As in [8] we have

PROPOSITION 1.3. In a small neighbourhood of the identity of Ug (1) we'obtain

ﬂg“)(y,()\ Adg ) = exp ( (F(X) + 99))

where p € R Satisfying-the-relation ')\2Dein-—-'—'- 2 = exp(£9).
The mtegral kemel of 05 v s gwen by the formula .

-u(z,"LU) z“(;xp( (F(X)+c,9)+ ( )__,'4_1h_(w,w>) |

where z,w € (B + B)/(B ﬂB)

u(1)

irr

Denote by Z..\ /(F):the set of all equivalent ‘classes of irreducible unitary

___representatlons of G such that the restriction of the composition of o; and
each of them to Up U is a multiple of the character 65 U When Fis (v, U(1))
Um(F ) the pair. (F ‘r) is called a reductive. datum. Let

ITT

adnusmble and TE 4
_a be some ﬁxed 1rreduct1ve umtary representatlon of G F, ina separable Hilbert

V such that the restriction of (G oo;) to UU( ) is a. mu1t1p1e of the character
6um),
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DEFINITION 1.4. The triplet (E,-p_, ao) is called a (7, Gg(l) )-unipotent positive

polari_iation,and Lis called a weakly Lagrangian distribution iff’
(i) oo is an irreducible representation of the subgroup B, in a Hilbert
space V' such that the point oq in the dual B, is fixed under the

natural action of Gp and

(O’U o G‘j)ng(l)nBID}(n = (3 o) U’j)IGg(l)nt(l)

(i) p is a representation of the complex Lie algebra & @ U(1)¢ in V'

which satisfies E. Nelson'’s condition and
- d(00.0 05} = plsou().

By a similar way as in {8, §2] we obtam

PROPOSITION 1.5. Let F' € Q be (u, U(1))-admissible and suppose that (L, p, o)
isa(d,0 F( )) -unipotent positive polarization. Then there exists a unique irre-
ducible representation-o of BY(") in space V =V ® V' such that .

olguy =G 00; and do = p|seuq).

- 2. The construction of geometric complexes .

Suppose that ‘G is a connected real reductive Lie'gr())up.' We fix a Cartan
subalgebra H of G and consider F € g* such th'at'.(gg)c = H. Then H = Gp
is a Cartan subgroup of G. Let (F,&) be a reductivé datum and o ; BV —,
U(V) be the representation obtained in Proposition 1.5. Denote by EVM
and £YM) the homogeneous vector bundles on H \ G and Ur \ G respectively

associated with the restrictions of ¢ on HY1) and UU(I)

. In the category of
smooth vector bundlés we have the bundles £* EY™ and £V are equivalent.
In the view of [3], we can say the bundles BV and £Y(1) associated to the
basic datum (H, B,VE 00;).

Suppose that dimQr = m. Let CI(€ U(l)) denote the sheaf ‘of differential
forms of type (0,¢q) on Ur \ G with values in £V, We know that each

differential form of this type is a section of the bundle £V(1) @ AYIN* where IV
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is the inverse image bundle k*} of the homogeneous vector bundle R — H\G
with fibre N & B/H and IN* is its dual. Denote by O(€ U(1)Y the sheaf of germs
of partially holomorphic C* sectons of £ U(1) that are annihilated by M. Then

as in [9, §1] we obtain a cochain complex

C*(Ur \ G; SU(I‘). @ A IN*), IE (2.1)
Denote by
o - HP(C®(Up \G;EYD @A"Y -

the p—th derived group of the cochain E:Smplex (22) and H P’(UF \ G; O(EVOY)
the sheaf cohomology group of the space Ur \ G of degree p with coefficients in
O(EYMD), By a similar argument as in [9, §1] we obtain

PROPdSITION 2.1. There exists a canonical isamofphism
HP(C®(Up \ G; £V @ AIN*)) = HP(Ur \ G;0(£7D)), p>0 (2.2)

We note that the differential 85 of (2.2) extends naturally to hyperfunction

sections, so we obtain a complex
C(Ur \ G; €YD @ AIN")), Bp (2.3)

Under the fibration Ur \ G — H \ G, the bundle £ U1} — Ur \ G pushes
down to the bundle £V(Y) —, H\ G and the sheaf O(EYM) — Ur \ G pushes
down to the sheaf.(’)(SU(l)) —» H \ G of germs of partially holomorphic c>

sections over H \ G. Then we have 7

CC(HN\ G EVD @ AN, By (2.4)
Denote by Co(Ur \ G5 € U) @ APIN*) the space of Qp-equivariant partially
holomorphic C'* sections of the space C™*“(Ur \ G;EV() @ APIN™), we have:

