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ON THE STRUCTURE OF COC_‘OMMU-TATIVE COALGEBRAS

NGUYEN VIET DUNG

The note proves the existence of a special basis for cocommutative coal-
gebras, called the +; -basis. This can be considered as a dual version of a result
of J.P:May [2; Thm.2]. The basis-free form of this result can be considered as
the splitting theorem for £ -modules of finite type. An application of this result
will appear in [3], where the algebra structure of cohomology of the wreath
product 3" X is determined. Throughout the paper the underground field-
will be the finite field IF; of two elements.

Let V be a cocommutative coalgebra over IF; with the comultiplication

A ;A the composition
,A_:ViV@Vﬂ(V@V)E
2

where (V®V)E = V®V/Ugez Im(1—g)- the coinvariantsof ), in V®V and
42 : 2 :

pr is the projection. By the cocommutativity, we have A(V) C {v @ v;v € V}.

Denote by Vo'd the kernel of A. An element of V,4 will be said to be odd. Recall

that the map A gives rise to the root map
£:V-EAV) S,

where 7 is given by m(v ® v) = v. With these notations the main result of this

note may be formulated as follows.

THEOREM 1. For each connected, cocommutative coalgebra V there exists a
basis B of the IF,-module V and a, certain inverse map of £, 72 : V —— Vsuch
that '
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i) 72(B) ¢ BU {0}.
ii) Fz € B and y2(z) # 0, then Ayx(z) =z @ 2,
iii) Denoting Bog = BN Vo and yon = (72)* we have

B= | {=n(@) - mre-(@)}

£EB,.d
where a1 (){2) = 0,0 < h(z) < co.

Such a basis will be called a 7;-basis of V and the integer h(z) the depth
of the element z. The notation 7 is an imitation of the divided powers in an
algebra with divided powers (see[2]).

PROOF: Let ¢ be the root map as above. Since {(V) is a vector subspace of V,
we can write V = £(V) @ X. From this we obtain

(V) = Voo + D _E(X),

S0

where Voo = [ £™(V). Again, since V is a vector subspace of {(V), we can
n>0 . :
write £(V) = Vo ® W and we can choose W such that W C STEH(X). So we
: i>0
get

V=V W& X.

~ We first consider the restriction of the root map on the first summand ¢ v,
Voo — Vio. Let {zj,7 € J} be a basis of Vo N keré. Since z; € Voor ] € J,
we can choose 72(z;) € Vi to be an inverse image of z; under §. We have the
system {y2(z;);j € J} C keré? N V. By the definition of the element v2(z;),
we can easily check that {[y2(&;)];j € J} is a basis of Veo N keré? /Voo N keré.
Inductively, for every n € Z_,_, j € J we may define an element y2n(z;) € Vo
‘to be an inverse image of Ygn-1(z;) under £ respectively. So we get the system
{ran(z;)5 € J} C Vo I kerg™*! such that {[yen(z;)];j € J} is a basis of
Vo N kerf™ T [V N keré™, ' '
‘ By this way we obtain the linearly independent system {yan(z;);7 €
Jyn € Z;} C V. Moreover, by the definition of ¢ for every v € Vo, there

- exists an N € Z such that v € kerN A\ Voo = Voo NkertN (Voo NkertN 1) &

o @ (Voo Nkerd? Voo Nkerf) @ (Voo N kerf). Since {[72n(¢j)];j € J} is a basis
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for Voo N keré™ 1/ Ve, N keré™,n € Z,, the element v can be expressed as a
linear combination of the elements o (2 i),i € 4,0 <n < N-=1. So the system
{¥2n(z;);7 € Jyn € Z; } is a basis for V.

Next we consider the summand W. Forn € Zy, let F, = X + &(X) +
S EYX). |

—t
H, .
Y2
¢
H; 1
72

H,

Put _

Ho =W nkert N Fy
Hod H, =WOker§ﬂF1

Hy® @ Hoy @ Ho = Wiker N'F,

Let {z; :i € I} be a basis for H,,s >0,and I = [] I,. By an argument
8>0
similar to that used above, for every ¢ € Iy,n € Z4,0 < n < s, we may define
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elements Y2 (z;) as inverse images of yzn-1(z;) under £&. We can also check
that {[yz2=(z;)];2 € T\ ]_[ I,} is a basis for W N ker §“+1/W Nkeré™,n € Z4.

Therefore, we obtain the hnea.rly independent system [] {yan(z:i);? € L;,0 <
s>0

n < s}in W. Since W C 3,5, €(X), for each v € W there exists an N €
Z, such that v € W Nkerf® = (W NkerN /W NkeréN"H @ --- @ (W N
kert? /[Wker&) & (W N kerf). Then the element v can be expressed as a linear
combination of the elements 2 (27), € 45,0 <n < 5,0 < s < N. So the system

I {ven(e:);i € I,,0<n < s} isa basm for W.
a>0
Let {zx;k € K} be a basis of X. Then by the above construction we

can easily check that {z;,v2(z;), -+ ,var;-1(z:);2 € TW T LI L} is a v, -basis of
V, where
: 00, if 1€J
hi=< n+1, if iel,
1, if 1eXK
The proof of Therem 1 is now complete.
In the rest of this note we shall try to translate the above result into a

basisfree form. First we need some definitions.

DEFINITION 2. An abelian restricted Lie algebra over JF; of two elements is a
graded IF';-vector space L such that _
i) Ly = 0.

ii) There is a vector space homomorphism 4 : L, — Ls, for all n > 0.

If H is a commutative, connected Hopf algebra over Fy, then the aug-

mentation ideal JH is an abelian restricted Lie algebra with v(z) = 2.

DEFINITION' 3. A &-module over the field TF, is a graded IF,- vector space V'
such that
i)Yo = 0.

ii) There is a vector space homomorphism ¢ : V4, — V,, for all n > 0.

We routinely extend £ on V by setting it be 0 on elements of odd degree.
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If C is a cocommutative coalgebra, the root map defined above £:C3, —
C,. gives C the structure of a £-module. Notice that the dual of a £-module is

an abelian restricted Lie algebra.

DEFINITION 4. Let n be an integer n > 0 or n = 0o . Let j be an integer j > 1.
Define a £é-module V{j,n) by

_ F, if:=2%, 0<t<n,.
V(, n) = )
0  otherwise,
and ¢ : V(j,n)2: — V(l,n)i an isomorphism for i = 2%, < n,and £ = 0

otherwise.
The é-module V(j,n) may be called cyclic of depth n + 1 on a generator
of degree j.

The following is a basis-free formulation of Theorem 1.

THEOREM 5. Let V be a ¢-module of finite type. Then there exists a set of

pairs of integers (ji,n;) so that there is an isomorphism of {-modules

@V(ji,ni) =V

In other words, Theorem 5 says that every -modules is a direct sum of
»cyclic” modules. In this form, the result can be considered as a dual version
of [2, Theorem 2]. Indeed, let V* be the vector space dual to V. Then V* is an
abelian restricted Lie algebra of finite type. According to J.P.May [2, Theorem
3] V* can be decomposed into a direct product of abelian restricted Lie algebras

on a single generator. By the assumption on the finite type we get

V* 2 aV(ji,n:i)"
Now dualizing again we obtain Theorem 5.
REMARK: Using this special basis for coalgebra H,X and a remark on the

universal enveloping of an abelian restricted Lie algebra we have determined
the cohomology algebra of the wreath product Y. f X in [3].
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