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SOME RESULTS ON RINGS WHOSE
- CYCLIC COFAITHFUL MODULES ARE GENERATORS

LE VAN THUYET

1. Introductlon

Throughout thls paper all rmgs are assoc;atwe w1th 1clent1ty and all modules
‘are umtary For a module M over a ring R we wr1te M R ( rM) to indicate that -
M is a r1ght (left) R-module We denote the category of all right R-modules
by Mod-R and for any M € Mod- R O’[M ] stands for the full subcategory of
Mod- R whose ob ‘}ects are, submodules of M -generated modules (see Wisbauer
[13)). ‘ .

) For any nonempty Subset X of MR (resp RM ), the rzght (’resp left)
anmhzlato'r of X is denoted by r(X) (resp I(X)) If r(M) = 0 then MR is
called fazthful

| The trace 1deal of M in R is denoted by trace(M ) Concepts wh1ch are
unnotlﬁed by rlght” or. “left” mean that both s1des are satlsﬁed (e g X is an
. ideal means X is tWo—s1ded 1deal Ris FSG means R is r1ght and left FSG o )
A submodule N of M s called essentml in M 1f N n H 7& 0 for any nonzero
T submodule H of M In tlns case one says also that M is an essentlal extenswn
j_of N A submodule C of a module Mf s called a closed submodule of M if
"a non-zero module M 18 esscnt1al m M then M is called a umform module
‘A module M R is called a CS module 1f evcry submodule of M is essentlal in a
._-dlrect summand of J\J A rmg R is called r1ght CSif RR is a nght CS module
A ring Ris r1°ht bounded i every esscnt:al r1ght 1dea1 contams a nonzero
1dea1 it is strongtly right bounded if every nonzero right ideal contains a nonzero

idcal.
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A_ ring is called quasi-Frobenius (briefly, QF) if it is right (or left) self-
injective and right (or left) Artinian and a ring R for which every faithul right
R—module is a generator is called right pseudo-Frobenius (briefly, r:ght PF). It
. is'well-known that every QF ring is PF. - _ :

A module Mg is called cofasthful if there exists a finite subset {m,, m2,
my} of elements of M such that

* -

r{{mi,m2,..., mn})=0.

By [12, Lemma 2.1 a modile Mg is cofaithful if and only if o[M] = Mod—R. A
module Mg with this property is called a subgenerator of Mod-R (see Wisbauer
[13 p-118)). Therefore instead of cofaithful rlght R-modules we sometlme
use the terminology raght R-subgenera.tors Clearly any cofa,lthful module is
'falthful ] S
A rlng Ris called rzght ﬁmtely pse'u.do - Frobenius (bneﬂy, rzght FPF) if every
finitely generated faithful right R-module is a genera.tor For a deta.lled study
of FPF rings we refer to the book of Faith and Pa.ge [9] A ring R i is sald to
be generated by faithful right cycl:cs (briefly, nght G'FC') if every cyclic fa.lthful
right R-module is a generator. GFC rings were first considered by erkegmeler
‘and many results about thé:se rings were obtained 1n[3] [4], (5]. - |
A generahzatmn of right self-mJectlve and nght FPF rings has been intro-
duced and 1nvest1gated in [12] (see also [6]) A rmg Ris called rzght FSG if
-every ﬁmtely generated cofaithful right R-module (— r1ght R—subgenerator) is
a genera.tor Now we define a class of rings which is a generahzatmn of GFC
and FSG rings: A ring R is called right CS G if every cyclic cofaithful r1ght
R-module (= right R-subgenera,tor) is a generator The purpose of thls work is
to present a study of the class of. these rings.
The texts by Anderson a.nd Fuller [1], Faath [8], Fa1th and Pa,ge [9], Sten-

strém [11] and W1sbauer [13] are general references for rmg theoretlc notlons

“not deﬁned in the pa,per

2. Preliminaries

The following lemma i)rovides a charaterization of cofaithful modules: -
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LEMMA 2.1. Let Mg € Mod-R. Then the following conditions are equwalent
(i) Mg is cofaithful. ' '

(ii) There exists a finite suset {m;,ms,...,my} of elements of M such that

r({my,ma,.. ,mﬁ}) =0.
(111) There exists a post1ve mteger n such that R can be embedded as an R-
' submodule of M" )
(w) M generates every in _;ectnre r1ght R—modu]e
(v) a[M] = Mod-R.

 (vi) Cychc submodules 01" M@ form a set of generators in mod R

PROOF See [12 Lemma 2. 1] O

Note that the class of r1ght CSG rings is a nontrivial generali;atieﬂ of the
class of right GFC -rings.a_nd of FSG rings as the following exanrples show.
EXAMPLE 2.2. Let D be a division ring (e.g.- D = R) and § = Endp(V),
where V is an infinite dimensional vector space over D (e.g. V = IR(¥). Then :

- Sis rig}lt CSG beca,use of the right self-injectivity of 5. Let f; €5 be a map_

with one—dimensiona,l rank as followe:

{

fi : D) — DU

(1?1,32, )"’““*(-’EI,O 0,. o)

It 1s easy to see that f]S 1s cychc fa.lthful but it can not generate S because -

S is the direct product of mﬁmtely many coples of f15.

