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Abstract. For 0 < z < B,0 < 8 < 1, we consider the integral equation

/(m—z)"ﬁff(m.t,y(rj)dt zrf(r)
0’ ’ :

. under appropriate Lipschitz-like conditions on the function & and some of its"
derivatives, the most essential condition being

- Ru(etiu)2e>0 for 0<t<eSBueR.

After a survey on theorems of existence, uniqueness and stability of the solution
we generalize a numerical method, proposed and investigated 1976 Ly H.W,
Branca for the particular case g = 172, to all 8 € (0,1) and show it to be
O(h?) convergent for all 8 € [0.2118,1) if the solution y is sufliciently smoolls.
The method is based on piecewise linear interpolation, one-point weighted Gauss
quadrature on parition intervals of equal lenglit A, and collocation.

Introduction
Consider the nonlinear first kind Abel Integral equation

,0<2<B,B>0, Be€(0,1).

- / (x — t)_'ﬁff(;lf, ty(t)) dt:= f(l)
for .deter:niilﬁl-lg a _funtti_&n y : [O,IB}_ — R -We generalize a discretization

1'11etl110‘d. presented in 1976 by H. ."\VV..B.ral_xcu for the particular case 8 = 1/2
(see[1] and [2]) to all B€(0,1). L
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212 R. GORENFLO

This method presupposes that there exists a unique solution y € C*[0, B]
and that certain partial derivatives of the kernel K exist and are continuous or
Lipschitz-continuous or bounded. In particahu: thepartia.l derivative of K with
respect to the third argument is supposed to be bounded away from zero, so
that unique solvability of the nonlinear _system of eQQations resulting from the
discretization is guaranteed. The’ interval [0, B] is eQuidista,ntly partitioned
by a step-length &4 = B/N where N € N, and the integral equation is collo-
cated in the gridpoints z; = th for ¢ = - 1,2,. -»N. For the exact solution.y a
continuous piecewise linear ansatz is made, 'md the resulting 1ntegra,ls on the
intervals {jh,(j +71).h];3 =0,1,...,i—1; i=1,...,N, are evaluated by aid .
of a weighted one-point Gauss formula. By ignoring error terms one obtains
a triangular nonlinear system of cquations for the values §(z;); ¢ = 0,1,...,N
of the approximate solution §, for which the initial value Yo = #(0) may be

calculated from the limit relation (see Lemma. L 2) -
.00 = it - 72
or from its approximation
K(0,0,5) = (1. — B)R*# 72 f(h*).

Branca, under appropriate smoothness assumptions, _prov,ed.(](hz). ‘co‘n-
| vergence of § towards y as b — 0, for the perticular case § = 1/2. We are
going to prove 0(h?) convergence first for all 4 €:[2 — 231) and then, by
a modification of the method of proof, also for f € 0. 2118 2 — h‘g . No—
tice. tha,t 2— '“ 3 ~0. 4150375. These restrictions are caused by non-nega.t1v1ty
conditions for the coefficients of the discretization method condltlons requlred
for applicability of Branca’s central lemma on a nonlinear system of difference
inequalities. _

Let us remark that the bounds Just mentloned also occurred ina paper
of Weiss [11] of 1972 on a product mtegratmn method for. the generahzed lmear
first kind Abel integral equation and that Eggermont [4] succeeded i 1981 to
show that Weiss’ method is 0(h?) convergent for all & € (0,1), by a method of
proof differing from that of Weiss. |
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Our work consists of three chapters.  In Chapter I we give statements
on existence, uniqueneéss and differentiability of the solution. In Chapteér II we
first describe the method and then prove a serics of lemmas required for the
proof of convergence. Our célculations-are much more complicated than those
of Branca who could profit from the easy algebraic manipulability of differences
of square roots. Finally the statement on 0(h2) convergence is proved, first for
2 - :—:}% f < 1, then for 0.2118 < f < 2 — :':; In Chapter IIT the actual
application of the method to concrete problems is described, and the results of
numerical case studies are displayed, also for the value.f = 0.1 ¢:[0.2118,1).

Some problems of practical computation are discussed.
Chapfef I. Theoretical fouhdations

In order . to have a_ﬁrm analytical basis,for analysis of the discretiza-
tion method we give in Theorem 1.5 conditions on existence and uniqueness
of a continuous solution of the nonlinear first kind Abel integral equation and
in Theorem 1.6 a statement on cliﬁ’erentiabilit.y of the solution. For logical
completeness we do not hesitate t6 formulate 4 few theorems and lemnias of
elementary character. Variants Theorem 1.5, with smnehow relaxed conditions,
can be found in the book [3] of Brunner and van der Houwen and in Gorenflo
and Vessella [6]. Let us also stress the importance of Lemma 1.2, the limit rela-
tion for the solution’s initial value y((]) . Concerning'1‘1c->t,a.tion: If Pis afuction
of n:variables, we denote the operator of paitial differentiation with respect. to
the j — th argument by D; for j = 1 ,2,...,n . By RY we mean the set of
positive real numbers, by R+ the set of non- ncgdtn e real 1111111])(31‘3

From Branca ([1] [2]) we take

, T}IEOREM 1.1. Let B € R+ I= [0 B] T = {(a, )| 1;,_t) €R%,0 5 t <
T < B}
Assume (i), (ii), (iil) and (vi): « -+
(i) ke CH{T xR) .
(1) There exists L € Rg’_ such that |Dk(z,t,2) — D1k(z,¢,2)| < L|z — 3| for
all (z,t) € T, 2,7 € R.
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'(ii1)- There exists ky € Rt such that D3k(z,, z) >k >0
for all (z,z) € I xR.
(iv) F € C¥(I), F(0) =0.
. Then the Volterra integral equation

/ ’ k(z,t,y()) dt = F()
A .

has exactly one contintious solution.

From Hurwitz [8] we take

THEOREM 1.2. (exténded Dirichlet formuls). Let d,b € R,a < b, T as in
Theorem 1.1, g € C*(T), M\, pt,v € [0,1], w(z,y) = (z —y)7*(b— z) My —a)™*.

Then b .
/ f g(m,y)-w(m,y)dy-dx=] ] o(;y)o(z, y)dady. -
¢ . Ja , _ o a Jy e _ e

- LEMMA 1.1. Let s,z €R;s < z;a,8 € Rt Then

T(a)T(8)

’ r—8*"1F _..Slﬁ—.l" T =:. w— a,;ﬁ_l |
/a (=) (r—s)""dr=(z—3) Tt B ‘

ProoF: With T =n(z — s) + s the léft hahd side is equal t.o‘;_
(=9 [ty tay

and the last integral is equal to B(a, ) = I‘(a)I‘(ﬁ’)/F(a + ﬁ), where B'is-

Euler’s Beta function. See (7).

THEOREM 1.3. Let o e R*, ﬁ € (—o0, 1),a,b € R a< b and
= (a b) or [a, b)or (a, 3] or [a, b] Let, furthermore; f € CO(M x [0, 1)),
le Co(M x [0,1]), F(z) = fo (1—t)e1¢— f’f(:c t}dt. Then F € CY{(M) and

F'(z) = /ﬂ (1 —t)*" 12D, f(z,t)dt. -

PROOF: . Exercise in classical analysis.
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THEOREM 1.4. Leta b€ R,a< b 8 € (—00,1),g € C'a,b],g(a) =0,

G(z) =f (¢ =ty Pg(t)dt for a<z<b.
Then G € C'[a, b}, G(a) = G'(a) = 0, and
G'(z) = / (z—1)"Pg(t)dt for a<z<h
PROOF: | Consider first the case a < z < b. With ¢ =n{z —a) + a we
obtain . .
6le) = (o~ [ (1= Polnle—a) + @)dn
0

Define f(¢,n) = g(n(é —a) +a) for (£,7) € (a, b x [0,1]. Then f and D: f are
in C%((a, b x [0,1}), and, by Theorem 1.3 and back-substitution,

* f&mdn (¢ — a)'=* /1 g'(n(z — a) + a)pdn

G@)=0-Aa-a |

(1-m)# (1—n)8
=(1-pz-a)” ] z —-———(fv’ (i)f)tﬁ te—a)? ] i (a(t_ ‘.;)f;)dt

Using g{a) = 0 and hence

r . 1 o
[@-0tani= 1= [@-rioa
a 1- /8 a .
we obtain i '
G'(z) = / (z — )P g'(t) dt.
Continuify of G' at = € (a, b} now follows from the uniform continuity of ¢’.

The remaining case & = a is handled by considering G(z),

(G(z) — G(a))/(z — ) and G'(z) for z — a +

‘TuEOREM 1.5. Let € (0,1),B € R*,T = {(z,8)|(e,t) € R?,
0 < t.< ¢ < B}. Assume furthermore ("), (i"), (iii’), (iv’), (v'):
(") K € CY(T xR).
(ii") There exists a constant L € RT such that
|D K (z.t,2) — D1K(2,t,7)| < L|z — 3| for all (z,t) € T, 2,2 € R.
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(ii") There exists a constant Ko € R¥ such that DyK(x,2,2) 2 Ko > 0 for
all z € [0,B],z € R.

(iv’) f € C°0,B], f(0) = -

(v’) The function F | defined on [0,B] by F(m = [z — t)PL (D) dt, is in
C'[o, B].

Then the integral equation
I
@) [e-07 K@ty =fe), 0<2<B,

has exactly one solution 1 y € CD[O, B].

REMARK. If(iv’) is satisﬁéd and f € C[0, B] tﬁéﬁ, by Theorem 1.4,
(v") is fulfilled.

ProOF: Define
k(’a:,t.,.;) = ] (@ =s)P Y s—t)PK(s;t,2)ds for 0<t<z<B,z€R,
; S :
k(z,z,y) = K(z,z,z2)[(B)[(1 - B) - for 0<z<B,z€R,

and consider the integral equation
(1.2) [ ety =Fe), 0<a<B,
0 -

with F defined in (v*). We shall show (a).(8), (7). .
(a) k and F satisfy the condition of Thecnem 1. 1 so that (1.2) has exactly.
one continuous solution.
(3) Every continuous solution of (1.1) solves (1.2).
(7) The continuous solution of (1.2)solves (1.1). {a),(B) and (7) 1mply that
(1.1) has exactly one continuous solution. '
Proof of (a). We have to show that conditions (1), (ii‘),‘(iii),‘ (iv) of
Theorem 1.1 are satisfied. _ N o
(i} : With the representation s = 'r(m —t)+ t we ﬁnd for t < z,
k{z,t,2) = fo (1—r)fV7- ﬂI;__(T(:c —t)+1t,t,2)dr
which, because of Lemma 1.1, is also valid for t = .
We v.have :
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Cpl
Dik(e,t,2) = ] Tl_"(l — T)'d_lD]I\_(T(.IY —t)+t,¢,2)dr,
1]
1
Dik(z,t,z) = / 71— 1) Dy K (v(x — £) + ¢, ¢, z) dr,
0 .

