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A SUFFICIENT CONDITION FOR BIJECTIVITY OF
POLYNOMIAL MAPS ON THE REAL PLANE

NGUYEN VAN CHAU

Abstract. It isshown that the non-singular polynomial map f of R? into itself is
a global diffeomorphism of £2 if 0 ¢ Co{D f(z)v ||||z|| > Const.} for a vector v.
This result is a variant of a theorem of Olech and Meister [3,6] for the polynornial
case. -

1. Introduction _
Considering the global diffeomorphism problem for differentiable maps of
R?, Olech and Meister [3,6] have obtained the following interesting result:
The continuously differentiable map f of R without any singularity is injec-
tive of
0¢ Co{Df(z)v | z € R?*} {1)
for two linearly independent vectors v.
Here Co{.} indicates the convex hull of the set {.}.

We will prove the following variant of this result for the polynomial case.

"THEOREM. Suppose f is a non-singular polynomial map of R? into itself. If
there exist v € B* and C > 0 such that

0¢ Co{Df(a)v | [|z]| > C} ()
then f is a global diffeomorphism of R2.

A special case of condition {2) is when one of the partial derivatives of f

does not vanish outside a bounded set. The maps

Fay) = —z(e® +y* —e)y—z—ya® + ¢y —¢)), e< V3
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give simple examples for this case.
Note that the famous Jacobian Conjecture (cf. [1 4,6]), which remains un-
solved even for the two-dimensional case, asserts that every non-singular poly-

nomial map of R? into itself is bijective.

2. Proof of Theorem
Let us use the Cartesian coordinate .z = (z1,%2) in the Euclidean space
R? and the symbol < ... >'to indicate the scalar product’in R2 Let f be a
polynomlal map of R? sa.tlsfymg the assumptlons of the theorem f ( f; , f2).
By condition (2) and in view of the Hahn-Banach Theorem there exist real

numbers a and b, a® + b2 > 0 such that
A (grad(af1+bf2)(3:) v) 'S'O, for H:r:ll > C’. S (3)

We put F'.= (F],Fg) Fy=dfy +bf2, Fy,= O‘,f‘z—-bfl Then Fisa. polynomial
map of.R?* without any, singularity and f-isa dlffeomorplnbm of R? iff so is F.
Furthermore, by (3)

(gra,dFl(:c),v) > 0 for H:r:H > C.

Next, we observe that. the restnchon of F-z on each connected component
of Ievel sets of Iy 1s m_]ectwe, because F has no. 51ng,ular1ty Then, by. the
well- known fact that every 1n_]ect1ve polynomla,l map of R® is b13ect1ve [2,5], we
only need to’ show that’ every level set of F1 is connected The proof Wlll bew

completed by the following.

LEMMA. Let g be a polyncmial of n real variables without any singularity.
Assume that there exist v € R™ and C > 0 such that

{gradg(z),v) >0, for|lz[|>C.. o (4)
Then there exists a diffeomorphism @ of R™ such 'tb:.a:,t

gz ) =)
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PROOF. Without loss of generality we may assume that v = (1,0,...,0)in (4).
Since g has no any singularity and because of (4), using unite partition we can

construct a differentiable vector field W on RB" such that

| gradg(z).llgradg(z)|[* for ||z]| < C — ¢
Wi(z) = » (6)
< gradg(z),v > for ||z]| > C + ¢,
and
< gradg(z), W(z) > =1 on R", (7)

where € is a positive number.

Let ¢(z,t) be the local flow on R™ induced by the vector field W. Let us

fix a point zo and consider the trajectory p(zo,t). By (7) we have

g-(z0,t) = g(xg) + 1. | (8)

The trajectory ¢(z9,?) must tend to infinity in two directions. Indeed, because
of (6) the parts outside the ball {z | ||z|| < C + €} of this trajectory are half
lines of directions v and —v. Hence the restriction of the polynomial ¢ on the
trajectory ¢(zg,t) obtain all real values. This means that w(zy,t) is defined for
all £. Thus W induces the one-parameter group @(.,t) of diffeomorphisms of
R™. , .

Set V = {& € R" | g(z) = 0}, which can be seen as a submanifold of R"..
We define the map »; : V X R — R" by ¢1(z,t) = ¢(z,t). Clearly, o, is
diffeomorphic. Let us fix a constant a > C + ¢ and denote by L the surface
r1 = a. We define the map ¢y : L — V by

902(‘1} L2yens ::Bn) = 50((0,,332, v swn)a -—g(a,a:z, v axn))'

Because of (8) this map is well defined. Since a > C -+ ¢, from (6) it follows that
at each point of L the vector field W is orthogonal to the surface L. Using this
fact one can see that ¢, is also diffeornorphic.

Now, we can construct the map @ from R" into itself by setting

@(.’1’}1,.’!{2,. .. ,:L'n) = (,91((,92((1,.‘1’,‘2,... ,:Bn)., IL']).
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It is easy to venfy that this map is-a diffeomorphism of R™ and that
<I>(:c'_1,a:2, ees :rn) =z
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