PROPOSITION 2.2. There exists a canonical isomorphism of vector spaces

C54(Ur \ G5 €YM@ APIN*) = C™(H\G; €7 @ AR,
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PROOF. Pull-back the complex (2.4) to G as was done in [9; §1], we see that

(2.4) is isomorphic to the complex =
C™(G) 8V @ AN, Be . . (25)

Then our assertion follows from the definition of () p-equivariant sections (see

Let X denote the flag variety of Borel subalgebras of Gg. ‘Since H _norn_lalizes

B, there exists a natural G-invariant fibration H \G — S, where S=G -8B

is the G-orbit passing B in X. Then, as in [9], we obtain the Cauchy-Riemann
complex . _

C(S; VW @ AIN%), 0Os (2.6)

where N5 = I'"'(S)is the G—.hon.logeneou.s vector bundle based on A NN
and O is the Cauchy-Riemann operator (see [3, §4]).

Denote by XU the flag variety of U(1)-invariant Borel subalgebras of Lie
algebra Gc ® U(1)c and mx : XY — X is the natural projection. Using
the Gauss’ decomposition G = K - B, where K ia a fixed maximal compact
subgroup in G, we obtain B\ G = BUY(M\ K. BY(), Let

SU“) . (K -BYM). (B@U(I)o)

be the orbit passmg (B @U(l)g) in X U(l), we see that BU() is the stabilizer
of B&U(l)c and there exists a dlffeomorphmm of SV onto S. Then we have

the complex
c-w(sUU) EVD @ ARY), Bp (@)
where Rg = 7% I*(S) and R} is its dual.
PROPOSITION 2.3.. There are canonical isomorphisms
| HP(CQ“’(UF\G eV @ A'IN*)) = HP(C™ w(SU<1) 7rX ®A R%))
HP([C“‘“’(G) &V & AW/NN N) NN, H) |

PROOF. Applying the Pomcare Lemmia to the fibres of H \ G — S we see
that the inclusion of (2.7) in the complex (2.4) induces an isomorphism of

cohomology. Then the proposition follows from Proposition 2.2. O
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~Let s denote the germ of neighbourhoods of .S in X, we see that £ vy '8
has a unique holomorphic G-equivariant extension £V, 5 5. Then as in [9]

we obtain the Dolbeault complex
CET;aEV @ A Nx)), K (28

“where Rx = 7 Xﬂ" and coefficients are hyperfunctions on S with support in
SU(I)

By a similar r way as in [9 §1], we have '

PROPOSITION 2. 4 There isa canomcal 1somorphxsm s
HP(C~“(5VW; 73 EVD @ ARY)) = HP(SYM;0(EYM)) -~ (2.9)

. VI'-here the right hand side of (2.9) is local cohomology along S.

. 3. G-Mod'ules and thei_rjpduced' _t_o_pologiesr : 7
We fix a basic datum (H, B, 5o0;) and consider the G-orbit § = G-B C X.
-Denote by Y the variety of ordered Cartan subalgebras and G¢ the adjoint
group of §c. Let Sy = G-HCY be the G-orbit through the base point in -
Y.

PROPOSITION 3.1. There are canomcal 1somorph1sms of G-modules

,.,H?’_(C (UF\G SU“) ®AIN )) = Hp(c w(sU(U *SU(I) ®AR*))
o - o~ Hp+u(SU(1) O(SU(I)))

where u = codimp(S C X).

PROOF. The first isomorphism follows from Propbsitien 2.3. We only need to
show that the complexes (2.4) and (2.8) have naturally isomorphic-cohomologies
with a sheaf of degree by u = codim r(S ) | _

Let H‘y| x denote the complemﬁed relatlve tangent bundle of the fibration p,
and II" i,?x, IT'OYIIX the subbundle of holomorphxc, respectively antiholomorphic,

relative tangent vectors Denote by YU(I) the vanety of U(l) -invariant ordered
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Cartan subalgebras of Goc @ U(1)c. We have the natural projection 7y :
YY) 5 Y. Suppose that '

Sy = (K- B"MYHeu1)s) c YVO 3.1)

is the orbit passing the base point H & U(1)¢ in YU(l), we have Sg(l) ~ Sy.