1
Dyk(a,t,2) = / 7_3(1 — T)ﬂ_l(Dl + DK (r(x —t)+¢,¢,2))dr.
0

The continuity of these partial derivatives is a consequence of the uniform con-
tinuity of X on T x J for any compact subset J C R.
(ii): a consequence of (ii’).
(iii): Dak(z, z,z) = (1 — B)[(B) D3 K (x, 2, z), hence (iii") implies (iii).
(iv): F € CY0,B] is a restatement of (v'), and |F(z)| < #7'2?||f||s implies
F(0) = 0. |
- The proof of («) is completed.
Proof of (3). Use the extended Dirichlet formula (Theorem 1.2).
Proof of (v). F € C*[0, B] and Theorem 1.4 imply, for 0 < x < B,

X (Z I
/0. (2 —2) P F'(2)dz = T /0 (2 —2)"PF(z)dz

and use of the definition of F, Theorem 1.2 and Lemma 1.1 yield

B EdE(/ " F()dITBIT( - §) = (@)L~ B).
0 3 .

On the other hand, using (1.2) and again Theorem 1.2 and Lemma 1.1, one

obtains
d * , d r s
Efo (z —2)"PF(z)dz = T(8)[(1 - 6)5/0 /0(s—t)“ﬁfx'(s,t,y(t))dtds

for the continuous solution y of the integral equation (1.2). Consider the func-
tion ¢, defined on {0,B] by ¢(s) = f: s — )P K(s,t,y(t)) dt, and abbreviate
K(z,t) = K(z,t,y(t)). With M= max{Ix(t i(x,t) € T} we then Liave for
0 £t < s € B the estimates

K(s,t) LK, T)

S |K(s,7)
16(s) — (1) <. / G~ K 7)

——
C =P

|d
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A t 1 1 ] LK (s, 1) — K(¢,7)] M g
SM]o((t—T)" (s‘—r)ﬁ)d +£ (t—1)8 dT‘+1.__ﬂ.(_S t)

from which we deduce continuity of ¢ , and hence

4 = (¢~ ) F()d = 1P - B), [ "o = )P (@ () dt

0

Collectmg, partial results we see that (1. 1) is fulﬁlled

THEOREM1.G6. Let m.€ N and assume, that in addition to tbe assump-
tions of Theo: eml1.5 the assumpt:ons (vi"), (vil") and (viii’ ) are sat:sﬁed
(vi’) K € C™(T x R). ' o
(vii'y D"P'K € CU(T x R).
(viii") F € cm+ [0 B, where F is defined in (v ) __
Then the solution y of the integral equatxon (1. 1) isin C™ [0 B]

PrOOF: The unique continuous solution y. of (1.1). fulﬁls, as has been

showq as part () of the proof of Theorem 1.5, the i.ntegral. Qquatiop_
[ ety =rw,
and (part (o)) & é:Ci(T % R), Fle.Cl[a, b]By c‘:lif.:ferén.tiati‘érlllz_.
P2 = k(e 7)) + /0 Dy k. t,y(t) szf;'_

In analogy to calculations in the pro.oi_'- of Theorem 1.5 one finds
() k€ G™(T x R), (1) DP*k e COT xR)..
Now, if m = 1, define, for (z,2) € [0, B] xR,

: Gz, 2) = k=, z, z) - F'(z) + ./0 Dik(x,t,y(t))dt.

Then (1) and (1!) imply G € C*([0, B]xR), and because of Theorem 1.5 (iii’) (see
proofofpart (@) we have DoG(x, z) = Dsk(z,2,2) > Oforall (=, z) € {0, B]xR:*
From the continuity of y and from G(z,y(z))=0for0 <z < B we conclude by
the theorem on differentiability of implicitly defined functions that y € C 1[0, Bl

L
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m>1wefind

F'(z) = (2Dy + Dy + ¢'(z)D3)k(z, z,y(z)) + / D2k, t,y(t)) dt,
, 0

y'(z) = Doz, 2, 903)) {F"(2)=(2D1 +D)k(z, z, y(.l.))—/ _D;"k(.r,t,y(t))dt},

and by successive differentiation we obtain continuous dlﬁ'elenmabihty of y(#)

dforj=1,2,...;m—-1.
REMARI\ The condltlon f e C™t1[0, B], f9(0) = 0 for

j= 0, 1,...,m,is sufﬁment for vahdlty of (viii’}. To see this use Theorem 1.4,

LEMMA 1.2. Under the condmons of Theorem 1.5 we have the Imut

relation
(1.3) E(©0,0,4(0)) = (1~ ) lim 257 f(2).

PROOF: For 0 < 2 < B there exists f('z,) € [0, 2] such that
(o€, 4(60) / (2= ) dt = f()

K(z,&(z),y(E(2))) = (1 - B)af1 f(z).
By z — 0 we obtain (1.3).

Chapter II. The discretization method and its convergence

II.1 Derivation of tl_ie method. In order to discictize the integral

equation
ey [@=0P Kty d=e),05 s < B,
0

where 0 < a < 1, B € R*, we partition the interval [0, B] by grid-points z j=7h,
with h = B/N,N € N,j = 0,1,...,N. It is our intention to approximate the
solution y by a piecewise linear function Wlth nodes z;, and we therefore state

the well known theorem on piecewise linear interpolation.
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THEOREM 2.1. Let Be Rt,N e N,y € C?[0,B],z; = jh,
y; = y(«, y), and define

1 , .
y(t) —(:r:j+1—-t)yj+—(t—$j)yj+; for z; <t<zjpn, §= 0,1,...,N-1.
Then w:th suitable E; e (13,1,_,“)
y(t) —y(t) = 5(1‘-;'4»1 —t)(a; —t)y"(&) for z; <t <Tjean

Collocation of (21) at the grid-points z; with the piecewise linear inter-

polant yields, for : = 1,2,..., N,

f(z:) Z/U ;(-”;’i ?t)_ﬂff'(rri,t,ﬂ'(f))'df+ By,
i = / (s — P {E (211, y(1) - K, £, 9(0)) d,
1] .

: il ez : ! :
fa =Y [ wim 7 Kt 50) de+ B

=0 Ti -

i—1 1
S Zfo (i —3— 1;_)__‘3Ix'(a?g,_(j + b, g((J + n)h)) dn + Ej;.

For evaluation of the latter integrals we use a weighted one-point Guuss Formuld.

TI[EOREM 2.2. Let ke N,G e C%0,1],0< 8 < 1,
- ag _f (k=t)"Pdt, wy= —/ t(A _4yBa,
[ (k—t) ‘a(t——wk) t,
Then, with a suitable number ¢, € (0,1) depending on G, we have
. .
: / (k - t)—_ﬁG(t) dt = akG(‘wk) + ’."kG"(LP_k).Z S
0

NO_TAT’ION; Instead of r,;.G"(t,bL ) j#_e& sall also write R;,[G()]
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REMARK: (see Lemmas 2.2 and 2.3).
. 1
o= SR 1),
U= - D

L3—‘3 (k-1)3-ﬁ (k- 1)1“‘3_k17'ﬁ
2

{?F“’ )2 *’?~(°—/3 1)1 3}6 1)

PROOF OF THEOREM 2.2: Obscrve, that the function Hy, defined on

[0,1] by . - , - _
Hi(t) =2(t — wk)z(G( = Glaog))- = 2(t — we G’ (wy) for t # wi,
Hi(wg) = G"(wy), is continuous. This.is trivial if ¢ ;é wg. If t = w; we have

for T # wy, by Taylor’s fommla |
G(r) = C(tm) + G (w;. )(T - wg + C' (m (‘T - m)2

Nk su1tab1y taken gemunely betucon T and W '\\e ha\e H L( T)= (1);\ ), and’
the contlmuty of G" at u:L unphes that of H k-

 Now

G(t) C'(w;,) + G wk)(f - w;.) +- 1H;(t)(t - w;\ )“

/(k—t ‘BC(t)dt—ag,G(w;)-i- /(A—t) ﬁH;, t)(t—ur )2 dt
N L—GLC(“L)‘I‘?’LHI‘(‘PL) o

with suitable € (0, 1) “('11 1f Pk = Wi put or = G- Otherwise, according
to the above plOOf of COIltlllLllt_') of H ks thele emsts Mk gennulely bet“ een Py
and wk with Hk(a,o;,) = G,‘(:u) Put p;, = k.

The proof of the theorem is completed

The state of the matter now is as follows. For ¢ =1,2,..., N we have

i—1 "
flz;) = hi~ BZa,_]I\ 1,,(j+w _J)h y((j +w, J)h))—i—Eg,-}—E“
j=0
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with . , . :
E-—mﬁzmﬂmqu+mmu+mm

i=0
Replace 7 by its defining formula (see Theorem 2.1), write ¢; instead of y; and

omit the error térfms E;; and Ej;. You get the nonlinear system of equations

=1
R'P Zal—JK(”Bu (J +wi_j)h; (1 w:—J)yJ + wt-JyJ+1) = f(z:)
=0
fori=1,2,...,N
from which, if the value §o 13 given, successively §y,%z,...,Yn can be uniquely

calculated (because D3 K > 0). If known or caléulable by Lemma 1.2 one may

put §o = y(0). In case of sufficient smoothness gy from

Awaw~a—ﬁm”*ﬂﬁ)
18 a reasonable approa:zmatwn ta y(0) zf h is 3mall

11.2. Preparatory lemmas . We shall plesent a senes of lemmas
required for the proof of the convergence of the discretization method. The
important Lemma 2.1 on stability of a nonlinear system of difference inequalities
is taken from Br'lnca ([1] .and [2]), whereas the other lemmas generalize lemmas
stated by Branca for 8 = 1/2 only. For the sake of completeness and readability
we reproduce in essence the proof Bl anca has provided in [1] for the. complicated
Lemma 2.1. In these lemmas we shall deﬁne quaniztzes a;‘,bk,ch,dk,ek,rk qr

that will alway have the some meaning.

- LEMMA 2.1. Let B,K, € R"‘ 2< pE N,q € No = {0} UN and Iet for
i ] E NO,J <7i, h € R* the real numbers e,,A(z j» k), B(3, _],h) C(z j,h) )
D{i, k) > 0. Assume, for all h = B/N N € N the condmons (1), (11) (m), (IV)
(v), (vi) to be satisfied. :
(i) e < Kih? fori=0,1,...
(ii) (a)oz(ﬁ)forz-q q+1 LN =1
(Q)EM-I < fz . |
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(Beiri {1 — i, ClG.R)e} < 0L {AG, 5,h) + & B, §, b hej+
+D(z, h). ‘ o : .

(iii) There exists a number AB € (0, B] and a constant I, € R* such that
forallh < AB andi=¢.q+1,...,N —1 there is a quantity 6(t, h) € HE,F
with (-y) and (8). - _ '

(V) 2senncim A3, h) S 1—6(2, k),

(&) EjeMz(i,h) A7, g, h) < Kpd(i, ),

where S N :
Mi(i.h) = {jlj € N,max(q,i + 1~ 88) < j < i},
My(i, b= {jli eN,g<j<i+1- 488}

(iv) There exists a constant 1), € RT such that
h?~ IZJ =4 ?Jh)(.[k;t\(i h)f(nz—-qq-l-l LN =1,

(v) There exists a constant Iy € RY such that
RPN Clivi B) S Kybli h) fori = q+1,...,N — 1.

(vi) There exists a constant N5 € RY such that

D(i, h) € Ksh?P8(i,h) for1 =g g+ 1,. .. . N —1.
Then there exist hg € (0,AB), N ¢ RY . A € B such that
e < Ke'*hP for all h = B/N She,i=0.1.....N.

