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ON THE LAWS OF LARGE NUMBERS FOR MARTINGALE
DIFFERENCES IN VON NEUMANN ALGEBRAS

NGUYEN VAN QUANG AND NGUYEN DUY TIEN
Abstract. The aim of this paper is to investigate Laws of Large Numbers in von
Neumann algebras with emiphasis on the bilateral almost uniform convergence

and the convergence in measure of weighted averages of martingale differences.
The stability of quadratic forms in martingale differences is also studied.

1. Introduction and Notations

Recently a great deal of works has been done in order to generalize various
strong limit theorems to the von Neumann algebras context (c.f. [2], [5], [7]).
Following this direction of research, we study the bilateral almost uniform con-
~ vergence and the convergence in measure of weighted averages and quadratic
forms in martingale differences in von Neumann algebras. The results of our

paper are related to those of [2], {3], [7], [8], [9].
We start with some definitions and notations.

Let H be a Hilbert space, B{H) the set of all bounded linear operators on
H and A C B(H) a finite von Neumann algebra. Let 7 be a faithful normal
trace on A. We denote by A the algebra of measurable operators in Segal’s
sence (c.f. [10]}. For every fixed real number r > 1, one can define the Banach
spaces L"( A, 7) of (possibly unbounded) operators on H as the noncommutative
analogue of the Lebesgue space in [12]. Note that if B is a von Ncumann
subalgebra of A and 7y is the restriction of 7 to B (r; = 7/B), then L™(B, 1) C
L"(A,7) for all » > 1. Umegaki [11] has defined the conditional expectation
EB:ILYA, 1) — LY (B,7) by

r(ay) = 7((E®2)y) 2€ A, y€B. (1.1)
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- Note that E¥% is a positive Iinear_mapping of norm one and uniquely defined by

(1.1) (et [3], [11] for more details).

Let (By), n € N, be an increasing sequence of von Neumann subalgebras of
A. '
DEFINITION 1.1: a) A sequence (z,) C L'(A, 7) is said to be an L'-martingale
iffor all n € N, (i) =, € L'(Bn,7/B,) and (ii) EBnz, =z,
'b) (z,) is an L'-martingale difference sequence (L'-m.d. for short) if it.

satisfies the condition (i) and EBrnz,iy =0.

For the gencral theory of von Neumann algebras and the martingale theory

in von Neumann algebras, the reader is referred to [3], [5].

DEFINITION 1.2: (Toeplitz matrix) An array (anz) of real numbers is'said to

be a Toeplitz matrix if the following conditions are satisfied :
(i) lim ani =0 foreach k-2 1.

n—o0 .
(1) Y-, lank| < M for each n > 1 and some M > 0.

If p is a projection in A, p denotes (I — p) where I is the identity operator.

Denote by 1,4 the indicator function of the set A.

LEMMA 1.1. (Prop. 3 [1]). Let (z») be an L!-martingale. If sup 7(|zu|) < oo,
: - n :

then there exists an element © € L'(A,7) such that z, — & b.a.u. (bilaterally

almost uniformly), i.e. for each € > 0 there exists a projection p € A such that

r(pt) < ¢, plzn, — 2)p € A (Vn) and ||p(zn — z)pll — 0 asn — oo.

"LEMMA 1.2. (Kronecker’s Lemma [2]). Let (z,) be a sequence in A and (b,) a
- sequence of real numbers such that.b, T co. Put Sp = Yopey Tk If Sy converges

b.a.u. then b;' 3 ¢_, bixy converges b.a.u.. to zero.

This paper is organized as follows : The convergence .of weighted sums is
studied in Section 2, where the main result is Theorem 2.2. Section 3 deals with

the stability of quadratic forms in von Neumann algebras.
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2. Convergence of weighted sums

Throughout this scction the following assumptions are made : () is an
Ll-martingale difference sequence (L'-mud. for short); (an), (A.) are two S0
quences of real numbers such that a, >0, A, >0, A, T oo and a, /A, — 0 as

n — oo. Let S, = Y p_; axr, n = 1,2,.., denote the partial weighted sums.

PROPOSITION 2.1. Let (z,) be an L'-m.d. If 372 (4% ) 7(jn|?) < o0, then
Sp/An — 0 ban

PROOF: Note that if (z,) is an L'-m.d., the sequence (3 ;_ 1((LL/AL)TL) n €N,
is an L'-martingale. Thus, by I{ronecker’s Lemma and Lermina 1.1, it suffices to

show that sup 7(| 5=, (ax/Ar)zk]) < co. Observe that for all 7,7 € N, > J,
r(afa;) = r(Efixt)z;) = T(E% 2)*2;) = (BB (EP%-12:)) ;) = 0.

