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A NEW INTEGRAL CONTAINING
THE JACOBI POLYNOMIAL

‘S.D. BAJPAI

Abstract. A new integral containing the Jacobi polynomials is given with an
elementary muitiplier function. '

1. Introduction

The Jacobi polynomials are orthogonal polynomials [3, p.285, (5) and (9)]
over the interval (—1,1) with respect to- the welght function (1 — 2)2(1 4 z)®,
if Rea>~1, Reb> —1. In fact i in order to make the weight function non-
negative and integrable, we assume a > -1 b > —1. However many of the
formal results are valid without these restrlctzons 4, p. ‘)74] ‘This remark of
Luke is true in case of the result presented in this paper.

We will present a new integral contammg the Jacobi polynomials over the
interval (1, oo) with respect to the multiplier functlon (:r: et (g 1)btn—m-2
if Rea>—2 Re(a +b) < ~2n. In order to make the: multlpher function non-
uegative and 111tegr'1ble we have a > —1 (a4 D) < —2n.

~ “The Jacobi polynomials are defined by the relations [2 p. 170 (160)):

Plab) (g = (l-f-(l)rr (I;r) 2F1( - , 53,_?_1)’ (1.1)

n! 1

provided a is not a n'egative-inte'gef.
The following formulae are required in the proof.
"The modified form of the integral [3 p. ‘701 (6)]

/ B 9w+f:r¢w)§g;;)— W,
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Reb< 0, Rew>0, Re(w+b) <0
The Saalschutz’s theorem [1, p.188, (3)]:

7 [ —n,a,b; 1] _(c—a)n(c—b)n
T2 ¢c,l—cta+b—n - T (O)nle = a—b),

The modified form of the relation [1, p.3, (4)):

FU+a—n)=&j%££EQ
The formula [1, p.3, (6)]:
sin wz = m-(-l'—-——z—)

2. The integral
The integral to be established is

f@-1yﬂw+4f%fmﬂagﬂ@ﬁwﬂmmx=miﬁn<n-1
1 o
B 2““'5"‘11"('1 + a+n)D(b + n) sin 7b
o b(_n--l)!I‘(l—{—a-l—b—l—n) sin7r_(1+a+b)
_ _2“+6P(1 +a+n)(1+b+n) sinm(l+b) T(=1-1)
B ATl +a+b+n) ‘sint(l4+a+b) (2-0)
[n(a+m)(1—B)+ @+ DA +atn)1+B], m=n
2ot IP(2 4+ at )2+ 0 + n) sinw(2+b)

ifm=n—1

nT(l1+e+b+n) - “sinm(l4a+b)
_nm+nwpemm4jn+nu+a+mpa—mﬂ
(1 —b) r'2- b).

(n+2)2+a+ n)I‘(—bj
or'(3 — b)

ym=n+1

(1.2)

(1.3)

(1.4)

(1.5)

(2.1)

(2.2)

(zm

(2.4)

where Rea > —2, Re (¢ 4+ b) < —2n, provided (1 + b) and (1 + a + b) are

nonintegrals.
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PROOF. In view of (1.1), the integral (2.1) can be written as

_(1+a)m (1+a)nf ( a+1($+1)b+2n —2 F ( m_.b;l.-l—a.;m;;)
x

ml2m ni2n

- ' -1 |

(1+a)m(1+a)nz( m)r(~m — b), Z( ”)u _n'—b)u

minl2min 1+ a)er! (1 + a),u!
B <]
f(x — et 1)6+2n.—2—-r-—-ud$ (2.5)
7 1
Evaluating the last /integral in (2 5) with the heIp of (1. 2) then ubmg (1.4)
and simplifying, the right hand side of (2.5) becomes

(1+a)m(l +a)oT{—a—b— 2n) Z (—-m Ym{—m — b},

mlinl2m—n—a—b (1 + a),r!
Fla+r+2) . —-n,—n—5b2+a+r; 1
I‘(Q-—-b-_—2n+_r_) Tll4a,2-b-2n+r
Now applying Saalschutz’s theorem (1.3) to (2.6). we get
(14 a)mI(—a—b—2n)
mlnlgm n— a-wb )
Z(—m —1 —r)ul(a+r 4+ 2){(~m — b), (1+a+b+n)n (27)'

(1+a)r'T2—-b-2n+r)b+n—r—1),
fr<n-1, the numerator of (2.7) vanishes and since 7 runs from 0 to m.,

if follows that (2.7) vanishes when m < n — 1, which proves (2.1).
When m = n — 1, using the standard result (—n)" = (—1)"n! and (1.4), we

obtain

/ (= =1 (e + 1 PP (@) PO (2) de

29I 4 a4 )b+ n)T(1 + a + B)[(—a — b)
| - DITA+a+b+ )1 - b)
Applying (1.5) to (2.8) we get (2.2). |

(2.8)
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* When m = n, using standart results like (—n)p—; "= (—1)"n! and-
(—n—1)p = ( 1)"(12 + 1)' and addmg the two resultmg terms (r =7 — 1 n)

we have
R o0

/ (2 = 1) (2 +_a)_'5—2{P,ga-,b)}dm |

1
2ﬂ+br(1 +a+n)(1+b+n)(—a—-I1+a+ b)l"( ~1:—b)
- a1+ a+b+n) (=0T +bI(2-0)

V.[n(a, +n)1-b)+(n+1(1+a +n)(1 +b)] ' (2.9)

On applying (1.5) to (2.9), we obtain (2.3) _

When'm = n + 1, using standard results (—n), = (- 1) nl(—n—1), =
(— 1) (n:-l-l)! and (—2—n), = 1/2( 1) n+2)' and addmg the resultmg terms
(r=n-1n,n+1), weget
Ja@-vie LD ()P )i
T ‘ ‘ ,

22 a+ )2+ b+ (1 +a+ B)T(—a — b)
B niD(T+a+ b+ n)I(-1 - HI(2 + b) .
[mn(a +n)I(=2—b) " (n +1)(1'+ &+ A)[(-1 - b -

a-» . Te-)
(n+2)2+atn)(=b)y
2T(3 1) ] (2.10)

" By applylng (1 5) to (2 10) we get (2. 4)
REMARK. On contmumg as abové, we can ﬁnd the values of the 1ntegral (2.1)
form=mn —|— 2 n+3,n +4, --y SiNCE the value of _the integral i is not, zero for: any

va.lueofm<n-—1
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