- PROOF: The proof is by induction on i € {q, ... ,'N}. Let h = B/N <
A = max{0,In(41,)/AB}; K '= max(K, , 4K5),

1
ho = min{AB nnn(mi)/(-'kffe’\B)}
Assume that for some 1€ {q, LN - 1} we have proved
<I\eJM‘h for j =0,1,...,0
( th1s is true by ( ) for i=g). BV (11) we theu 11a.ve (a) or (ﬁ) In case of (a)

we have

€it1 S € < Ke)"-h_h_ff < I(eA(if":l)’ffzf’. _
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In case (3) we have, using (iii) (6} and the definition of A,

S sentatin Al 3 R)e XTI €05y iy AL T 1),
< e MBILE(i,h) < 83, R), ’

furthermore, using (1i)(7),

ZA(Z J,h)e—A(;+1 b < Z A, §,h) + Z A(i,j,h)e—)‘(i"'l'j)h
i=q JEM(ih) 36]\12(: h)

<1-6(, h)+ 6(1 h)—l—-—é(? k).
By (vi), (v), R < ho ‘and the deﬁmtlon of hg we have

K hPeAB < ZB (z,7,h) £ < I\’lGABflgtS(? h) < 6(1 h),

j=q

KhPerB < ZC(z J,h) < I\he‘\BIx46(r h) < 5(2 h)
i=q .

By (vi) we see that D(3,h) < .?;Khms‘(i, R).

Hence, using (*) we get

i=q i=q

e,+1(1 - Z C(i,7, h)e,) > e,+1(1 - Z C(i, 5, h)K e)‘ﬂ‘h")

> e,+1(1 — Khe*? ZC(z 7 h) > e,+1(1 —_-5(1 h))

i=q
and
S (A, 5, h) +EiB(z J,h))eg +D(t h)
Z "th?’{A(z i R) + Ke*"hP)B(i, j, h)h?} + LK R?6(i, )

<K hpe(‘“)“'h" E JAAG T, h) + Ke*BhPB(1, 7, h))e“"(’“_’)h-[—
+16—A(t+1)h5(’£ )}
<K h"e('“)‘\h{l + (_g —I— + D6, h)} = Ix h”e(""l)“(l — 268(3, h)) '
Now, 1 — $6(¢,h) > 0 (this follows from the fact that because of h < AB
the index i € M;(i, k) and therefore by (111) (m)1- 6, k) > A(i,1,h) 2 0).

Collecting our estimates and using (B) we find
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eit1(l— —5(z h)) < e,+1(1 — ZC(? J,h)eJ) < Ahr’ (=+1W'(1 - %5(,{ h)),

hence ei+1 < I{hpe(iﬂ))m

The pxoof is completed

LEMMA 2.2, Forke N ﬂ € (O 1) Iet (as in Theowm" 2),

1 _ 1
ap = / (k ~ "t)fﬁ dt, 'uwk"“ﬁ"if (k — t)'”ﬁt dt.
0 Gk Jy

Then SRR A :
() ak——{kl f = (k—-1)'" ’3}>0foxkeN
(i) we _':'(1 = ﬁ)ak{k B 1)2 p— (7—/3)(’\ = 1)1 Y € (0,1) for
(iii) @y = _(11,@)’ wy = ——(2:6): .
PROOF: Trivi.a.l calculations. o AR

LEMMA 2.3, Forke N,ﬁ € (0,1) let (as in Th‘eOre:ﬁ?.?),’f Ce

/ (k —t)"'g(t—uvk)z dt -
with wy as in lemma’ 2 2. Then e e
() 0<re < L(k—1)" 3fork> 2,0<r <1 (1—3)-'
(11)0<Zl+12f£<2(1 ml=ﬁf01alleN :
(i) 0 < rp =gy <P~ "D forall k> 2,7 — 1y >0
(iv) 0 < Tip(re — raga)(k = 1) < ££547 forall i€ N

Proor: . . TTun o
(i): For k 2 2 we have 0 < re < 3 j;) (k—1)~ Hdt < 1(’» —-1)77. Fulthemlore
D<r < 2_];)(1_” Bt — __-'1-_5'
(ii): By (i) we have

i+l - z+l

)-8 B _t
0<Zr;<2}:(k 1) <= /s ds =

k=2
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(iii): This part of the proof requires some effort. Verify by elementary calcu-
lation that for all k € N (2 2), 2.2 ) and (2. 2”) are valld

P (frh-1)3 -8 (k—l)l BR1=B
3-8 3-8 -(- )klﬂ (L 1i-F’

, tdt o,
@2) 2 f(k—t)ﬂ {f I t)ﬂ} {/ Fooop)

@2) . @-APAr— ) =Ui+ Ve

(2.2) ,(2 - ﬂ)22rk —

U, = %{—(k +1)58 4 265B(k — 158}

(kS 1)1-BR—8  pi=B(k 4 1)1=B
Vs —(1 ﬂ){uﬂ (k=11F ~ (k+1)-F - w1

We now show (a), (b), (c). Part (c) wﬂl be very complxcated
(a) 7k = repr < Bk —1)~O+8) for k > 2 P
(b) ry —ry > 0.

(¢) rk — ragr > 0 for & > 2.

(a): (2.2’) implies’

2r) < l(k —1)7F— (_.k._—i'i)ﬂ__(_l,z_cff?_)2,
2n+1 > (k+1) # (A,+1)ﬂ( k=AY,

Urp — rgt) < {(L~1) B (k4 1) ﬁ}+ L ”{(Hl)ﬂ-— (k—l)”},ﬂ

and from the strict concavity of the functions # — '—z~# and ¢ —'z?, ...
z > 0, we deduce that the right hand side'is " -

2

<gﬁ(k 1)=0+ 4 i 2"(& 1)1,

hence e — Tht1 < B(A - 1) (H"G)
(b): (2.2”) implies

1 2-F
g (2 ._5)22(,,‘1 —T2) == 5 o1=F . 96
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with g(z) = 9—-28"% 2% —4¢ +:z'2 Consider this function for 0 < # < 1. From
¢"(z) = —(In2)?2%~ : —(In2)?274+ 2,< —(In2)%.(4+ 1)+2 < 0 we decuce that g
is strictly concave. Thls fact and ¢(0) = J(l) =0 unplv g( ) >0for0 < o<1,

hence g(3) > 0. : | |
{c): Let & > 2 and COllSldel (9 ‘)”). By Taylor’s theorem

for n =1 and for n = —1. Henee Uy, > —(2— k17, |
(2 - ﬂ)zz('r‘k - Tk+1) > kl—ﬁI'Vk, where W, = ﬁ -2+ k'@_lUk =

kP + 1) P 4 Bk~ D' PR 1)TE 4 (2 BYRAT2E - 11‘“’3(-1;*..—-11)1?13 :
(R17F = (k= I A) (A +1)17P = k1=F) L

The denominator of the last expression is"positive. With ~ .-

X = BB = (b= 1) )((R 4 )7 = B2 B2~ raay)

the above estimate can be rewriten as =
Xe > BP{=(h 4 17 4 2k18 L (k- 170y gy (i 1)1 =1,

and it remains to show that YL > 0. Now k1 <1 < 1 and we can, by Taylor

series development, write . .

Y, = 228 Z’}’nszn with - Tn = (1 ; ﬂ) )8(_1)“ - 2(12_?1[3) '

n=1
By induction we show that all 4, > 0 (and hence Y} > 0 as wanted).
Obviously m - 0. Assume that 'yn = 0 has been proved for an index n € N,
Then , ' '
(0 D0+ st = 7aln = 1+ 6)(20+1) — (5£)2 - A1 - B) 2
—(1 )(2 BY(1 - B) which is > o because the binomial coefficient’s ploduct
expansion consists of .one pos1t1ve factor and 2n.— 1 negative factors.-
The proof of (c), and thus of (iii), is completed. =~ Coochd
(1v) Trivial for i=1 (then the sum is empty) For = 2 we. use (111)
and find o . .
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N 0<Z(rk5—n+1) —1_ Zﬁ(k_"l)—

IS TR k—-2

RIS 2t

LEMMA 2.4. - Foi'keN,B € (0,1) let -

[

b = apwky ek =ar —bpe=(1—-wear. . ..

Then we have ~ +
CW0<b <k - )P fork22,h = mpes >0
(i) 0 < by —br41 < é[)’k‘(l“"ﬁ) for k> 2,0, =by > 0.
(iii) 0 < Y hog b S3p= m(z 1Y B forieN
(JV) 0<ck<k ﬂforkEN c;-—l/(‘)—ﬂ)
(v) 0 < ek —cH.] < 51., ~(+D) for k€N
(v1)0<2 16k S 7 ﬁ(1—~1)1 B fori€N:. ST ,
vu) b —bz —c1 > 0 forﬂ € [‘7 }':3,1) b1 bQ—C] < O forﬁ € ( _27 }:—2)

. REMARK: (vii) _isAthe place where we must re:st;‘ipt B.

PROOF: (i): by by direct calculation. For k 2 2 wé have

B 05<-b,;._=f (k =t)7Ptdt <-’%(k_*1)7ﬁ__h :

.‘\ - R . i}

(i, (ii): The:positivity of the difference is trivial.- For k 2> 2 we have’

ST Lenl e | . :\'_‘. IR T PR re
b — b1 = / Hk =ty —(k+1-1)""}dt
0

<%—{L1 -5 (A—l) (I.,+1)1 ﬂ-HJ f’}

By approprlately estimating the second order error term in the: Taylor formula

for (A:]:l)1 =8 _ |;1—8 we obtain . -

<!

N‘!‘Cq

(( 1)-(1+ﬂ) + L (1+B)) ﬁj;;(f4ﬁ'5(2(3+5) _|_1) <.§Ek—ﬂ(‘1-l-‘ﬂ)__
2 2 o
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(iii): Trivial for ¢ = 1. If 7 > 2 use (i) and estimate the sum by an
integral.

(iv): For k = 1 by direct calculation:

1 =(~1——w1)a1 = = W €(1/2,1).

1
2-58)

For k > 2 we have
i S
0 < cx z/ Q=-t)k=t)Pdt < / (1—t)k~-1)"Pdt = %(k -1y <8,
Jo 0
{v): We have

0<cp—cpyy = ‘/01(1 =tk —t)"P = (k+1—12)"F}dt

< o H T = (k= 1) (k4 1 1),

and, compare proof of (i), for k > 2 this is < SPE~UA) < 3 —(140),
For k=1 we have c; —ex <1 <1< 5/2.

(vi): Evident for i = 1. If ¢ > 2 use (iv) and estimate the sum by an
integral. -
(vii): Consequence of (1 — B)(2 — B)(by — by — ¢;) = 3 — 2258,

LEMMA2.5. Let dp = cx + beyr,ex = di — drgy for k € N, 8 € (0,1).
Then ' | - |
() 2k P <dr< $k=F for k € N.
(i) 0 <-ex < 8k~0+A for k € N.
(iif) 0.< Zk— ex < dy fori €N
(iv) 0 < Zk 16k +by—by—cy <by— 3 =8 fori € N ,B€2-1231)
(V) 0< 3 2) ker < 5.1_!,(2.— 1)'=2 forieN.

