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Introduction

A subject of great importance in optimization theory is the study of set-
valued maps and their properties. Being intermediate between continuity and
differentiability, the Lipschitz properties take on a special significance. In Sec-
tion 1, a definition of Lipschitz set-valued maps in topological vector spaces 1s
given. In Section 2, a surjectivity theorem is proved for Lipschitz approachable
set-valued maps defined on a locally convex space (i.e. for those maps which can
be Lipschitz approximated by a continuous map having a positive constant of
surjection). As consequences of the theoren we obtain again the known results
on surjectivity of M. Fabian and D. Preiss [3], P.C. Duong and H. Tuy [2] in

Banach spaces.
1. Locally Lipschitz set-valued maps
Let X, Y be two real topological vector spaces and F: X — 2 a set-valued
map. ‘We denote
CLY)={ACY; A closed},
Dom F = {z € X; F(x) £ 0},
Graph F = {{(z,y) € X x ¥ y € F(z), 2 € Dom F}.

Let zg = (0, y9) € Graph F. The following maps are considered:

K:X 2¥ uscat0 and K(0) = {0},
70,1l x X x X - Y satisfying
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lim r(t,z,v) =0 foreachv € X and

t.’,O,I—V:Cg

lim = r(¢,z,v) =0. (1.1)
10

Tz—zg,v—0

DEFINITION 1.1. A po1nt valued map f : X —=Yi 1s called a selectlon of F' at zg
if f(zo) =1yo and f (a:) eF (a:) for all z sufficiently close to zg. Such a selection
will be denoted by fz,y,-

DEFINITION 1.2. We say that F' is Lipschitz around zo if there exists a neigh-
borhood U of z, a neighborhood O of the origin and a number > 0 such that
for any ¢ € U, z = (x,y) € Graph F, we can find a selection fiy of F at z
satisfying -
- . | |
}-[fmy(a: +tv)—y] € K(v}+r(tyz,v)
Vvt €]0,7], Yv e 0.
DEFINITION 1.3. A point-valued map g : X'— Y is'said to‘'be in-a Lipschitz
proximity of F around g if the set-valued map G defined by G(a:) F (:c) g(x)

is Lipschitz around: .

| Assume tha,t Uis'a closed circled 11e1ghborh00d of the omgm The gaug,e of
U is a real function gy(z) =inf{t > 0; z € tU} forall z¢ X.
As we know, py(+):is positively homogeneous and continuous at the origin
with ¢y(0) = 0. Moreover, z € U if and :pnly:,if_gy(:c) <1 Set -

dU(:B,B) = inf{QU(:B - y)? y e B}1
CU(A?B) = Sllp{dy(:l?, B)) S B}a
Hy(4, B) = max{e(4, B), «(B,A)}.
If X is a norm space, the gauge of the unit ball is the’ norm || - || and
- d(z,B) =inf{lle —vll; y € BY,”
- ¢(4, B) = sup{d(z, B); = € B},
H(A, B) = max{e(4, B), e(B,A)}."
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PROPOSITION 1.4. If F is Lipschitz around z, then F is Lipschitz around z in
the sense .that for any closed .circled neighborhood W of the origin in Y, there
exist a closed circled neighborhoo& U of the origin: in X and a neighborhood V
of ¢ such that

Hw((F(21), F(22)) < ou(z2 —21), VYo1,25 € V.

PROOF. Assume that F'is Lipschitz around zy, then there exist a neighborhood
Uy of g, a neighborhood O of the origin and a number n > 0 such that Vz =
(z,¥),z € Up, y € F(z), we can find a selection fzy of F satisfying :

‘ %—[f,;y(a: —i-'tv)‘— yj € K(v) + r{t, z,v) (1.4.1.)

Vt €]0, 7], Yv € O.

Let W be a closed circled neighborhood of the origin in ¥. Choose Wi, a
neighborhood of the origin such that '

Wi+ W, CW.
Since K is u.s.c at 0, K(0) = {0} and lim[.) r(t,z,v) = 0, we can choose
v— :

tl0,x—xg

then a closed circled neighborhood U of the origin in X and a number ¥ >0

satisfying
K()CW: VzeU and r(t,e,0)CWi Vt€l0,q], Vo € 2o + U, Vo € U.

(In fact, we cantakey <7 and U C O). Hence, for any t €]0,4], v € U, we

have in view of (1.4.1)
%[f(:v—i—tv)_—-y] €W +W1 c W,
or equivalently |
fey(z +w) —y € tW, Vt €]0,], Vw € tU. (1.4.2)
Let 'V = zg + 37U be a neighborhood of zy. We have to show that

- Hw(F(z1), F(z2)) < ov(z2 — 1), Vei,22 € V.
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Indeed let 21,22 €V. Wehave x5 — 71 € 27U and py(z2 —21) < 37 < 7.