EXAMPLE 2.3. Let F be a field with a proper subfield K, set F,, = F and K, -
= K foreachn € IN, set Q = _Hn;l Fy and define the ring R by

- R = {(;vn)e Q :zn € K, for all but a finite number of n}.

Then R lsa strongly regular i:ontinuoﬁs-ring' which is not self-injective (see
Goodearl [10, Example 13.8]). By [3, Proposition 1.2], R is right GFC and so
it is right. CSG. However by [12, Proposition 2.8}, R is not right FSG. .

3. Results
First we prove a lemma which provides an internal charactenza,tlon of

a right CSG ring.
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LEMMA 3.1. For aring R the following conditions are equivalent;
(i) R is a right CSG ring.
(i) f M = mR is a cofaithful module, then I(r(m))R=R.
(iii) For any right ideal X of R such that R/X is cofaithful, (X)R = R.

PROOF. (i) = (ii). If M = mR is a cofaithful mc')'dule,“ then M is a genera;tor.
By [1, p. 111] and [1, Exercise 8], R = traceM = trace(R/r(m)) = I(r(m))R.

(i) = (i) is obvious. - S o

(i) = (iii) can be obtained as in the case (i) = (ii).

(iif) => (i). Let X be any right ideal of R such that R/X is cofalthful
Since trace(R/X) = I(X)R = R, R/X is a generator. proving the fact R is
right CSG. O ‘ _' S '

Recall that an idempotent e of R is said to be semicentral if ¢eR = eRe
(equivalently if r € R then er = ere ). Basic properties of right semicentral

idempotent can be found in [2].

'PROPOSITION- 3.2. Let R be a right CSG rmg, and e be a r1ght semmentralr
idempotent. Then eRe is a r1ght CSG ring. - '

PROOF. Write R = eR @ (1 —e)R. Let X be a right ideal of eRe such that
eR/X is a cofaithful right e Re- module. By {2, Lemma 1], X is then a right ideal
of R. Since eR/X is a cofalthful rlght eRe-module there ex1st ery,...,er, such
that: ' '

rer{{er: T X, ery + X; ey er,; -I-‘X})'-—'- 0..-
It follows that 7. o
'rﬁ({erleﬂ_—X,...,erne—l—X}") =0. _
Consequently, R/X is a cofaithful right R-module. By Lemma 3:1, I(X)R=R.
It follows that (el(X)e)eRe = eRe. Hence eR = eRe is a right CSG ring. [0
By the same argument as in the proof of Proposition 2.7 in [12] we obtain the .
following result that states precisely when CSG rings are self-injective.

PROPOSITION 3.3. A ring is right seIf Jnjectwe if and only if it is right CSG

and its rIght m_;ectWe huﬂ is cychc
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We note that every right: GFC ring is'right bounded. - But it is unknown whether
every right CSG ring is right: béunded, too. The answer to-this question seems
to be negative and we are st111 trymg to ﬁnd a rlght self—m_]ectlve rmg whlch is
not rlght bounded. Of course, if the answer of thls quest1011 were p051t1ve then
we would have an mterestlng consequence Any rlght self—lnjectlve rmg is rlght

bounded. However, exp]o1t1ng techmque in [9 1. 3B], we get:

. PROPOSITION 3.4. Let R be a nght CSG 1 rmg If I is any essential right ideal,
then R/I is not cofaithful. - :

By the same argument as in the proofs of Prop031t10ns 2. 4 a.nd 2 5 in [12]

we obtam some charactenzatlons of QF -rings in terms of CSG rlngs .

-k 3

THEOREM 3. 5 (1) A rjng R is QF 1f and only if R isa nght CSG rmg sa,txsfymg
the descending chain condition ( brxeﬂy, DCC) on rjght annihilators and R
contains a faithful injective right ideal. .

(11) A ring R is QF if and only if R is a right CSG, ring satjsfymg

DCC on rjght anmhﬂators and its'in Jectwe huH s cychc T

THEOREM 3 6 The followmg cond:tjons are eqmvalent for a rmg R

(1) R is a QF-ring. - ' R c '

(2) R is right CSG and there is a quasi-injective cyclic cofaithful right module
with the ascending chain condition (briefly, ACC) or DCC on essential
submodules. _ Ce . L

(3).Ris aleft CS right CS G ring . and there is a contmuous cychc cofajthful nght
R—module with ACCon essent1a1 submodules . .