PROOF:
(i): By.Lemma'2.4 (i) and (iv) we get d}, < %k'ﬂ-. On the other hand

1 1 B
dk=] (l—t)(k—t)‘ﬁdt+/ Hk+1—t)"Pdt> %(A--f’+(k+1) ?)
0 - Jo . ‘
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1 3
-8 -3 2.8
> k721 +27) > Tk,
(ii)}: Using Lemma 2.4 (ii) and (v ) we find
0< ex = ok — C&+1 + bk+1 - bL-;-z
{A -+ -I-ﬁ &+ 1) (1+.@)} < 5L~ (18

(111): Trivial for ¢ = 1. For ¢ > 2, using (i) and (ii), we see that

i-1
0< ) ep=dy—d; <di.
k=1

(iv): From (ii) and Lemma 2.4 (vii) follows nonnegativity. Using (i) we find

i—1
Zek+b1 —byg—c; =b —d; < by —gi'ﬂ.
k=1 Lo : L '
(v): Trivial for i = 1. Incase 7 > 2 use (ii) and estimate the sum by an
integral. o o o |
LEMMA 2.6, Let g = f) (1—t)t(k—1)=? dt for k € N, 8°€ (0,1). Then
(i) 0< gp for k€ N,qx < 3(k ~1)-3 for k > 2. |
(i1} 0 < gk — a1 < 3Bk =1)"U+D for k>0
(i) 0<EA1qL<4(1‘ﬁ)lﬁfo1zEN '
(iv) 0< ¥ie 2(qu. ~ gk = 1) € g (i = )17 for i € N,

(") Q= (2—13)(3—;5)'

PROOF: We shall use the fact that the function ¢ — (1_— 1)4,0 < ¢ S 1,
is stricly concave, nonnegati\'e and attains its maximun 1 /4 at t —?_ 1/2. |
(i) PObltl\ ity is evident. For & > 2 we llme qr < (I. — 1)“‘3

(ii) Positivity is evident. By thc above mentioned fact we obtain |
1 .
= dens < gy == = 1P ),
and this is ( ('ompare the proof of Lemma 2.4 (i)

B —{1+3) {143) ﬁ —(1+;§
Pk —1 < Sk — ),
2(( ) HET) < 2k = 1)

o~P~iH
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(iii) Positivity is trivial because of (i). Furthermore,

Zq"_ Z/ ‘*)“ﬁ‘“ 4(1—-ﬂ) e

(iv} Nonnegativity is trivial by (ii). For ¢ = 1 the sum is empty, and the right
side inequality is tr1v1a.l For i > 2 use (11) and estimate the sum by an
integral. ‘ ‘

(v} by calculation.
Just for reference purposes-we state a well-known lemma on finite sums.
LEMMA 2.7. (partial summation): Let 1 € N,uj,v; € R for j =
0,1,...,1—1 Then | B ‘

Zqul = Vi1 Z”J'I‘Z(”; —UJ-H)ZUI: o

. J—O

LEMMA 2.8. Let B ¢ [O. 2118 2 — l“3) and 'y(ﬁ) = 22 g _ 3 Then
(with the quantities bJ,cJ, e deﬁned in Lemmas 2.4 and 2. 5) -
(i) ekw‘y(ﬂ)ek 1>0fork=2, 3 4,.
(i) (1+v(8))b1 — by ~ e =0.

REMARK: (n) 1mphes bz +c — b1 > for ﬂ € [O 2118;2 — [22). The
bound 0.2118 is rather sharp:: ‘e ~ (0. 2117)61 < 0 L

PROOF: (ii) by calculation.
(ii) for k =2 : We have

(62 7(ﬁ)61)(1 —5)(2 ﬁ) = 2% ﬁh(ﬂ)
h(z) =9.37% — 16.27% 49295 -

We shall show that h(z) > 0 heﬁééeg Y(B)er >0, for z € [0.2118,2 — 13,
‘We have h'(z) = (k(z) = 21n2)2°%, with .- o ST
h(z) = ~91n3.6"°+161n2.4-%; h’(m) =9In3. 1116 62 161_n2.1n4.4“”.

The continucus function A’ possesses exactly one real zero, namely
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* 16n2.In¢ 1
! 1 9in3.1n6 'ln4 —In6 G (0 3496 0. 3497)’

and from (check, e.g., by aid of a pocket: computer)

URN0) > 2.3415 > 0, (1) < —0.8900 < 0
we conclude that % is strictly increasing on (~oco,z*) , strictly decreasing on
(z*,00). In particular

f(z) > 7(0.2) > 1.49 > 2In2for 2z € [0.2,2%],

i(z) > h(0.5) > 1.50 > 2In2 for = € [¢*,0.5].
Hence the continuous function h' has no zero in [0.2,0.5], and because of
h'(0.3) > 0.19 > 0 is positive in this interval. 3

Using 4(0.2118) > 8.107° > 0 we see that h(a) > 0 for alI

x € [0.2118,0.5], the more so for  €[0.2118,2 - :—l':—%
Notice, please, that h(0. ‘7117) < ——5 10‘6 < 0

(iyfor k > 3: Develop into a Ta; lor se1 ies m powe1s of 1 / k a,nd separate

odd and even powers. You obtain

(ex —7(B)ex- 1)(1—ﬁ)("— A”"

=Z(‘>/\+ﬂl)( Lpvea gty - 9)
A=1 T S
+ i " ﬂ) )(—)2”2(—"’2”2 + 4)("2'_ﬁ - 5)‘
—\2a+2) 0k = . “"_' “
ad '2'45) 1 oonti; via2htl oy

= ()PAFH=1)(2 —-2)7,\(1‘3),

Cela  1—=B=2X21 .,
va(k) = 4 — 22 "+,,fﬁ52(2, 2)

‘Always remembering the restriction of 4 and k3 3 we now consider the
indices A > 2: By caculationwe find 4—22"# 4y, (k) > 8-2.2274+¢ > 0.1 > 0,



NONLINEAR ABEL INTEGRAL EQUATIONS 233
on the other hand, yA(%) < 4_—_22”‘6. Hence
lvAlk)| < 4 _ 928 for /\' >2. k>3
Furthermbré,. | . | | -

2—)8 2—[3 1 P S
‘!(2A+1)|-<*|( 5 )‘ 170( ﬂ)(l—/3/3(1+ﬂ(o+g)

Because in any case 8 < 1/7 we ol)tam

= f2-8\, 1, L . 28\, 2 B
'I'L(zﬂl)(—_l)(k THE -2 < '( 5 )f,\é(pz.&l(fé—zz g

< 3(2 - 3)(15'—' 8)3. 33-( — 22 A (1 - —) !

Taking nto-account’ also the 111(10\ A=1lin the series and the fact that (re-

member the resstu('tlon of 7)) 3 <212 - 3 < 3.454 we find

(ex — )EA (- B)2 - R >

(2 -—6)(1—@/3{6.(%)3(4 920140 52-s ")) ”—(4 - ﬁ)(k)s

6 2k m ek

Here (pay attention to & >3)

() 2 0{(4 - 2) - R (O e

Th1s completes the proof of Lemma 2.8. @

LEMMA 2.9, If B € [0.2118,2 — %‘%).theﬂ de = (B)dr-1 > %.’-’_'E for
2 <k € N. Take here 7(8) as in Lemima'2.8.

PrOOF: We begin with the case k = 2. We caléulate__
(&~ A(B)d)(1 = B)(2 — ) = 2-1(8) with
h(z) = 9.(3/2)77 —16.27% —5.27% 4 12. We have h'(z) = - (h(z)—51n2).2% with
h(z) = —~9In3.3-= +161n2.27%, h(z) = 9In.In3.372 —32(In2)2.272=,

The contmuous function &' has exactly one real zero,- namely
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(In ‘7.)2

39
.'* =(n=-)".1 —1 >4,
? (“ ol o a2 ma)
“and 2’(0) < —11. Hence It is st11ctly decreasing on [0.2118,2— ]—"—3 , and in this

interval h(a > h()—l“ ?) > 3.0 > 5In?2, hence b’ positive, h stnctly increasing,
h(z) > h(0.2118) > 0.6 > 1/6.
Now, let k > 3. Then
(dx — Y(B)di—i )1 = B)2 — )P
= (141278 — (24 9(3) + (1 + 293N = )PP =281 - 2)2“-"
= (1= A= AP+ T, TGV L+(=1Y = (=) -2}
From 7(4) < 0.454 < 1/2 (see pwuf of Lemma 2.8), {..} = 7—7(/3)('”_‘7)
forj €N+ 2,=~(3)Y —2)for j € 2N+ 1 we infer that [{...}] < 2971 for all
j = 3. It follows (ubscr\'e 2 — (In3)/(In2) < 1/2) that

2 33 1 2 (2-8)1-/4)8 1
DL z( yoo 2B PP
j=3 _ 1-37. ' _ L
_ ‘ 213 i 1 1
(7 —3 f —8q _ 2 Iy _ 1.8
di — (B > FP{1 —1(8) - = )}>A. (1 5 3)_6:: .

- The proof is completed,

I1.3 The Convergence Theorem. For approximate solution of the

. integral equation (2.1),
f (z — )P K (e toy(t)) dt = f@) 0 < v £ B,
V] . o

we use the discretization method (DN).

(DM) Take N € Norj=jh for j=0.1..... ¥,
g — L[;Jl(k —)"%dt and wp = -“'—‘ fur t{k = #)"7 dt for F=1,2,....N.:
If y(0) 48 known or cen be computed from
L(0,0,50)=(1— -?)lim.r"'l Fr),
put jo = J(U) else compu,tc. ju from N(0.0, 40) (1 — 3)h209= 1’f(h
Then computr, Ui successively for i = 1,2,..., N from

(rec) h'~ ﬂz a, JI\.(I,,U + wi—;)h. (1 u,-__,-)yj-{—'u',-_]-yj.,.'_l‘) = f'(.r,-).
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REMARK: For motivation of DM see IL.1 . For integral-free expressions

for ay, aid wy see Lemma 2.2 . The label (rec) means “recursion”.

THEOREM 2.3. (Convergence of (DM)): Let
B eRY,p€[0.2118,1),T = {(z,t)|(z, ) e RZ,0 <t <2 < B},

and let y be a solution of the integral equation (2.1). Assume that the coundition
(1), (i), (i) are satisfied .
G) ye C30,B].

(i) K € CYT x R),D3K is on T x R bounded and Lipschitz ‘continuous
with respect to its first argument, D3 Dy N, D3 Dy N and Dy Dy K exist
and are on T x R bounded and Lipschitz-continuous with respect to all
three arguments. |

(ili) There exists a.constant Ky € RT such that
Dyk(x,t,2)> Ky >0 forall (a,t,z)eT xR..

Then there exists a coustant My € RT and an index Ng €N such that,

if Ny < N, we have
ly(a;) = §;] < Myh?® for §=0,1,...;N.

- REMARK' (A): The global conditions (ii) and (iii) can be replaced by
local ones. _
(ii') There exists § € R¥ such that I € C3 (W) with
Ws = {(x,t,2){a,t,2) € T xR, |z —y(a)| < 6}
(i) DsIh(z,v,y(x))#0 for 0<a<B.
Branca's proof of his corresponding Theorem 2.3 in [1] can be carried
over to our more general case. |
REMARK (B): The conditions of Theorem 2.3 are differct from (but
not contradictory to) those of Theorem 1.5 . You may uunite the two sets of

conditions if you want.