Let a be a posﬂ:we number satlsfymg QU(;cg - x]) < a < . Then
zy —z1 € al. (1.4.3)
Now, for every y; € F(z1), the_ré exists a selection f,,,, of F such that
Forn (81 +w) — 11 €W, VE€]0,7], Yw € tU.
Let w = ig - 3:1 Theﬁ we get by (143)
fﬂ:lyll("‘cl fw)-n = flxly;(mz)”— y1 € aW.
Since y» = ferp (22) e F(z3) and pw{yz — y1) < a, we obtain
dw(y1 , Pz )) S. a.
Moreover, this inequality holds for every y1 € F(z1), i.e.
ew(F(z1), Flz2)) < o

By symmetry we also have

| BW(‘F(ﬂﬁg‘.),F(Sﬂl)) <o

Consequently,
| Hyw (F(z1), F(z2)) <

‘Sifice « can be arbitrarily chosen in the interval [py(z, — z1),7] we get
Hw (F(z1), F(z2)) < ou{z2 — 21).

As a consequence of Proposition 1.4, we have the following corollary:
COROLLARY 1.5. If F is Lipschitz around zq, then F is continuous at Zo.
REMARK.

1) f X and Y ‘are norm spaces, Definition 1.2 reduces to the usual definition

of the Lipschitz continuity, i.e. there exist a neighborhood U of ¢ and a number
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L > 0 such that
H(F(z), F(y)) < Lllz — yl|, Yo,y € U.

'2) In the case F is point-valued and K (v) is compact (or bounded) for every
v € X, the Lipschitz property in the sense of Definition 1.2 means the strictly
compactly Lipschitz (or strictly boundedly Lipschitz) property in Thibault’s

sense (see [7]).

2. Surjectivity theorems

Let X be a locally convex space and ¥ a norm space. We recall that a map
F from X to Y is surjective at a point zq if for every neighborhood U of g,
the set F(U) is a neighborhood of F(z,).

Let U be a closed bounded circled neighborhood of the origin in X and g:
X — Y be a point-valued map. Then the surjectivity of ¢ can be characterized

by a quantity called the constant of surjection.

DEFINITION 2.1. The function
, 1 - .
t— My(g,2,t) = 7 sup{s > 0; g(zp) + sB C g(xo + tU)}
is called the modulus of surjection of g at 2, with respect to U.

The qua.ﬁtity
: CU(g,.'D[))'Z xlion:o MU(Q,:L‘.,t)
tjo

i5 called the constant of surjection of g at 2 with respect to U,

If X is a norm space, we denote by C(g, zo) the constant of surjection of ¢

at o with respective to the unit ball and

Clo,z0) = Jim 7supls > 0; By(g(e),s) € (Bx(= ).

tlo - '
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LEMMA. 2.2. Let 8 > 0 and g a linear point-valued map from a norm space X
to a norm space Y. Assume that for each y € Y there exists z € X satisfying

__ gle)=y  and  Bllzl| <Ilvll
Then C(g,30) > B for any zo € X.
PROOF. Since g is linear, y = g(;) and fl[z]| < [lyll, we have

By C g(tBx) Vi> 0.
Agam by the hneamty of g we get o
g(z)+ BBy C g(:c —!—th) Vz € X, Vt > 0. |
This means that
M(g,t :1:) —sup{s > O g(:c) -i— sBy C M} > ﬁ

It follows then = : S
O(g,mﬂ)?_ﬁs le) e X.

Let G be a convex process from X to Y, i.e., Graph G is a convex cone. The
inverse of G is a convex set-valued map G~ defined by G~ 1(y) = {z;y € G(z)}.

The norm ||G™1|| of G~ is defined as the smallest number v > 0 such that for
every y in the range of G there is a point z € G~ (y) satisfying ll=l] < ~yliyll.

LEMMA 2.3. Let X,Y be norm spaces, G:X —2Y a closed convex set-valued
and P: X xY — Y défined by P(z,y) = y. Denote by P, the restriction *
of P on Graph G. If |G| > 0, then ' '

C(Plappnes (@ ¥)) 2 G717, Vo € X, y € G(a).

PROOF. Let Z = X x ¥ be equipped with ||(z, )|l = max{[|[l, [IG I llyll}-
Then for every y in the i‘a,ng_e of G, there is (z,y) € X x Z N Graph G satisfying

Pla,y) =y and o)l < vl

Hence Lemma 2.3 follows from Lemma 2.2.
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Now let g be a point-valued map from a locally convex space X into a norm
space Y. Assume that g is in a Lipschitz proximity of F around 2z, then by

Proposition 1.4 we have
H(F(ml) —g(z1), Fzz) — g(z2)) < o2 — 331_) Ve, 22 €V

for some neighborhood U of the origin and some neighborhood V of z,.