Let C~“(X V(1)) be the sheaf of hyperfunctions on XV with support in
S U(l) and C~«(YV(); APR* i ¥i1x) the sheaf of hyperfunction sections of A? N;’i x
on YU with support in SY.( ), where Ry |x = 73(IL'y|x). Asin [9, §2], we

obtain the complex
w(S U(1), (mx opU(l)) * SU(1) ®A(Nyix) ) (3.2)

W]:nch c01n01des with the complex (2.4). Combmmg thlS Wlth Proposmon 2.2,

we obta.m desired. 1somorph1sms _, o O

Now we fix a. Cartan involution # of G with 9H = H. It defines the
maximal compactly embedded subgroup K = {z € G: 0z = z} of G. Then -
H=TxAwthT=HNK and 4 = exp(ANG), where H = T + A are the
(£1)-eigenspaces of f|y. Consider the orbit § = G-B ¢ X, H C B. Proposition
7.1 in {3] follows that there exists a relative orbit Sper = G+ Bmaz, Where
H C Bjpaz and Bpgy is ma.mma,lly real for that condition. Then, as in [3, §2],
G has a cuspidal parabolic subgroup P MANj, where ZG(.A) =M x A,
OM=M and Bmar C P, with P = LieP. Mo,:eover, the fibrations § — Sp4z
and-Smez — P\ G induce a fibration § — P \ G. Then, as.in [9; §2 ], we

ob’ga,in a _comp__le_x' Qf sheaves
Cova(S7D;n% €7D ® APRY) (3

consist of germs of sections of the bundles 7% EV(Y) @ APRY — SV coeffi-
cients in CP\G(SUU)) ' ‘ '

Taking global sections, we arrive at a subcomplex of the complex (2.7)
Cpra(SYW; 7% EU(I) ®ARY),  Bs (3.4)

By a similar a.rgﬁment in [9, §2 ], we have
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PROPOSITION 3.2. The inclusion of (3.4) in the Cauchy-Riemann complex (2.7)

induces isomorphisms of cohomology.

PROPOSITION 3.3. The vector spaces
Opes(SUM; kD @ APRY)

have natural Fréchet topologies. In those topologies, dg is continuous and the

actions of G are Fréchet representations.

4. A reduction of the globalization

We recall some notions from [3, §3 ): An admissible Fréchet G-module
hé,s property (MG) if it is the maximal globalization of its underlying Harish-
- Chandra module. A complex (C-,d) of Fréchet G-modules has property (MG)
if d has closed range, the cohomologies H?(C",d) are admissible and of finite
- length, and each HP(C",d) has property (MG).

Given a basis datum (H, B, 7 o g;), the corresponding homogeneous vector
bundle £V — SV has property (MG) if the partially smooth Cauchy-
Riemann complex (2.9) has property (MG). Denote ;

HA(SYD, gV — gP(C—(SUD; r VW @ ARY))  (41)

Proposition 3.2 shows that H?($Y(1}; £V(1)) is calculated by a Fréchet complex.
Then H P(SU(I);SU(I))( k) is calculated by the subcomplex of K-finite forms
in that Fréchet complex and these forms are smooth, Then we can define:
morphisms : :
| HP(SUU) 5”‘1))(K) — AY(G, H,B,5 0.0;) (4.2)

where A?(G, H,B,500;) = HP(Cf"(UF\G V) @ A-IN* )(K)) are Harish-
Chandra modules for G (see [3 §3}).

We recall as in [3] that the bundle £Y(V) — § U B property (Z) if the
maps (4.2) are isomorphisms. In other words, V(1) — SV} has property
(Z) if HP(SUW);£V(M) is the globalization of the Hansh—Chandra. module
A?(G,H,B,500j).
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We consider the following condition of a pair (F, ) :

( There exist a positive root system ®t and a number C > 0

such that : if £V — SUM s jrreductive, A = d(5 o o;)ln € H*,
"4 AR 1S thé restriction of A to the real form Hp on which roots take
real value, and (Ag,a) > 0 for all a € &%, then £V} — gUQ)

\ has properties (MG) and (2).

(4.3)
As in [9, §2] we have

PROPOSITION 4.1. We fix (F,5) and suppose that (43) is ti‘ue. Then for
arbitrary basic data of the form (H,B, o 0}), the bundle £V — §UQ) paq
both properties (MG) and (Z). |

We fix a basic datum (H,B,500;). Let $ = G-B € X and « = codimpr(S).
Recall as in [3] that the polarization B is maximally real if it maximizes the
dimension of B N B. -

THEOREM 1. For any maximally real polarization (H,B,5 o oj) there are to-

pological isomorphisms between Fréchet G-modules

HYCor(Ur\ G; €70 @ AR®)) 2 HP(C™(SYW; 73V @ ARY))
. _ g Hp+u(§; o(gU(l)))

Whicﬁ_are ca.noniéaﬂy and topologically isomorphic to the action of G on the
maximal globalization of A*(G, H,B,d o g;).