REMARK (¢): The method (DM) is well defined. Because of (iii) the

values g; can be computed uniquely.
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_ REMARK (D): For the following proof observe and keep in mind: (ii)
implies Lipschitz-continuity of DA with respect to all three arguments; (i),
(i1) and the compactness of T' imply K € CY{T) and Llpschltz contmmty of I,
~ where K(z,t) = K(z,1 y(t)) (z,)eT. o
- The Proof of the Theor_em 2.3 is based on Lemma 2.1 applied to

€; = max{ly(mk) - ﬁz.“k =0,1,... 7.7}

The whole proof is very very long and complicated. We divide it into

two main parts:
(A) Proof for 2 — i:g <p<l - (B) Proof for 0.2118 < f < 2 — E‘l—g
Each of these parts is subd1v1ded into three subparts:
| (a) Derivation of the difference inequality.
(8) Estimation of coefficients.
(7) Check of the conditions of Lemm 2. 1
Subpart (Aca): For abbreviation let’
= f(z;),y; = y(z;) for j=0,1...,N,
) = By, | “,f' i1 for z;<t<wign,i=0,1,...,N -1,
g(t) = ﬁ*—- ¥j + =5 S g for oz <t<zj41,7j=0,1,...,N =1,
For i = 1,2,..., N we then have, with |

(2.3) G: = - lf Kz t,y(t)) - I‘(E‘?ty(t)dt for i=1,2,...,N,
0 : _

(zi —t)?

_by collocation, appropma.te decompos:tlon a,nd substltutlon

K (s, (G +mhs 3 + n)h) 1-8
i = h { h i
" ;z—:o (6= =mh)? dnthTTQ

" Hence, applying Theorem 2.2 (one-point Gauss quadrature )-,'Wé get

i—1

fz = p1=# z:{af—-,vlX (i, (J +wz—1)h 7((J +w1—3)h)

j=0

VR (K (2, (G + R 5(G + RN} + R PQs
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Considering recursion (rec) of (DM) we see that

i—1
= Y {ais K e, (s )b, (G )h) K (i, (e )k, gl )0))
j=0 ,
i—1 .
=3 R [E (i, G+ b5+ IR + Qs
=0
Now, define
(2.4) G =ik —yp for kK=01,2,... N

Then, with £k, j Suita.bly chosen between
Yl +we—j)h) and  g((j + we=;)0),

Ek,j = (1= wp—j)yj + wi—jyir1 + Op i {(1 — wi—j)éj +wi—jéjx1}, Ok €(0,1),

(2.5) Kp) = Dsﬁ( i, (U + wie J)h Eiir
i=1
(2.6) Si=> Rij[K( 26, (J R )h)))]
J=0
we have

Omza,__?fx ’3{ w,_.J)eJ—i—w,.“JeJH} S QI,

j=

and using
2.7 - by = apwy, ck.;—— ak(l — wL) = ay, — by for k= 1,..., N,

we obtain, for ¢ = 1,2,..., N,

i—1
(2.8) 0= CzI\! Oﬁo + Z{c; JIx b _J.HIx i I}e] + b I" i-lg S Q,
Now, let 7 € {1,2,..., N — 1}, subtract equation (2.8) from the corresponding

equation with index i replaced by index i + 1, and solve for b, K;"’l’i. Defining
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quantities

(2.9) Qi =G — @k, Sk = Ses1 — S,

_ k1,0 ~k,0yx
= (cr+1 Ky — ey )éo

for k=1,...,N —1, you obtain (after rearrangement)

(2.10) -
. ) i—1 - . §
b1K;+1,1€,‘+1 = Z{e;__JK:-H,J + d (If"H’J . I("J)
i=1

+ bt+1—.1(1’{z’j_1 ’J) + b:+2—;(1"+1’1 ”+1’J 1)}t»:
+ {(br — b2 - t‘.‘1)1""'1 A (b — bz)(I"'H -1 If;+1”)

1 i—1 [ ,‘l .1_ ~ X . R
+ by (K - Ky+1 )} = (P — Qi — 5i)-

Here we have-used the quantities

(211) ’ dk = Ck + bk+1 fOI‘ r = 1 N— 1
ek=dk—d1;+1 for r’\.—l N—-2.

By aid of Lemmas 2.4 and 2.5 (in p_articul_af Lémma 24 (vii): by —b2 -1 20
where we need 2 — 22 < 8 < 1) we estimate

i—1
b K:-I-l :|6+1|<E{e’ J|K1+1t|+ez JIIn+11 K:+1,J|
j=1

+ d; _J|I"+1'-’ K"J] + bi+1_j|K;j’_ K"J 1|
+ bigaj | KT — EFgl
+{(by = ba — e[ K] o (by = b)Y — K1
FBIKE - KUl 4 1P - Q= Sil
Here all occurring coefficients by, di,ex > 0, and by — b2 —¢1 2 0.

Now divide by 61 K, i+1,i yse condition (111) of the Theorem, estimate the

mean value theorem the differences of the ka A and set .
(2.12) e; =max{|&] [k=0,...,5} for j=0;1,...,N.

you find that there exists a constant L; € R* such that
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Ky = Ky < LA = )b+ el + el
| + &+ [g4al} for 0<j<A<E,

(K50 — K < Difh 4 &) + 6] + 1621]} for 1< 5 <k,

(2.13)
II{:-FI,J' _ I{;-L! < L1{h + [§j| + |Ej+1|} fOI‘ 0<5< k'—*.l.
After rearra.ngement one obtains

. .
" — —by—cy;.
el < Z J| &+ ____bz — [&]

bih
b }; {Z(et—J t—Jj)tdij+ b ——J+1 +bi "J+2)|EJ|

@b - b

37, i-1 '
+ blf‘;o Z(ei‘—.](z = i)+ dimj+ byt b —J+2)|51|
j=0 _ _
2L, .
+ blIr T Ci- (2b1 bg).|€,|
. Pi—Qi—S,
kwMZ}hmﬂ+%—®MM+|br 2]
With the coeﬂicie_nts
(2.14)
. L,
co = b K (b1 — b2},
3 _ /1 _ _
Cr = b Ko €k .for k=1,2,...,.N 2,
By = X 2(21:1 by),
: b KX
L
B = vy N —
k= blI’ k=1,2,.,,N -2,




240. - R. GORENFLO

Ap(h) = (bl — by —¢1) 4+ hBy,
' Ak(h) = -bl—'ek 34- th for k = 1.-,2,..,N‘—— 2, '
1
Dy = '_17|Pk - Qk - Skl for"lk = 1,2a--1N_ 1,
, : bl.ﬁu ) : : ; - -
we obtain
|€ir1] < &l Zci—jfj + EAi;j(h)ﬁj + € ZBi—jej + Dy,

hence, for i = 1,2,..., N — 1, the system of difference inequalities
(2.15) ’ |
€41 = €
or S : P

eip1(1 = ho, Cicje) < Ticy Ainj(h)es + & Loy Bivjej + Diy
Subpart(Ag): | o

PRELIMINARY REMARK: The following estimates a.ré"'valid for all' g €
(0,1). In their derivation properties of the function X and Lemma 2.3, 2.4(3),
2.4(iv), 2.4(v) and 2.6 are used. | '

(o) Estimation of the quantities 5;.

Define, for A =1,2,..N, functions |

Ga(t) = K(za, 4, g(t)) for z; £t < .'L'j+1,j =0,1,.,A-1.

Then . | | o

G = (14 70 + @) DiDs +2D5D; + DyDy)K(ea,t7®),

and because of the boundedness of §'(t) = (yj+1 — y;j)/h and the assumptions
on K there exists a constant Ly € RT such that all |G5(2)] < La. Hence, by
. aid of Theorem 2.2, Ry_;[K(xa, (7 + )h (G + )h)] = ry—jGY((pa—j + 7)B)H?
with suitable ¢5—; € (0,1), and '

(2.16) - |Ramj[K(z2, (G + )0 5(( + IR S vacjLeh® -

for A=1,2,..,.N;7=0,1,..,A-1.~
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Now, let 7 € {1,2,...,N - 1}. Remember (2.6) and (2.9). Then, with
$xr; =7+ @a—j, we obtain

i—1
1S:] = h? |Zr,+1_1 (i) = D rini GY (1))
i=0 j=0
i-1 ,
< B G (Biva,) = Z Gi(¢i)rimj = rit1-5)l
i=0 -

i—~1
+Z7'i+1—j|'Gi"—I~l(¢i+IJ - "f(¢!,1)|}

i=0

Hence, by use of Lemma 2.7 and the abbreviations Hp , = G} (¢p,4)

1S:] < h*{|r1Hipr,j — Hijic Z(”_‘i—j — Tig1-j)—

i—2
- Z(H"’f ,J+1)Z(? b = rip-t)] + Z it-j [ Hipa,j — Hijl}-
j=0 j=0

Using }:Z;lo(ri_k —Tiy1-k) = r1—Ti+1 < 1, adding and subtracting H;+1,i(r1 -

ri+1) and estimating we get
|1Si] < R2{|Hig1,ilrivr + | Hivri — Hijima |+
i—2 J i—1
+ 3 Hijer— Higl Y (riek = rise) + ) riva—jlHipr,y — Hijl}
=0 k=0 — j=0

By aid of our assuptions on y and K and their derivatives there exists
a constant Ly € RT such that all the occurring differences of the H, , are in

absolute value < L3k, hence

i-2 j ) i—1
|S,| __<_ hz{LzT’H.l + Lsh?‘;{ + L3h Zz ik — 7'i+1-—k) + ZTH-I—J‘)}"
j=0 k=0 =

Here, by Lemma 2.7 and Lemma 2.3 (iv),

. : s -
Z}:% t=o(Tick — Tig1—k) = Z;.':u('fi—k = Tit1-k) Z}:zi. 1
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= zk S(re = rrpaf(k—1) < _ﬂ_ -8 |
and with h = B/N < B/i < Bz ﬂ and Lemma 2.3 (i), (n) we sec that

(2.17) ‘ ,|S,~|§L4hzz'“’ for i=1,2,..,N—1

with a censtant Ls eRT.

( b) Estimation of the quantities Q;

Let ¢ € {1,2,. —1}. Put Vi(t) = K (zk,t ,y(t)) — K(z,t,5(),vi =
y"(z;), and observe that for k = 1,2,..,.N, j = 0 1,..k— 1 we have (see
Lemma 2.6)

Titt (2 =10 - 3 ,3/ 5) 3 ,
(2. 18) ] (mk—t)ﬂ ) dt = (L_J_s)ﬂ ds = B3 Pqi_;.