Since U is bounded, there exists a constant L > O such that LU D U and
hence Loy(z) > o7(z), Vo € X. We get

H(F(z1) = g(a1), F(e2) — g(22)) < Lou(za ~ 1) Var,zp eV, (%)

DEFINITION 2.4. We say that g is a (U, L)-Lipschitz approximating of F around
xo if (*) holds.

THEOREM 2.5. Let X be a complete Ioéaﬂy convex space, ¥ a norm space,
F: X — CL(X) a closed set-valued map and ¢ : X — Y a continuous point-
valued map. Assume that g is a (U,L) - Lipschitz approximating of F' around
xo and Cy(g,z9) > L > 0. Then F is surjective at xo.

PROOF. Since L < Cy(g,zo), we can choose 8,e €]0,1[ such that L + 6 <
Cu(g,z0) —e. Put v = Cy(g,zg) —e. Then there exist a number b>0anda
nelghborhood M of the orlgm satxsfymg

My(g,z,t) > v, Vt €]0,8], Vz € zo + M,

l.e.

%sup{s >0;9(z) +sB Cg(z +tU)} > v
sup{s > 0;¢(z) + sB C g(z + tU)} > ¥t, Vt €]0,8],Vz € zo + M.

This means that

9(z) +71tB C g(z + tU), Vi €]0,b], VY € 2o + M. (2.5.1)
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On the other hand, since ¢ is a (U L)-Lipschitz approximating of F around

5, there is a neighborhood N of the origin such that:
H(F(zx) — g(z), F(z) - g(z)) < Lou(z — 2), Va,z E-{Bg + N. (2.5..2.)
Let V= MNN bea neighborhood of the origin and take to €]0,0] such
that tol/ C V. Then we have tU C V for all ¢ €]0.%0]. ' ‘

Put s = (L+8)y~! < 1. We shall prove that for any y € F(xo)+y(1—s)to B,
there exists an element & € zo + toU such that y € F(Z).

First, we construct two sequences {y,} .and {zn} in Y satisfying
" Dyn€ F(zn):zn € Zn_1+ s"TH1 = s)teU.
2) Zn — g(-’vn)"— Yn + vy, “yn - y” =, Hzn - g(lﬂ)“ < BQU(E‘.TI-F]' — Tp )

Take yg € F(ao) such that |lyo — vl < 7(1 — s)tg and zo = g(zo) = Yo + ¥
Then we have

{20 — J(%)H = Hv = yoil < (1 = s)to.

Hence zo € g(zo) + ¥(1 — 8)to B. It follows from (2.5.1) :

Let aq = Hzo - g(1 0)” = ”U - ng If ap = 0 th(‘n J = Yo and 50 I =20
satisfying v € F(z). If ag > 0, by the COlltllllllt) of ¢, there 15 a nelghhm hood

U, of the origin such that ” -
llg(e) — o(a ) < 22, Vi € 0 4 U
Take 6 > 0: U C Up. Then we ha\-'o R
lo(e) = oI < 2. V&' € 30+ 0.
In view of (253) we can choose &1 € zg + (1 — $)teU satisfying :

. [4]
120 — g(zi)]] < Hmm{gﬂ,ﬁq}-.
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Evidently, we have ;1 & 2o+ 60U, i.e. pu(z1—2z0) > 6. In the contrary case we
have |[g(:c1) g(zo)ll < % and since ||zu— (.’.L‘o)” < L we get [|zo — g(z0)]| < @,

a contradiction. Thus we have
I20 - g(z1)|| < 66 < e “.'.fco)-
Since zp, z4 € Zo +4N','by_(2'.5.'72) we obtain |
- H(F(z1) — g(z1), F(z0)~g(20)) < Lou(z1 — o).
Now choose y1 € F(z,) such thot | |
: [l —g(xl)—yo-l"g(xo)”S Loy(zy — z0).
Put z; = g(z1) —y1 +y. Then |
s = a@)ll < lloa = g(e1) = vo + o(zo)l[ + (o) — vo +y = g(e0)
121 = g(z)l| < Lou(z1 — 20) + 120 — g(=1)]|"

llz1 — g(21)l} < Lou(z1 — o) + Bou(z1 — xo) <{(L+ 9)(1 — 8)to
||21 — g(z1)]] <9(1 — 8)sty,

le z1 € g(z1) + v(1 — s)stoB. In view of (2.5.1) we get

2 € g(zr +s(1 = )ieU). (2.5.4)

Put ¢y = ||z — g(:z:l)ll If a; = 0 we take Z = 2; and then y = y1 € F(z).
Ka > 0, we choose 6, > 0:and Uy a neighborhood of the origin such that

”9(5"') —g(=)| < <2 , Vo,5' € 2 + 6,U C Uy
Let z, € x4 —I—-(l — s)stoU satisfying
llz1 — gz2))| g'omin{-“g—l, 61} (in view of (2.5.4)).