This means that (z,) is a sequence of pairwise orthogonal clements from

L?(A, 7). Consequently,
ut z't“k'/Ak)iEkl)'S [r(] Z(ak/Ak)-’E'klz)]l-ﬂ-
k=1 P

= [Y " (ar/Ax) (2]
k=1

<D ar/ARYr(jze )P < 0.

k=1

In what follows, [ f(x)|dF(z)| denotes the integral [ f(z)d(—F(x)), where
F is a non-increasing function. Note that if H;(2), ¢ = 1,2, are non-increasing
functions such that Hi(z) — 0 as ¢ — oo and Hy(z) > Hy(w) for all x 2

0 and if f(r) is a nondecreasing positive function in for all + > 0, then

L7 f@NdH ()] 2 f7° f(2)|dHy(z)| for all a > 0.
THEOREM 2.2. Let (z,,) be an L'-m.d. satisfying the following conditions:

F(A) =sup 7(ep,00)(|2nl)) =0 as A — oo, (2.0)

/ ’\2f 3 N(y)dy|dF(3)] < oo, (2.1)
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[ [ vNwalaEo) < @)
<y<A

where N(y) = card {n : (Anfan) £ Y= Zn_l Ligy>An Jan}: Then Su/As — 0

b.a.u.

. PROOF! . By Kronecker’s Lemma it-is enough to show that the L'-martingale
Sp i (ax/Ax)xs converges b.a.u. We show that

sup 7(| S (ar/Ar)axl) < oo, (2.3)

Put

Yy = (ak/Ak_)l‘k@[o,Ak/ak](]mkDv
g = (ak/Ak):Eke(Ak/ak,oo)('IkD'

It is easy to see that
BBtz = —EPetyy (24)

Using the triangle inequality and (2.4) we get

SV
o
~—

(1S e/ An)eD) = 71 (e + 2] e
k=1 k=1 o

<7(| Z(yk — EBe-1y ) + (] Z(zk — EBe-ra)).

On the other hand, since (y; — EP:-1yy,) is a sequence of pairwise ortlu )gjmml

elements from L?(A4, ) and E‘t"L 1(-) are the orthogonal projections in LA, 1),

we have
' - Brot,, \2Y — - Bi—1,, 3|2
(D (e — BB y)) = > (v — 5t yn)l)
k=1 k=1
= (r(lysl® ) — (| BB 1yi)|?) < (r(lyel®)
k=1 k=1
= (a.k/Ak)2 /\ng(e[U,')\)(l;Ukl))

k=1 _ [0,Ax /ax]
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o
NE

(ar/ARY? f[ o Ve ()

p

81|

t

Z (a /44 )? /I o MOV

- / XY (/AR

(k:Ap fap > A}
/ )\2/ 3N (y)dyldF(\)} < oo

Thus,
sup 7(| Y (v — E%tyi)]) < sup7 [(] Z(yx — BBy P2 < oo (26)
i k=1 k=1 :

We now estimate the second term of (2.5). Note that EZ*-1(.) are lincar map-

pings of norm one in L1(A, 7). Then we obtain

(1Y (e — BB 2)]) <2) () (2.7)
k=1 k=1
=2 N A )\d ool [Tk
.Z(ak/ k) A}Ak/tlk lT(e[Al )(|I&|))l )
<2 . AL AldF (A
kgl(ak/ k) A>Apfay l ( )|

2 /0‘*’)\{ S (a/A0IIF)

{k:0<.4k/ak <A}
o0
:2/ /\] y 2 N(y)dyldF())] < co.
0Cy< A :
Combining (2.6) and {2.7) we obtain (2.3). By Lemma, 1.1 the proof is complete,

Recall that a sequence (z,) C A is said to be dominated in tail measure
by a positive measurable operator z € A ((xn) < z for short} if there exists a

positive constant C' such that for all # > 0 and all n € N

T(ef,00)(|2n])) < Crlep,o0)(x))-
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We now present some consequences of Theorem 2.7. The proofs are similar

to those for some corollaries of Section 3 [8] (by using Theorem 2.2).

COoROLLARY 2.3. . If 1 < r < 2 and (z,) is an L'-m.d. such that (r,) < =

with T{x") < co, then n-r E;:=1 rr — 0 b.a.u.

COROLLARY 2.4. . Let 1 < r £ 2, a, > 0, (a,) € o and A, =
(Cher aR)7, o |

A, Tooasn — oco. If(z,) is an L'-m.d. such that (z,) < z with T(+" logt ) <
oo, then S, /A, — 0 b.a.u.

Note that if » = 1, we get the Strong Law of Large Numbers for martingale

differences in von Neumann algebras.

We end this section with a result on the convergence in L! and in measure

of weighted sums.

THEOREM 2.5.  Suppose that (an;) is a Toeplitz matrix of real munbers, (&)
is an L'-m.d. such that (z,) < z. If |

1) max a,; — 0 asn — oo,
1<k<n :

1) Tlim T(err ooy t)) =0,

then Sy, = 3_;_ ankzi — 0 in L}(A, 1) and in measure.