By (2.9) and (2.3)

g1y _ [0 Vk+1(t) Vk(t)
#a= (at+1~t)ﬂdt / (x,—t)ﬁ‘“

Now, using Theorem 2.1 on p1ecew1se Tinear 1nterpolat1on and the propertles of

the functions y and K we find, umform_ly for r; <t S Tjtls

Vk(f) = —y Dafl(if?ht () (@1 — )(zi— ) + O(R®),

hegice
o2ty [ e DG )
s [ _ g DaK(z ,fsy(t))'
| +§y1f1 f (5‘71-1-1"‘ t)(z; t){ 3(93:‘+_;H_ t)8
D3IX(:L‘,, ’y(t))}dt+0(h3) - P;"+: O(h3)

(i —1f

- We split

' T (i — t)(:r, —-t) ., :
pi = y=+1/1_ G —1P DsK(ziy1,t,y(t)) dt
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+ Zyﬁl f (&1 —t)z; —t)D3K(-”€i+1,tay(t)){-(mHl_ 08 (a: i Y ydi

7=0

+ Zy;+1 /IHI (251 _i)(;“; =) {DaK(zipq1,t,y(t)) — Dg'Ix'(mi, t,y(t))}dt.

z; (zi
Using here (and without explicit mention later) Lemma 2.6 we see that the last
sum is equal to = O(h)h3~# ZJ i = O(WA=B)i1 =8 = O(h*=P)O(N).i~# =
O(h*~#)i~P, because i < N = £ = O(h~1). Hence p; = p* + O(h3~F)~#
With suitable numbers ¢; ; € (z iz j+1')'We have now to find an appro-

priate estimate of

(2 — O — 74)
TP =Y M: z] ] di
pi =Y +1 (i1 — t)ﬁ

Titt 1 . 1 . . |
+J_Zoy_7+1 ., ((Q:H_l —1)8 B (z; _t)ﬁ)(ﬂljﬂ —t)(t — ;) dt

_whére _ .
M; ;= D3I{($i+lsti,.jryl(.ti,j))‘-

Here D3 K >.0 and the mean value theorem of integral calculus have been used.
Thus -

i—1

= h®~ ﬂ{y:-i-l i1+ Z%+1M,J(Qa+1—3 qi— J)!
j=0 .

and by aid of Lemma 2.7 (or direct venﬁcation)

- —pi = k%~ ﬁ{yl 1091+1+Z y3+1M:J J ,J 1)‘11+1-J}

=1

Considering the position of the intermediate points ¢ » we observe that

(.-.) ='29’;"'+1(1V1ri.j — M j-1)+ (y;'+1 —'y:f')Mi,j—l = O(h),

hence (take account of Lemma 2.6)
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“pt = WP+ O(h) qu_;} = h*P{O(™") + o). i~ f’}
i=1
= O(h3 PYi=# + O(hN)i ﬂ} = O(h*Fy".
" Putting everything together y1elds R
WIPQu = O(K) +pi = O(K) + O )i~ + o}
= O(hs) + O(h3 Fyi=P + O(h3 Fyi—F
Qi = O(hz"”?) + O(h?)z _ ‘
= O(h})N-* 4? O(R2)i~# = O(h2)i~".
We have, with a constant Lj E R"’ found the estmmte

(2.19) 1Q,| < Lgh? 8 for i=1,2 2, N =1

(c) Estzmatzon of € and €1 L
Remember the formulas (2.4) and (2 12), defining the error quantities
& = Ur — yr and € = ma\:{[el,llk = 0,1,. ,J} We want to prove that all
er = O(h?), and we begin here with €; and €. _
- If the starting value §, is taken exactly as yp = y(0) (either by a priori
knowledge or from the limit relation in Lemma 1.2) then trivially g = € =0 =
O(h?).

Otherwise we -ooioulate §jo from
K(0,0,0) = W2 £ (Y1 - ).
Using conchtlon (iii) of our Theorem 2 3 we get
[K(O 0,%) — I\(O 0, y0)| > Kolo — 3ol = ngeg, ,

a0 = fool S g W2 ()L = B) = K(0,0,30)]

_ 1 aap [N KR tY() -
= la-p ]0 s = KO,0,u)l
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With 7 € (0,h%) suitably‘ chosen the integral hereis -

h2 h2-28;

- K0 ry(%)) Wb ar= (']y(r))

g,nd hence ¢ < - |Ix(h2 7,y(7)) — K(0,0, y( Nl = O(hz)

To estu‘nate el we con51der (2 8) for the mdex z = 1
0= clI\ 0%, + blIx & —Spi— Q1.
By (26) and (2.16) we find
|31l = IRl[It(Ih( )k, y(( )h)ll < ?1L2h2

and by (2 3) Ql = hﬂ lf (h — t) ﬂ{I\(h t y(t)) - K(h,t,y( )}clt Wxth a
sultable constant Mr € R"' we g,et

|Q1]'¢< h‘ﬂ IM/ (h,__t) f"ly(t) y(t)ldt
R ﬁ ST

1 h
ﬁl__ " 2
< Mh Soréliagbw()[h

|0:] = O(R?).
Using K0 > Ko >0, by >0, ¢ >0 (Lemma % 4) we obtain

|e1|< leu|+ {|51|+|QII} O(hz)“

bK

We have shown that, in any case, with a constant IYi,G-R"Z, (Lo
(2.20) e = || <K h?, & = max{|a)|,|&]} < K1k

(d) Estimation of the quantities P; fee s Lo
Let ¢ € {1,2,..., N —1}. Then, by aid of (2.9), Lemma (2 4), and formula
(2.13)

|P| |Ca+1K'+1 0 C:K' 0”60!
< {]Cz+1 = |I{'+1 ,0. +ctlI{z+l 20°- I{‘ Oi}leﬂl

= {o(1)i~ F}_‘f,’? + %Tf’Q(-rl_)_(hjr ]ﬁq |+ [&a))} kP
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(2.20) and h = B/N < Bi~! now imply, with a constant LseRY,.. - .

(2.21) L ,|_P,-|‘$J_ng'f(__1+f’f)h2 for i=1,2,..,N -1

Subpart (A7) \
We shall now check the cond1t10ns of Lemma 2 1 for our nonhnea.r system
(2.15) of difference 111equal1t1es Loolung at (2 15) we see that we have to take

g =1 and, for the relevant indices; *
A3, k) = Ai(R), B(ir§,h) = Bivs, Clirj, h) = Cinjy D@ ) = Dyt

Put p = 2 and conclude from (2.20): that. condition (i) is fulfilled. The system
of dlfference 1nequa11t1es (2 15) is equwalent to condition (ii).

‘ To check the remalmng ‘conditions we must spec1fy the consta,ns . '.
Ky, K3, K4, Ky, the bound AB for h , the sets ]\Il( k), Mg(z h), ‘and the quan-

tities 6(¢, h). Remember the formulas. (2, 14) defining the coefficients

Ai(h), By, Cy, Dy, and use Lemmas (‘7 4) and (‘? 5) to obtain the required esti-
mates. R e
Let i € {1,2, LN - 1} and put

Ky =98L b B/K,, ‘AB.= mm{l (21x3)“’ 1)} B,
K; = G(B/AB)ﬁ + K3, Ky = 4le13/1\0,
K= 8L+ Lk Le)/ng, a T

8(i, h)——l—z'*“ﬁ.- S

Then

hZ:JB_.J_hZBjl |

R

2L 3L
= "_—)’ +Z : (6L’~+dk+bk+1 +bk+2)h

=~ T blI’
h hi
Ito ke ( ﬁ 1—ﬁ+ +2(1-—ﬂ))
1 —B —ﬂ —
I&Oh (432 5 (1 49 = K38, ).
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The last “ < ” is valid because of 1/(5){(1 — ) =2 -8 < 2and h = B/N <"
B/i. We have shown that condition (iv) is satisfied.

Furthermore
i—-1
hZc__, Aobl(b? - by +Zlg,,) < h (bl — by + by + 1)
hLl 2hL1 L] '"ﬂ 1 -
K, I’ B4blz b 1146(z h),
and we see that condition (v) is fulfilled. |
Using (2.17), (2.19), (2.21) we find
Di<y I, T PL+1S1+ 10
< e {Lq1~ =B 4 L # +L63 (1"’"‘3)}]12 .
b1I _
< h?*i~P{Ly+ L5 + Le} = R*6(3, h)Ks,
b1I\0

and condition {vi) is satisfied.
Now let h <°AB, and define the sets M, (z h) and Mg(z h) as in condi-
tion (iii), with ¢ = 1. With &* = min{7,[22]} we get ‘

> A.,Jh)<———{b1—-bz~—c1+2ek+h >, B_,

EMl(z k) 1EM1(2 h)

5

_______—ﬂ *1 ,B
<1 o +49 (L) h
3 1
<1- 38 _—ﬁz 8B,
C 1 "-l:blE + 4512 o 1 S(E,h)

The last “ <7 follows from

l-ﬁ'; BECCHEY
196 L by

Thus (iiie) is satisfied. |
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I the set M(s, h) is not empty (we assume this in the sequel) we have
'z+1——9—ﬁ>1 {(FlieNF<i+1- By = {j]j €N,j <z—[AB]} and with
k= [A8] we get

i—1

S A= ZA;(h) < ——Zek + ZBkh? dK +K36(z )

FEM3(i,h) k=i

2b k- —I-l'is‘s(z h) = 25 ( +K36(z b)
< (i RS = Kabi)

and we recognize also (iiif) as satisfied. :
Part (A) of the proof of Theorem 2.3 is completed
We now shall treat Main Part B , the case

02118 < <2 B2
n2

by deriving again our system of difference inequalities, but -with'modiﬁed-.coef- _
ficients. We shall use some identities and estimates of Mam Part A that do not

require the restriction § € [2 — 221).
Let

1(p)=2""F -3
REMARK: ~(B) > 0 for ﬁ <2-Pp&

n2"
Subpart (Ba) - _ Z
Fori=1,2,..,N — 1 we have by (2.10) (before rearrangement)

_ i—1 ‘

b K = E{c.-,K It b KT — e KT
,_b,+2_,K‘+1” 1}e +{b Kit _ciK_;“"‘-—'sz;“"‘l}'Ei’ B
+P+@+&, e DT

Subtract from this equation the equation obtained by replacing the index -
by the index i — 1. After introduction of the quantity y(8) you obtain, for
1=2,3,.N —1, '
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(2.22)
) - i_z
blK;'i'l,iE,f.].l = Zu,',jgj -+ 'U:'E!-__l -+ z!-gi .
Jj=1

~(Pi-Si—Qi— 7(5)(13,-_; — Sic1 — Qiz1))

with thé_ abbreviations

i = e KT+ biga I = ey I — by RGN
— A(B)eima—i K 4 by K37 o K — by K
v = e K 4 by K2 — oK P — by
- ’Y(ﬂ).(blf\’;_l’i"z - Kyt — KT,
zi = (L Y(BYh Ky ™! = e KF0Y — by KyH,

Define, for : = 3,4,..,N — 1,

(2.23) |
P = {(1+v(B))eic1 KB + KLY — g KiFI — by KO
— Y(B)eima Ky + b KET10)) 6.
Then we have, for 1 = 3,4,...,N — 1,‘.
i—2
blK;+l'£€i+1 = Zui;jgj + vi€io1 + zi€;
=2

~ (Pi = 8i = Qi = ¥(BY(Pic1 = Sic1 = Q1)) + B
Obsreve now that (°), (), (") hold for. s = 3,4,...,N — 1.
() for =2,3,...,7 —2:

uij = {Ciej + bit12j — Cig1—j — biva—j — ¥(B)(ci-1-;

+ bimj = €inj = biga o)}
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+ {eimj + big1—j — Y(B)cim1-j + bimjeimj — biz1—j) }(E 7T — KFH7)
+ bigaj(KGTHT = KEPH1) 4 (1 4+ y(B))bigr— (K77 — K7)
+(B)eim1—j + bimj) (K7 = Ky~h9) + ’Y(ﬂ)bz GG — KT,

Note that all coefficients of the K A and of the1r occurring differences

are positive (by Lemma. 24, 2. 5 2. 8) and as a consequence of

di—j —v(Blei—j—1 > eizj — 7(ﬁ)€i—j—1-

™) i = {(01 + bz)(l +‘y(ﬂ)) —02 — by — ' ( )bl}I"‘H i1
Camggne gy
+ {(er +bz)(1 + ¥(8)) ~ (ﬂ)bl}(fx” 1 I"“ i1y
F B = K2 ()b (K R
O s A
Again by our lemmas all éoefﬁcients here are n’onneg.atilv.e; in éart.icu.lzli,r the.ﬁi-st

one is equal to e;.+ v(B)e; + by — &) > 0.

