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' ON THE CARDINALITY OF
THE GROUP OF AUTOMORPHISMS OF
- ALGEBRAICALLY CLOSED EXTENSION FIELDS.

T, SOUNDARARAJAN

Introduc t10n o

A Cha.rnow [C] proved that 1f E is_an algebraacally closed ﬁeld ther
[AutE| = 21, Independently, w. Wieslaw [W] has obtained the same result
when |E} > c. These results sxgmﬁcantly generalized an earlier result of the
author [S]. Na.turally one may raise the following problem : Let E be an alge—
bra.lcally closed extensxon field of a field F° and G the group of all a,utomorphlsmq
of E over F. Determine |G|. In this paper we w111 solve this, problem We obtain

the following results :

1) If E is algebraic over F, then |G| = 2™, where m = 0,1 or infinite.

Conversely, given any m = 0,1 or infinite, we can find a pair E, F with ]G | =2m™,

- 2) If E is transcendental ‘over F;let d be the tra,nscendence degree of E

over F. There are two cases: _ |
(a) Fis finite : Then |G} =¢if dis finite and |G| = 2¢.if d is infinite.
(b) F is infinite : Then |G| = 2¢ if d > [F| and |G| = 2/7)if d < |F).

The author is extremely thankful to the referee for euggestlng the proof
in the case of cha.racterlstlc 2in (b) and thus enabling to. -present complete

results _

Received November 3, 1990; in revised form October 15, 1991 - '



148 T. SOUNDARARAJAN

1. E algebraic over F

PROPOSITION 1. Let E be algebraic over F. Then |G| = 2™ with-m.=
0,1 or infinite cardinal. Conversely, given m = 0,1 or infinite cardinal, there
exists a pair E, F with E algebraJc over F' such that [G| = 2™,

Proor: If G is finite and # e, then by Art1n—Schre1er theorem Fis real
closed and hence |G| = 2. Suppose that @ is infinite. Then E is an infinite
algebraic extension of F'. By the infinite Galois theory [B, p.188] G is a compact
totally disconnected group. Hence |G| = 2™, m being the weight of G. See
[ER, 9.15). Conversely, if m = 0, we can take E = F = C, and if m = 1,
E = C, F =R. Let m now be infinite. We choose a pure transcendental
extension F = Q(B) with"|B| = m and let E be the algebraic- closure of F.
Then |E| = |F|'=m (see [3, p.143]) and hence G| < 2™, We claim that
|G| = 2™. Consider the extension Fy = F({{/7 "'z € B}) The'n'Fl: is an
algebraic’ separa,ble normal ‘extension’ of F'and G(FR /F )~ T1Z/22. Hence
|G(Fy /F)|"'="2™. Since G(Fl/F) is the quotaent group G/G(E/Fl) we get
|G| > 2™. Now the proposition follows. = - : :

-2, E transcendental over F- ;.
~ Throughout this section; E is a transceridental extensior of F with tran.
scendence degree d.. Moreover .we will denote by B a transcendence base of E

over F,
- -PROPOSITION 2. Let F' be a finite field. Thenf '

1)|G| = ¢ if d isifinite,
2)16] = 27 if d is infinite.

~ PROOF: (1) If d is finite, [F(B)} = Hy = IE] hence’|G] < e. On the
other hand, G O G(E/F(B)) and E is a countably generated algebraic extension
of F(B). If E were a finite extension of F(B), then by Artin-Schreier theorem
F(B) would be a real closed field and hence the characteristic of F(B) would
be zero. But the characteristic-of F(B) = the characteristic of F = p # 0, a
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contradiction. So E must be an infinite algebraic extension of F(B). Hence by
P‘I‘Opbsition-l‘ [G(E/F(B))I = '2X° =cand |G| > ¢ From this (1) folloiivs

) (2) If d is 1nﬁmte |F(B)[ = d = |E| Hence |G| < 2d On the other
ha_nd every permutatlon of B extends to an element of G and 50’ ]G| > 2d
Thus IG' I = 2d follows

PROPOSITION 3. Suppose that F is infinite. Then |G| = 2¢ if d > |F.

PROOF: E is an algebraic closure of F(B) and so every permutation of
B extends to an element of G. Hence we get |G| > 2%. On other hand, we easily
have |F(B)| = d, hence |El =d (See [J p- 143]) So |G| € 2¢. From this the

proposition follows.