PROOF:  Since the convergence in L!(A,7) implies the convergence in men-

sure, we have to prove.the conclusion in L'(4, 1) only. Put

Tnk = ankiﬂke[g,;;;](lxk ),
. ,

_Hgn ::.'Z(wnk — Esk"lxnk).

k=1
We now can suppose apr # 0 for all n and k. For n large enough, by tle

assumption we have

N
7]
~——

(150®) = Y Ir(lzail?) — 7B 0ni[?)] (2.
k=1
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n .
<3 r(leael?)
k=1
n
<2 Z |ankl2 f
k=1

Ar(epr ooy (2]))dA

Slank]=t

P 1 N
<ac Z |CtnLI(W)/ )\T(e[,\,oo)(kl‘--,;_k|)_)d/\
k=1

Allans]™?

=2Ce Z i < 2C Me,

k=1

where M is a positive constant by the property of the Toeplitz matrix. The

latter inequality follows from the fact that if TT(e(ro0)(z)) = 0 as T — oé,

then

71 / AT(e(x,00)(2))dA — 0.
0<A<T :

From (2.8) we get

'T(Ignl) < (T(|§n|2)1/2 —0 as n — oo , (2.9)

Consequently, since EBr-1g = —EB=1{g; —z,p) for all & > 1, we have for n

large enough

n
(1> B%ran)
k=1

T
=7(| Z EP 1 (apizre(ja, -1 o0 (le])
k=1

(]
SZ T|GnkTre(|a,,)- teo)(|zk])

= |ankl Adr(eqo,a) (k)
k=1 A>|any |t
=" |tnk] AldT(epn,c0)(Jx )]
k=1 A>Ia'"n'n-l—-1
SCZ|%L]/ Aldr(eqa 00y ()]
A>|ank|"‘

=CZ lank|T(Ze|a,,~1,00)()) < CMe.

k=1
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Thus 7(| S pey B~ @ni]) » 0 asn — oo This together with .(2.9) implies the

conclusion.

3. Convergence of quadratic forms

Let (a;;)-and (A,) be sequences of real numbers such that a; = 0 for all
i =1,2,.., 0 < A, T o0 and lgja}scn(a,-j/A;,) — 0 as n — co. Suppose that
(zn) is an L'-m.d.. In this section we shall study the bilateral almost unifornily
convergence of quadratic forms
- Tt .
Qn = Z aij e Tj. (3.1)
i,j=1

THEOREM 3.1. Suppose that the following conditions are satisficd

G(A) = sppf(ep.,m)(mfmjl)_).—t 0 as A— o0. {3.0)
Hl ) .
[ [ Mo <o BNERY
' ] y2A ‘ ‘ .
I [ v M)dldem] <o, (3.2)
0 0<ygA .

where M(y) = card{(i,5) : i > j, Aiflagj] <y} + card{(s,3) 8 <3y Aiflaijl <
d )
v} & M (y) + M2(y).

Then Qn/An — 0 ba.u.
PROOF: Notc that

b3 n
Qu/An = A7 Y ayzizi+ Y, i)

i<j=2 2=1>j
It is sufficient to show that
T . .
QY Ax = AL Z a;;ziz; = 0 b.au. C{3.4)

To prove (3.4), by Kronecker’s Lemma, we need only to show that
Sorejmnlaij/Aj)ziT; converges b.au. Note that (¥ icj=p(aij/Aj)eiz;) 1 <
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is an L'-martingale. Then it remains to prove that

SupT(| Z (ai;/A;)xlz;]) < oo (3.5)

i<j<k

1< j <n, n=1,2,..

Putfor1 <i<j<h k=12,
yij = (ai;/Aj)alz;
zij = yijepo,n){|yiil)
tii = Yijep,o0) (|¥is]) = vij — #ij-

Note that
EBi-1y; = —EBi-14;;. ' (3.0)

By the triangle inequality and (3.6) we have

(| (wi/Ajzias)) =r(| > (zi5 + )

i<j<k i<j<k
<r(l Y (25— E% 2D+
i<jgk”
+r( Y (15— E511:5))
i<j<k
<( Z (Jzis P2 + 2 Z T(|ti;1)-
1<j<k i<j<k

Using a similar argnment as in Theorem 2.2, we obtain that

o (3 W < ([0 [ a0y i

i<j<k (3.7)

<[]y My WG] < 0o
0 AZy .

Similarly,

sup ( Z T([t:51) < f A y 2 M(y)dy |[dG(y)| < o< (3.8)

i<j<k 0<y<A

Combining (3.7) and (3.8) we get (3.4). The proof is completed.
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Now we investigate the convergence in LY A, 7) and in measure of quadratic
forms in martingale differences. The following result is proved by the same

techniques as in Theorem 2.5 and Theorem 3.1, so we omit the j)]:x')()f.

THEOREM 3.2. Lot (6 50,y 1,7 =1,2,..,m, n=1,2,...) beaset of real mnnbers
such that a;;, =0 for all 1,n = 1,2,..., sz=1 la; j=| < M for some positive

constant M and sup a; j» — 0 asn — oco. Let (zy,) be an L'-m.d. such that
L,j<n

i I* - . —
(3'53:_7):,]:1,2,.__’11 < T, n= 1,2,..

Suppose that r}i_l,IéoT(me(Tvm)(x)) = 0. Then Q, = sz=1 a;jnttr; — 0 in

LY(A,7) and in mcasure.
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