(m) k= -{bl(l + '}'(ﬁ)) — by — Cl}I\’i'l']’i TN
+ {1 (1 +9(8)) = b }(EFVT - KF
+ bl(l + ’)’(,3))([" ,i=—1 Irz+1 A= 1) .

By Lemmas 2.4 and (2.8) all coeficients here are nonnegative.

Using IL i Ky >0, by >0, the mequahtzes (2.13), the qua.nt1t1es

(2.24) - ék. ’7(3)61. y for k=23, .N-2 .

and the definition (2.12) we obtain

|€=+1|< T :

Z;;; 3-éic JIEJ] +4 ™ {61 +’Y(ﬂ)01 + bz - bl}le, il

+ £ {b1(1+B) — by — er Y] + BE {5 (Eimili ~ 5)

+di (1 +Y(B)) + bimjra + (1 + 1(B)bizjr1 + ¥(B)bizj)IEj

+ (€1 +2¢(B)(c1 + by — by) +dy + b3 + 29(B)by + (1 + ¥(8))b2)|Ei-1|
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+ (251 (1 + 7(B)) — b)al} + 3 {300 (Bi- i — )
i (14 4(B)) + bicjpz + (1 + H(B)imjrr + 1(B)bi ;&1
+ (&1 + 29(8))(ex + by — by) + dy + b3 + 27(B)by + (1 + ¥(B))b2)|&— |
%%ft{% (1+7(8)) — b2} &l |
+ 55 (02 i1 (e (B) e b2 =)o [+ (b (17 (B)) b2 il Eia |
+ 5o, LB = Qi — Sil + ¥(B)|Pic1 — Qi ~ Sia| + |-

Now define
(2.25)
éo -
¢ = - {61 +’Y(ﬁ)(cl + bz - b))},
blI
Cr = Ll, & for k= 2,3,...,N—2,
blflo
- L
Bo = —=—2{2b;(1 +7(B)) — b2},
b Iy
. L
By = e 3{a+ (4 (8} + ba + (1 + ()b},
N L
By 5 Ilo 3{kér + di(1 4+ ~18) + brge + b (T +7(8)) + ¥(8)br }
1

for k=2,3,...,N -2,

Ca -1 : N
Ao(h) = E‘{h(l 4+ 4(B)) — b2 — 1} 1By,
. 1 , L
Ay(h) = 31'{61 +¥(B)(bz + 1 = b1)} + hBi,
Ag(h) = lek +hBy for k=23,.,N-2,

Dk = I, ——{|Pi — Qi — Skl + |Pro1 — Qa1 — Setl + | il
for A=3,..,N -1
~ Then, observing (2.12) again, we obtain for i = 3,4,..., N —1 that

€i+1 = € O

eip1{1l — EJ_ C'_Jej)<zJ 2A, J(h)ej—l—e, 23 2B_Je-,-i—D
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We want this difference inequality also to be valid for the index: = 2. From

(2.22) for i = 2 we deduce, using the definition
(2.26) B, = {(clIxz s 621{2 0)(1 +7(ﬁ)) - cghs A 531’3 0 (ﬁl)b}lK;"O}él;"
that

b 32 = {1+ 7(B))b — 1 — by} K76
Ak — YR - K
+ (1 +yBNh(K - KNE .
— (P2 = Q2= 52 —v(B)(P1 ~ & —51))+P2

Again the coefficients are nonnegative (Lemmas 2.8 and 2.4) Usmg the in-

equalities (2.13) and the definition -

(2.27) D {le Q2 — S2| + 'Y(ﬁ)'Pl 51| + |P2|}

2 = ——b %
We get

&) si{u +1(B)bs — c1 — ba} 2]

b I' —{(1+ ‘Y(ﬂ))bl — b }|é2|Li(h + |&| + |€2| + |&1)
+(1+‘)’(ﬂ))bxb e | La(h+J& ] + leQ|)+Dz
<G+ — e = o)
L,

B e h{2b1(1 + ¥(B)) — b2} }|éaf.

& ; & {261(1 + 1(8)) = bs}|Ea]
Li .. Lo
+-§T‘,—' (1+'r(ﬁ))bl — by}|és|.Jé2l + Do

Consequently, =~ __ e _
€3 = €2 ~ OT Eg(l - 6‘062) S fig(h)ﬁg + 623062 + .i)g.
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As result of this section we note the difference inequality,
fori=2,3,.,,N -1,
(2.28)

€it1 = €
or
Ei-i-l(l - Z}:g éi—jfj) < Z;’:z fii-—j(h)ej T € E:—;;:z Bi—jej + Di-
Subpart (Bj3):

According to (2.20) we have ¢, < K1h%, € < K1h?, and from (2.8) we

get
blffj'lég = S‘g + Qg — Cgfipg’ogg — {Cl.K;’l + bszg’o}gl,
PR TP
2] € —{19:] + 1Q2[} + O(R?).
blI\(_}

From (2.6) and (2.16) we get 152| < (rz +71)L2h?, and from (2.3) and Theorem
2.1 '

h 1~ d : 7
IQ.,z‘ S hﬂ_l /02 II\.(I’Z,t,y((tz);t’:i\)g:n?atay(t))l dt

: 2h
= KFrO(R?) f (2h —t)7F dt = O(R?).
0
Thus there exists a constant K ; € RT such that
(2.29) ¢; < Kyh? for j=0,1,2.

Now let 7 € {2,3,.., N —1}. By Lemma 2.4, condition (ii) of our Theorem
2.3, and (2.29), we get for the quantities P;, defined in (2.23),

18] = {(ciz1 + 0:)(1 + ¥(B)) + ¢i + bigy + v(B)(cizz + bi1)}O(R?)
= {dim1(1 + ¥(B)) + di + 7(B)di2 }O(h?)
< {1+ - D) +i7P +(B)(i — 2)°}O(h?)
where the last “ < ™ follows by aid of Lemma 2.5. Now, 7 -2 > i/3,i—1>1/2,

¥(B) < 1/2, hence |P;| = O(h?)i—P. Furthermore, again by Lemma 2.4,

1By = {dy(1+7(B)) + da +7(B)b1 }O(h2),
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hence, because of Lemma 2.5 (i) and b; < 4/3 for 3 <'0.5,II52| = 0(h?) =
O(h?)2~R.

We have shown that that there exists a constant L¢ € R such that -
(2.30) || < Leh?%P for i=2,3,.,n—1.

- Subpart (Bvy): .

We have to check the conditions of Lemma 2.1 for the system (2.28) of
difference inequalities. - We see that we must take ¢ = 2 and, for t_he relevant
indices,

Alirj k) = AiZi(h), B, 3, h) = Bisj,C(i,5, b) = €;_;,D(i,h) = Ds.
Put p = 2 and conclude from (2.29) that condition (i) is fulfilled. The system
(2.28) of differerice inequalities is equivalent. to condition (i1). .

To check the remaining conditions we shall specify constants
Ky, K3, Ky, s, a bound AB for A , sets M, (i, h), Ma(%, h), and qua.ntltles
8(:, k). Remember the formulas (2. 25) and (2.27) defining the coefficients
A;,(h), B, Cy, Dy, and use Lemma 2 4 and 2.5 vvhere appropnate

Let i € {2,3,..,N — 1} and put

5 = 91815, B/ Ky, AB = min{1, K2/*~V} B,
f' =T72(B/AB)? + K3, Ky =36L101B/Ko,
= 12{2(Ls + Ls + Ls}) + Le.}/Ko,

5(3 h)d_. 1b i8.
126y

- Then

hZB, —j <hZBLH'.
=2
3hL1

s bIIxo
-1

+ Z eLL + d;(l +’Y(ﬁ)) + bL+2 + bL+1(1 + ’Y(ﬁ)) +’Y(ﬁ)bk)}
k=2 S

{2611+ 7(8)) + d1.— da + dl +29(8)ds + bs + 7(ﬂ)b2
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3hL1
by Iy

i—1

+ Z(ékk + di{1 +9(8)) + ba1 (1 + 7(8)))
k=2

< {21 + 2d1)(1 4+ 4(8)) + +(8)b,

i+1

+ Zsz + Z‘Y (B)bi}-

Using Lemmas 2.4 and 2.5, bl_l(bl +di) =22"P -1, B <0.5,7(f) < 0.5, < ex
for k > 2, we find

L. 3hL, 1 ap,., 3, 3,3
hjng*— e { Tha—g Ctztazty)
hL 3
< 3—1,—13'“.‘3(8 +10+3+3+3)
I\()
L, 153, 5 BLi 1583 5 4
SR, 2 —hNt7 = K, 9 = K38(3, ).
This means that condition (iv) is satisfied.
Furthermore . -
hZC','_J‘ = hZék
j=2 k=0
hLl 1(8) e
N s (c1+b2—b1)+blgek}
hL, (ﬁ)
< )t
<My 10, Lo _ay

22-f _q

USiIlg Cl = 1/(2_ﬁ)?'bl_l = (1 _ﬂ)(2—ﬂ)5d1 = maﬁ € (01 1/2),7(ﬁ)€
(0,1/2), we obtain

BL, .
hZcﬂ, Al ﬁ(1+ + )-—Ix46(z h),

j=2

meaning (v).
By aid of (2.17), (2.19), (2.21), (2.30) we get for i = 2,..., N — 1 the

estimate
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By € e h{(Ba + Is + Lo)i™® +9(8)(i = D7) + Loi ™7}
1420
< 1, h?i=B{2(Ly + Ls + L) + L} = Ks6(, h)h*
bl.[&()

that is (vi). ‘

Let. now h < AB, and define the sets M (3, h), My (¢, k) as in condition
(iii), with ¢ = 2. Set again k* = m1n{? [AB]} Then Ml(z h) C {77 €N, 0 <
i —j < k* —1}, and we find

> Ai(h) < —{bl(l +7(B) —b—c1+er
JEM (k) ' ‘

()(b2+61—bl_+ze;..‘}+h Z B;i-;.

=2 JEM1(i,k)
From (2.24) we deduce _ |
i1 dy — d; —’Y(ﬁ)d1 +’Y(ﬁ)da y  for 1>2
Zek_zek—’yﬁ)zek__{ . . . .
k=2 k=2 for :=2.
Making use of Lemma 2.9 we get -
d; N
Do Al )<1——+ 18 )—“_+hZBL
J€M1(t h) : _ : : k=0 _
' 1 153 hL1
<1—— -84 1-8
L= i 4 )
) _
<1————"JB ——-—"ﬁ'—- — 83, ).
AT Tt Tt @ h)

The last “ <7 féllows from
(k) ~Ph < ( )1 ?h<(AB)” ﬁhﬂ <K -131 o : L
. =X ﬁI&g (918L1 bl)—.l -

We have verified condition (iiia).
If the set Ma(z, k) is niot empty (as we assume in the sequel) we have
i+1— 28 > 2 Notice that also Ma(i, k) = (jli e N,[BB] <i—j <i-2},
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abbreviate £ = .[A—h&], and distinguish the two cases £ = 1 and £ > 2. In the

case k = 1 we have

Z Aioj(R) < ZAk(h

FJEM3(4,h)

< 61{61 +y(B)by + 1 — b)) + Zek} + hZBL-

=2
Using _
b 2 € < Ek S er < dayer + (B b+ — b} = di(1+v(8)) — d2 —v(8)b1,

we can proceed with

+ K38(i, h)

Il b
wlu
Nﬂo:

> Aing(h) < —d1(1 +7(;3)) + K38(:, k) <
JEM2(i,k) '

E‘lH

3 [———] F 4 KL6(:, R).