(4) R is a right CSG, rmg satisfymg ACC on essentral Jeft or essenha] nght

" ideals and its m_;ectlve huH is cyc]m

Nowr we have a property of rmgs each of whose cychc faithful rlght 1deals is
cofaithful. Recall that a ring R is right Baer if the rlght a.nmhllator of every

nonempty subset of R 18 generated by an ldempotent

-PROPOSITION 3 7. Let R be a r1ght Baer rmg Then the foﬂowmg condmons

are equ1vaIent

(i) Every cyclic faithful right ideal of R is cofaithful,
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(i) Every ideal of R which is cyclic faithful as a right ideal is cofaithful.
(iii) Every cyeclic faithful, torsionless right R-module is cofaithful.

ProoF. (i) = (ii) and (iii) = (1) are obvious.
(i) = (111) Let M be a cyclic faithful, torsmnless right R—module Then
M ~ R/I for some right ideal I of R. Hence ‘

A= trace(R/I) = l(I)R

Since Ris a Baer ring, A is cyclic. Ifr € R, r # 0, then there exists m € M such
that rm # 0 because of the faithful property of M. Now eince M is torsionless,
there exists f €Hompg(M, R) with rf(m) = f(rm} # 0, which shows that A is
faithful. By (ii),. A is cofaithful and so there exist a; € A, 1 £ < n, such that
r({al,'-- . an}) = 0. Since a; € A,

i= Z ftJ(miJ)$

for mi; € M and f;; € HomR(M R), and then rm;; = 0-for all z,j (ﬁmtely)
implies ra; = 0 for all ¢, so r({mi;}i;) = 0, proving that M is cofaithful.

COROLLARY.S.S. Let R be a right Baer ring andrr(l(I)) = I for any right ideal
of R and assume that every cyclic faithful right ideal of R is cofaithful. Then
R is right CSG if and only if R is right GFC.. '

PROOF. By [11, Exercise 3] and Proposition 3.7. U

The following result generahzes 4, Propos1t10n 6] Recall that R is called
ERT if every essentlal rlght ideal of Ris an 1dea1 o S

PROPOSITION 3.9. Let R be a ring. Then R is. ERT if and on]y if R is nght
bounded and for every ideal I which is right essential in R, R/ is strongly right
bounded |

PROOF Let R be a ERT ring and I an 1dea.1 of R which is rxght essent1a1 in
R. I A/I is a right ideal of R/I, then A is essent1a.l in R. Smce Ris ERT A
is a two-sided ideal of R. Hence A/ I'is an ideal of R/I, proving that R/ Iis
strongly right bounded.
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Conversely, let X be an essential right ideal of R, but X is not a left ideal
of R. Let I be the sum of all ideals of R contained in X. Since X is not a
left ideal of R, I C X. Moreover, I # 0, because X is essential in R and R is
right bounded. By assumption, R/ I is strongly rlght bounded. It follows that
these exists an ideal K of R containing I such that K / ICX/Tand KfI isa
non-zero two-sided 1de_a.l of R/I. VHence I g K g X. However K is an ideal
contained in X, hence K C I, i.e. K = I. This contradiction proves that X is
a two-sided ideal of R. [

For a factor ring, we have a criterion:

THEOREM 3.10. Let I be an ideal of R. Then the following conditions are

equivalent:

(i) R/I is rxght CSG. -

(i) 'Y is a right ideal of R and I C Y such that R/Y is a cofaithful R/I-
module, then R = (I :Y)R, where (I :Y)={z € R such that 2Y C I}.

PROOF. Let R/I be right CSG and Y a right ideal of R containing I in which
R/Y is a cofaithful right R/I-module. By Lemma 3.1, I{R/I)R/I = R/I. But
KY/I}=(I:Y)/I, hence '

14+T= ixir; +.I, :

i=1

where z; € (I : Y) and r; € R. Therefore R = (I Y)R.
- Conversely, assume Y/ I is a right ideal of R/I such that R/ Yis cofa1thful

" then by assumption

=(I:Y)R.
Sol=73% 7" air; where z; € (I': Y) and r, € R. It follows that

141I= E(a:, +1I) (r, + I) e (Y/I).R/I.

i=1
Consequently, R/I =UY/I). R/I By Lemma 3.1, R/ Iisa rlght CSG rlng N

Fma,lly we g1ve an example of non—CSG rings... .
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THEOREM 3.11. If R is any ring, then T,(R) is neither right nor left CSG for
n > 1, where T,(R) is the n X n lower (upper) triangular matrix ring over R.
‘Consequently, T,,(R) is neither right nor left self-in jeétive. '
PROOF Let Tn (R) be then xn lower trlangular matnx rmg over R and
6.0 0 . .. 0y

R R O ... 0
I=1] ' B

R R R . .. R
Then I is a right ideal of T,,(R). Let a, b€ I, with

700 . . .0\ /000 . .. 0
00 ...0 110 0
a=|0 0 . . . 0} and b=}1 1 1 0
10 . ..o/t o \1vrr oL

It follows that Iis a cofaithful right T (R)-module with r( {a b}) = 0.:-Note
that I T (R)/J Where o , . ,

000 0 o
. It is. easy to prove that I(J)- T (R) # Tn (R) Then by Lemma 3 1 Tn (R)
is not right CSG. D3
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