PROOF. Suppose that B is maximally real polarization. Then Ghasa cuspidal
parabolic subgroup P = M-A-N.  such that B C P, P = LieP, where H = Tx A
with T = HN K and A = exp(ANG). We note that SY() = (H. Ng)\ G and
SYM) fibres over P\ G with holomorphic fibres T \ M. Let EVQ) —, gUM) e
irreducible, A = d(5 o o;)|x € H*. 7
By a similar argument as in [9, §3 | we see that the condition {4.3) is
true. Thus, Proposition 4.1 follows that EUV(1) — Y1) gatishies both (MG)
and (Z). Combining this with Propositions 3.1, 3.2 and 3.3 we obtain desired

isomorphisms. a
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Now we will extend the indicated results to arbitrary polarizations.

Fix a reductive datum (F, %) as in subsection 2.1. Suppose that BCggis
a polé.riia.tioﬁ such that % C B and B is not maximal real. Applying Lemma
7.2 in [3] we have a complex simple root system for (G,?). Denote by Su the
Welil reflection and let

I} = 5,8%, Bo=S.8 and So=G-By (4.4)

Given v € &(Gc,H), we can view v as an element of (H @& U(1)c)*. Since
H is the Cartan subalgebra of Go, we have a representation e” : H v ., C*.
Thus the bundle L., — H \ G associated to e pushes down sepa,ra,tely to
line bundles L., — S5 U and L, — S, vy, Applymg Lemma 10. 6 in [3] with

V = C~%(G) we have G-equivariant morphisms of complexes
C“(H\G; 7% VD @APRE, ) — C(H\G; 7% 7D QL_o@AP*'NE) (4.5)
which induce morphisms of subcomplexes

C—W(SU(I) 7r gUM) ®APNS ) _— C--u(sU(l) Tl' gu) ®L_ ®AP+1N*)
(4.6)

By a similar argument as in [9, §4 }, we obtain

PROPOSITION 4.2. Suppose that d oo is irreducible, so d(Goo;)ly = X € H*,
and suppose further that 2 () + p — @, a}/{a, a) is not a positive integer. Then

(4:6) induces an isomorphism of cohomology groups.

THEOREM 2. We fix (H,B) and suppose that B is not maximal real Then, for
~ arbitrary, basw data of the form (H B, oo a_,) the bundle gUV) _, SUQ) pag
both propertjes (MG) and (Z) In other words, Theorem 1 holds for arbitrary
basic data of the form (H,B,5 o o;)-

ProOOF. According to Theorem 1, every SU(l) — Sﬂf}} has both (MG) and

(Z). Thus we may assume by induction on dim S U() _ dim S2¢Y that every
EvW .57 () has both (MG) and (Z). On the other hand, Corollary 8.12 and
Lemma 8.13 in [3] show that we need only prove (MG) and (Z) for irreducible

gv() ., §UM), Since the cohomologies and maps that occur in Theorem 1
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all are compatible with coherent continuation, we may assume that 2 {\ + p —
a,a)/{a, a) is not a positive integer, where A = d(G o o;)|» € H*.

We know that (4.8) restricts to a morphism of subcomplexes

Cre(S SYM, 72 V() @ APRE ) —» C;{’G(SU“), VD gL L& APHIRE)

. (4.7)
Applying Propositions 3.2 and 4.2 we see that (4. 9) induces an ISOII].OI‘phlSIIl in
cohomology. By induction on dim SY() — dim Smax P the complex

| c;(-'G(sU“) 3 EVM ®L ®ARE) (4.8)
has property (MG) ‘Then, as in [3] the complex |
P\G(SU(U % £V gL ,,®AN ) L (49)

has property (MG). Similarly, applying Lemma 10.6 in [3] W1th Vv=cC for(G)

we obtain a morphJsm of complexes
Cf‘”'(U \G sUU) ® APR“‘ ) = cf“(v \G; sU(l) ®L_o® AP‘“N*) (4.10)

Then we have the following commutative dla,gram S
P\G(SU(I) guQ),  @APRY )(K) - ;{aG(SU(l); gV QL . .®7AP‘|;1N*S)(K)
CLy(UP\ G €YD @AM, )iy — CLy(Ur\GEYW © Lo ® APT'RE) (k)
of morphisms of K-finite subcomplexes ‘

We note that the first horizontal arrow in the dlagram induces an isomor-
phism of cohomology (see [3, §10]). Applying Proposition 4.2 and passage to the
K-finite subcomplex, we sce that the second horizontal arrow in the diagram
induces an isomorphism of cohomology. Also, by induction on dim §—dim Smaz,
the first vertical arrow in the diagram is an isomorphism on cohomology. Then
the second vertical arrow in the diagram is a cohomology isomorphism. In other
words, the bundle £V — §U() has property (Z). This completes the proof
of Theorem 2. | 0
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