‘LEMMA 4. Suppose that F is mﬁmte and d< IFI Then IGI < 2lFl,

PROOF:: Since d < |F| we hJave IF(B)I = ]F]d |F| Hence |E’[ |F|
(See [J, p.143]). Thus [Gl < 21Bl = 2l -

7 PROPOSITION 5 Suppose t_haf Fis infinite and d <. |F|. Then |G| =
oFl : R ST b .

Proor: By Lemma 4, we have |G| < 21¥1. To prove |G| > 2l let z € B
and Fj be the algebraic closure of F(B\{z})in E and K = Fy(z).

Suppose that the characteristic of F-#£ 2.- Consider the extension
L=K({Vz+a:aeF\{0}}).
_‘ Claim - -I'f a;l‘, , Oy are dlstlnct elernents from F and y; = \/z + a,-.'for
i= 1,7...',n, then y, ..., y, are l1nearIy 1ndependent over I{ o

It is enough to prove that [K (yl, ,yn) Ix] = 2" We prove this by
mductlon on n In=1,itis easy Let us now assume the cialm whenever less

than n elements are involved.
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Consider y,. If yo» € K{(y1,.-,Yn—1), then y, = by + cayn—1, where
by, ez € K(y1sisyn—2). ez =0, then vy, € A{y1,...,Yn—2) in which case
we are through by a,pplylng the induction hypothesis to the {(n — 1) elements
yl, Y2 and Yn- So we can assume that cz £ 0. If by # 0 then boce # 0 and
hence 2bzcp # 0 since the characteristic of K # 2. Squaring y, = by + czyn___l
gives x4+ a, = b2 +ci(z+an—1)+2brcoyn—1. Thlb yvields y,—1 € K (yl, vy Yn—2)

and hence

__[I&_'(yl, nUn—1): K] = [K(y1, .oy Yn_z) : K] = 2772,

contradxctmg the 1nduct1on Lhypothesis. Thus we are left with the situation

Yn = C2Yn—1, ¢2 € K(y1,.. ,yn—z) c2 # 0

Now ¢; = b3 + c3¥n—2, b3,__C3 € ”I_;’(yl,...‘,y,.,._g)._ If ez = 0, then y, €

K{y1,.cerYn—3,Yn~1), contradicting the induction hypothesis. So ¢3 # 0.

b3 # 0, then y2 = cfy2_, gives 2 + ap = c}(z + an—y).  From this we get

Yn—2 € K(¥1,..., Yn—3), contradicting the induction hypothesis. So b3'= 0 and

we are left with the situation y, = yp_1Yn—2¢3, c3 # 0, ¢3 € K(y1,+-sYn-3)- .
We continue this process. Either we get‘ a contradiction or we come to the

situation (in atmost n — 1 stages) : yn = Yn—1Yn—2.-Y1€ns ¢ # 0, ¢z € K and

hence
a _ f_(_l

= 28, (@9 =1, f(2),0(e) € il

Squaring we get

(z +L‘In —(’l +an 1)|(’E+a,1 2) ....... f(z)

g(z)?
Using unique factorization, we get = + a, divides both f(z) and g(z), contra-
dicting the assumption (f(z),g(z)) = 1. Thérefore [Ix’/yl,...,yn : K) = 2",

Thus the claim foilows

_ Now {\/:v +aa€ F \ {0}} is a 11nea.r1y 1ndependent set over K. Then:
L is an algebraic separable normal extension of K and G(L/K) ~ 11Z/2L.
Hence |G(L/K)] = 2IFl. Since E is an algebraic closure of L, each element of
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G(L/K) extends to an element of G(E/K) C.G. ,Hen:ce|G|f__2,‘2|f!_;when the

characteristic of F 75 2.

Suppose that the charactel 1st1c of F =2, 001181der the extension

M= Ix({\/:t+a ag F\{O}}

Claim. If aq,...,a, are distinct elements of F\ {0} and z; = ¥z +a; for
i = 1,...,n, then 1,2y, 22 are linearly independent over K(z1,...,2n—1). AIt is

enough to prove that- [Ix (21 ity Zn) I&] =3™ VVe prove this by induction on n.

o Suppose that n =1 Then z; is & ‘oot of the polynomlal 2% — (1: + al)

over Ix If this polynonnal lS reduc1ble in K [Z], it has a 100t in K. But FI

bemg algebrmcally closed conta.ms a,ll the cube roots of umty Hence all the

roots of this polynomial will be in K Heuce 2 € K. But & —I— a — 2 ylelds

an automorphism of K. Hence we get ¢z € K. This'is a contradiction. Thus
¥ = (x4 ar) is irreducible in K[Z] and hence [K(z]: K]=3. . -~

-~ Let us now assume the claim whenever less. than n .elements-are in-
-volved -Suppose that the polynomial Z3 - (¢ +.a,) is reducible, in-J{(z1, ...