In the case & > 2 we find, by aid of Lemma 2.5 (i) and ¢; < ¢; for j € N\{2},

>4 ii(h) < ZAk

JEM(ik) k
1 1—2 i—2 )
< Ezek +hZBk
k=k k=0
1 o
_<_ B—d‘ + IL35(E,,}L)
31 AB
< §
_2b1[ 3 ] + I (¢, k).

Now, [z] > z/2 for > 1 and h* = (B/N)? < Bi~ 8. Hence, in both cases,

A 3 AB o a
Y Ai(R) < [——] # + K38(i, h)
JEMaLR)

. 3 ,AB 6 AB. _g._5 & 7.
b 55" B+ K3b(:,h) < —[—] Bi=P 4 K38(i, k)

= (72(5)3 + K3)(i, k) = K8(i, h),

and we have, finally, verified (iiif).
The proof of Theorem 2.3 is completed.
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Chapter III. Nuimerical realization

_ III.1. Calculation of coefficients. The a,pplicatioﬁ of the discretiza-
tion scheme (DM) (described at the beginning of III 3) requires calculation of
coefficients (deﬁned in Lemma 2 2)
(31) Ca= R k=D,

1
(1-8)(2—Bax

for indices k = 1,2,.., N — 1, computation of s and solution of the system (rec)

(3.2) wi = "{kz_'@ - (k' - 1)2_"3 (2= ﬁ)(k __“1)1—13-}.

of nonlinear equatios.

For large indices k there will happen severe loss of significant d1g1ts When
we work with a fixed number of decimal digits if ar and wy are naively calculated
by (3.1) and (3.2). This 1oss of accuracy can be avmded by aid. of Ta.ylor series.
For k > 2 we find

_f; i:: (1 ;ﬁ) (-_1);1_1_1&“”,- :

CET &\
ws = 77 G )akzl(ﬂ+1>(m1) +ip=n,

Fortunately, in the first series all terms, in the second one all those with index

n > 2, are p051t1ve Thus calculatlon ‘of. ak and wy by these series is stable.
One may, e.g., calculate ai and wg for 1 < k < 10 directly according to (3.1)
and (3.2), and for k > 11 use the series, truncating them at n = 20 (summing
up to and including » = 20.) | ,

One can show (we omit the detalls) that for k > 2 m &N the estunates
(3.3) and (3.4) are valid.

- | i (1n >( 1)“+1L“ ( ﬂ) «-(m+1),

n=m-+1 (m + 1)
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(3.4) | Z n(i —i-[;) (=) Em < 2(2 —-nfl(ll"ﬁ)k—(mﬂ)_

n=m-+1

The relative error of bc th approximations is < 1072 if m = 20,k > 11.

I11.2. Soclution of the system of nonlinear equations. The
starting value §i, may (if possble) directly taken from the limit relation (see

Theorem 1.6) or rom
(3.5) K(0,0,40) = (1 - SR~ f(h?).

If the furction sacisfies the conditions of Theorem. 2.3 there are several standard
numerical methods for good approximate solution of the single equation (3.5).
After having computed ¢y we must, for ¢ = 1,2,.., N, successively solve

for §; an equation F;(¢;) = 0 with a function F; : R — R, given as

(3.6)

- . . RA-1 : ,
F(f) = K(zi, (1 = 1+ w1 )b, (1 —w1)§im1 +wi€) — a; f(=zi) 5
T D ai i K(zi, (G + wis)h, (1 —wis)i; + wisji41).
j=0

Remember Remark (c) to Theorem 2.3: The solution §; exists uniquely.

We have used Steffensen’s method of iteration (see, e.g.[10]), applied to
the fixed point equation £ = ¢;(€) with ¢;(£) = £ 4+ F;(£). This method leads,
after choice of a starting value £y (possibly = §;—;) with

| F(6)
G0 O =~ F T R
o) =€ i Fe)=0,

i Fi(€) #0

to an iteration £, = @(£,—1) for n =1,2,3,.... _ ,

If the conditions of Theorem 2.3, in particular (iii), are fulfilled we have
Fi{(¢) > 0 for all ¢ c R, and Steffensen’s method is locally quadratically con-
vergent, £, —+ §; as n —» co. In practice we hope that g;_1 .is a, goéd starting

value.
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I11.3. Numerical case studies. With the intention to demonstrate
O(h?) convergence of our discretization ' o
method (DM) we have carried out sever al numerical case studies. The computa-
tions have been done on an Atari MegaSt2 personal comﬁuter in programming
1anggua.ge MODULA-2 with 64-bit LONGREAL arithmetic corresponding to
about 15 significant decimal digits. These case studies confirmed O(h?) conver--
gence, furthermore the approximate values usually were better if fo was taken

as y(0) calculated from the limit relation
(3.8) K(0,0,y(0)) = (1,- p) lim =P f(x)
instead of from the apprommatlng relation

(3.9) Ko, o,yo)_(1~ﬁ)h2(f’ ”f(hz)

Although our theory assumes 0.2118 < 8 < 1, we made also experiments with
the outside value. § = 0,1. Again the numerical results hint to O(h?) con-
vergence, and it seems to us that the restriction 0.2118 < B8 < 1 is simply
required by our method of proof. So, somebody should try to extend the proof
to 0 < # < 0.2118.
We do not display here all our exambles for more of them and for a more
detailed discussion we refer to [9]. We restrict ourselves here to show results for
K(z,t,2)=(1 +tz2 )1+ 2%.arctgz,0<t <z < B=64,z€R, -
flz)=(1-pB)"ta'"Pcosz,0<x < B. :
For (8 the values 0.1, 0.25, 0.75, 0.9 were chosen, and the initial value 3, was
taken as y(0) from (3 8). o o
The exact solution is not known explicitly, and so, to test order of con-
vergence, we assume or hope that there exists an asymptotlc expansion of the
€rror in powers of h, begmnmg with exponent 2. If z is a common grld—pomf
for the three méshes with step-lengths 2h = B/(N / ),h=B/N,hf2= B / (2N},

with a’ not too small even natural number N ; We may expect that the ratlo

yan(z) — yh('c) _ glz; Nf2) = j(z; N)
yr(z) — yno(z) (@ N) — §(z;2N)

p(rc; N) =
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generica.lly is not far off from 2% =4, Here yn(z z) = y(z; N) is the approximate
solution obtained via the step- length h = B/N, and yan(x) —ry('z, N/2),
yhlg('r:) = y(::: 2N) are obtained via the step- lengths B/(N/‘)) B/(QN) Té-

spectively. In ‘the followmg tables we dlsplay rounded nmnemcal results If you

observe that for z = 0.1 the ratio plz; N ) is not very near to 4 please consider

" the fact that 0.113 1_s_p.ea1 Oandthatatz =0 the ratlo p cannot be formed be_cause

we have always taken precisely §(0) ::y(O) Thus, convergence of p(0.1; N) — 4

as N — oo may be slower than for larger values z. Notice that in the tables
E — 1 means 107", E — 3 means 1072, '

‘élf”:(B;N)-v

N | gO0LN) 1p(0LN) gL;N) - |p(LiN)- p(B;N)

64 {9.02930922E-1 : -2.06180875E-1 | - |-1.73186474E-3 7

128 8.99083455E-1| 18.056 (-2.03170633E-1 | 4.4037 |-1.71896628E-3 | 4.0079

256 |8.98870368E-1| 3.0265 |-2.02487059E-1 | 4.0866" |-1.71574805E-3 | 3.9989

512 |8. 98799959E 1 -2.02319785E-1| -1.71494327E-3.|

| Table 1 Numerical resuts for ﬁ 0 1 |

N y(O L N) p(0.1; N) §(1; N) pP(LN) §BiN)  |p(B;N)
-1 64 [9.03537079E-1 -1.35725467E-1 3.36179535E-3

128 19.00715215E-1 | 10.099 |-1.33217622E-1 |4.0744 {3.37140750E-3 | 3.9887

256 [9.00435795E-1 | 3.0572 |-1.32602112E-1 | 4.0124 {3.37381735E-3 | 3.9913

512 [9.00844396E-1 —1 324487709E- S 13.37T442113E-3-

Table 2. Numerical resuts for 5 =0.25

N _g0.LN) [p(QLN)| gLiN)  |p(l;iN)| §(B;N)  |p(B; N)

64 |9.06163865E-1 - 12.11573809E-1 4.56024125E-3

128 (9.05961186E-1 | 3.2672 [2.11917632E-1| 3.4659 {4.56142214E-3 | 4.2273

256 |9.05899151E-1 ] 3.3825 (2.12016834E-1| 3.5495 {4.56170149E-3 | 4.2500

5121 9.05880811E-1 2.12044728E-1 4.56176722E-3

Table 3. Numerical resuts for 3 = 0.9

REFERENCES

[1). H.W. Branca, Die nichtlineare Volterra Integralgleichung vom Abelschen Typ und ihre
numerische Behandlung, Dissertation Universitit Koln 1976.




262

(2}.
[3}-
[4]-

(5]
(8.
(7.
[8).
[9].
[10).
. berg, New York. 3. Auflage 1979..
[11).

[12).

R. GORENFLO

H.W Branca, The nonlinear Volterra equation of Abel’s kind and its numeral {reatment.,
Computing 20 (1978), 307-324, R o

H. Brunner and P.J. van der Houwen, The numerical solution of Volierra equoiions,
North Holland Publishing Corporation, New York, Oxford, Tokyo 1986. '
P.P.B. Eggermont, A new analysis of the trapezoidal-discrelizaiion method for the nu-
merical solution of Abel-type integral equations, Journal of Integral Equations 3 (1981),
317-332. ¢ - S ; o SR
R. Gorenflo and A. Pieiffer, Diskrelisierung nichtlinearer Abelscher Integralgleichungen
ersier Art, To appear in Zeitschrift fir Angewandte Mathematik und Mechanik.

R. Gorenflo and S. Vessella, Abel integral equations: analysis and applications, Lecture
Note in Mathematics, 1461 (Springer-Verlag:Berlin, Heidelberg, New York 1991).

LS. Gradstein and I.M. Ryshik, Tafeln. Band 2., Verlag Harri Deutsch: Thun und
Frankfurt am Main, 1981. - .

W A. Hurwitz, Note on certain ilerated and multiple integrals, Annalen der Mathematik
g (1908), 183-192. _ B o -
A. Pfeiffer, Verallgemeinerung einer numerischen Losungsmethode fir die nichilineare
Abelsche Integralgleichung, Diplomarbeit, Freie Universitit Berlin, 1989.

J. Store, Einfithrung in die ‘Numerische Mathematik I, Springer-Verlag: Berlin, Heidel-

R. Weiss, Product inlegration for the ‘generalized Abel equation, Mathematics of Com-
putation 26 (1972), 172-190. R - :
added after completion of the manuscript: D.D. Ang and R. Gorenflo, A-nonlinear Abel
integral equation, To appear in the Proceeding of the International Conference (IFIP) on
Optimal Control in Partial Differential Equations. Irsse (Federal Republic of Germany
), April 9-12, 1990. S _ '

" FREIE UNIVERSITAT BERLIN
' FACHBEREICH MATHEMATIK |
ARNIMALLEE 2-6, D-1000 BERLIN 33, GERMANY