We then have
gu(:l:g - .’):1) < (1 — S)Stg

Ag'cun we choose y2 € F(zs) such that (in view of (2.5.1)) :

Hye — g(z2) — 1 + g(wl)ll < Lov(zz — z1).



200 : . DUONG TRONG NHAN
- Let z5 = g(x2) —y2 + y. Then

iz — (@)l < llve — 9(o2) — va + 9| + Nl = o()ll.
Mz — gz}l £ (L + ovu(z2 — 1) £4(1 —.S.)SzfoU,

l.e.

z2 € g(a2) +4(1 — 5)s%te B C g(z2 ¥ (1 — s)s2tU).
Continuing this procedure, we obtain two sequences {y,} and {z,} in ¥’

which satisfy conditions 1) and 2). Hence, y,, — ¥ in view of 2).
n—oo. : :

Now we show that {x,} is a Cauchy sequence, i.e., for any neighborhood vV
of the origin in X (we can obvicusly assume that’ V is closed, circled) there is

an integer k such that z,, —z, € V, Ym,n> k.
Since s < 1, we can find k such that s¥tU C V. Let m > n > k. From 1)

we get‘

a1 — Tn € (1 — s)s'_‘t(jU c(1- s)s“—kv, o

T~ Tm=1 € (1 = 5)8™ U C (1 — 5)s™ *1V,

Put v =2y ~Tp =2Zm — Zm21 +Tm—1 — Tm=z + **+ + Tp41 —Tn. Then
v=(1—8)s"Fly, 1+ A+ (1 —s)s"

where

v €V (or gp(vi) 1), Vin—km—k—1. - -

So
e7(v) S (1= )™ L pp(omar—y) + -+ (1 — 8)s" Fop(va),
oy (v) < (1= )™ K™t 4 1) <8R,

This leads to

o7(v) L1, ie, v=2m—2n cV.

By the completeness of X, the sequeﬁcé {zn} converges to a point # € zo+1oU.

Since F is a closed map, y € F(Z) and the theorem is proved.
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COROLLARY 2.6. Let X,Y be Banach spaces, F : X — CL(Y) a closed set-
valued map and g € L(X,Y') satisfying the condition that for eachy € Y, there
is ¢ € X such that o(z) =y and [yl > Bllz||. Assume that ¢ is a (U, L)-
Lipschitz approximating of F' around zq and 8 > L > 0. Then F is surjective

at zg.

PROOF. Applying Lemma 2.2, we get C(g,20) > 8 > L, hence the result

follows. -

REMARK. By letting F' (in Corollary 2.6) be point-valued, we obtain a result
of M. Fabian and D. Preiss in [3].

Now, let f,g : X — Y be a point-valued map and M a closed convex cone
inY. We define F,G : X — 2Y as follows:

F(z) = f(z) =M and G(z)=g(z)— M

We obtain the following corollary which is a result{ of P.C. Duong and H.
Tuy in [2] (cf. S.M. Robinson [6]). '

COROLLARY 2.7. Assume that f,g are continuous and satisfy the following

conditions:
_ 1)Gisa S.urjec'tfve closed convex map
2 0< K|IGY| <1
3) (=) - f(a') - g(2) + 9(a")]| < Kllz'= 2'|l, Vo, ' € B(0,7).

Then F is surjective at .

PROOF. Lot Z = X x ¥ be equipped with ||(z, )|l = mex{{l=]l, [|G=1]| |y}
P: X xY =Y defined by P(z,y) =y and £ : Graph G — Y defined by

Uz,y) = f(z) —g(z) +y.

By Lemma 2.3, C(P,... «(%0, f(z0)) 2 [|G7'||. On the other hand, 3)
means that P is a (B, K)-Lipschitz approximating of ¢, so that by Theorem
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2:5:

f(:co) -‘—' Yo = E(a:

.[,,-‘yg) € Int (P(Br(a:'g,yo)__ﬂ Gfé,ph G))‘fof so_mé r > -0,

e S

yo € Int(&(U x T N Graph G) for every neighborhood of zo.

But

IE(U « Y 0 Graph G) = {f(2) — 9(z) + y;2 € U, y € g(z) = M}
= {f(z)— M; z€U}=F{U)

This means that F' is surjective at zg.

)
)
g
2l
g
o
1)
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