2y=1)[Z]. Then 1t_has a-root.in K(zq,...,2,-1) and since F contains all the
roots of unity, we get z, € K'(21,...,2,1). Therefore z, = by +e22rr +d22n 1
where bg,Cg,dg € I1 (zl, Zn_g) Smce 1,  Zn— 1, ,2, .y are l1nearly 1ndependent
.over K (z;, . zn 2) the equat:on z (bg —1— czzn -1 + dzzn 1)3 glves the rela—

'tlons

bg + cg(m + al";.—]) + dg(ﬂ:-’— an:—.l )2"' : T + a'ﬂ 5 ‘ T A T S
(*) -. . bgcz--!- d2(b2d2 'ch )(T + anl 1)-_' 0,::“ ARV Y l o
") . ba(bads + ) +Czd (1 Fap ) =07 T
Casé (1) by #0.
gives b3c; = 0, hence ¢; = 0. In this case, z, € R(z1,:.1/2722) and :we.get

a contradlctlon by a,pplb ing the induction hy pothes1s to the (n — 1) elements

;; s ¥n=2 and Zn- So we ha\e Cg # 0 and (12 % 0
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it Bliminating (2 4 @n—1) from (x) and (++) we get -

da(badz + ¢3)ba(bady + c5) = ezd} b2c2,
(bady + c2) = c2body, | |
5+ b2dE = c2bydy,
o G =had(bedy +65).

Hence b(b d"' ) 4,,
- - ada+63) 3
& ¥ +Van -1 = ng2 = 02d3 ( )
Thue 3131—'1 = (‘51)3 Hence Zn-1 = 31 or wzz or w2_&z where w3 = 1. Now

w € and —1 € K (zl, Zn_z) Thus Zp—1 € K(zl, ,znng). This contxfad;cts

the 1nduct1on hypothes1s for the n— 1 elements zl, Zn—z and z,_j.
Ca..se (2):.b, =0. ,
Then c2d2(3: ;{—;'an-_-l) ='0: But &4 Gn1 # 0. Hence € =0Qord; = 0.

~Thus we are left with-the situationr z, = ¢g2,-1 or zn = dzZ where

n—11
c2 # O, d2 79 0and ¢y, d; € K(z1, ...y 25—2): We have z, = zn ' e, where e =1
or 2iﬂ e2-# 0, e2¢€ K(zy,...,2n2). Now ey = bs + c3zn_2 + d3z

bs,cs;ds G K(Zl, 1Zn— 3)-

s _3, where

As above we may assume that by =0 and e1ther C3 | 0 or ds = 0.
Thus we may assume that z, = zt 1252 €3 ‘where €, = 1 or 2 and es €
K(z1,.-y2n—3), e3 # 0. Continuing this process (in atmost n — 1 stages): we
come to the situation zn = 21 1252 5, .. 2" 7", e # 0, en € K and hence

€n g(z), (f(z),9(z)) = 1, f(z),9(z) € Fi[z] and ¢ =1 or 2 for all ¢ with
1<i¢<n-—1. Taking cubes on both 51des we get

f(i'»‘)3

(=)
Usmg unique factorization, we get = + Gn divides both f(z) and g(a:) contra-
dicting (f(z), 9(z)) = 1. | |

_ " We have-prov‘ed that 23 — (a: +ay)is 1rreduc1b1e in K(21; 1 Zn-1)[Z]
and hence [K(z1,...,2n) : K(z1, ... sZn—1)] = 3. So we get [K(z1,...,2n) : K] =

(z +an) = (:c + Gy 1)“(m + an_z)Ez (z + a1 )‘“"1
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3", Thus 1, zn, 22 are linearly independent over K(z1,...,zp—1). Now M 1s an
algebraic separable normal extension of K and from the above considerations
we easily have G(M/K) ~ TIZ/31. Hence |G(M/K)| = 3IFl. Since E is an
algebraic closure of M, each element of G(M /K) extends to an element of
G(E/K) C G. Hence |G| 2 31Fl = 21| when the characteristic of F = 2.

Therefore |G| = 2/¥1 and the proof of Proposition 5 is complete.

REMARK: Our paper [S1] determined the center of G.
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