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_ DOUBLE AND MULTIPLE HALF-RANGE FOURIER SERIES
" OF MELJER’S G-FUNCTION .

S.D. BaJPAT
. 1. Intrpduction

The object of this paper is to evaluate four double integrals of Meijer’s '
G-function and utilize them to obtain four double half-range Fourier series of
the G-function. We further derive one multiple integral and one multiple half-
range Fourier series of the G-function analogoué to our one double integral

and one double half-range Fourier series of the G-function respectively.

The sub jecf of Fourier series of the generalized hypergeometric fﬁnc‘—
tions occupieé an important place in the field of special functions. Certain
Fourier series of the generalized hypergeometric function play an important
. role in the development of the theory of special functions and certain Fourier
series of the generalizéd hypergeometric functions enable us to obtain general

solutions of some boundary value problems.

The Fourier series of the generalized hypergeometric functions were
' gifen from time to time by various.mathematicians, with certain restric-
tions in parameters. An adequate ist of references would be quite lengthy.
However the references given here together with sources indicated in these

references provide a good converge of the subject.

We now mention in brief some interesting work on this subject. Mac-
Robert [15, 16] established a cosine and a sine Fourier series of MacRobert’s
E-function. Kesarwani [14], Jain {13] and the author [2, 3, 6] obtained some
Fourier series of the G-function. Parashar [19],-Anandani [1], the author [4,
5, 7], Shah [21], Saxena [20] and Taxak [23] established some Fourier series
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. of Fox’s H-function [11]. Almost all research papers on Fourier series of gen-
eralized hypergeometric functions have been discussed and listed in [17, 18,
29]. It is important to note that all the Fourier series mentioned above are
half-range Fourier series. Therefore, it is evident that to establish full-range |
Fourier series of the generalized hypergeometric functions are either very dif-
ficult or impc;ssible, It is also amazing that so far nobody has attempted to
establish double and multiple Fourier series of the gencralized hypergeomet-
ric functions. This paper appears to be an attempt in the field of double
and multiple Fourier series of- the generalized hypergeometric functions. The
author has been motivated to contribute in this direction by the work of
Carslaw and Jaeger [9, pp. 180-183].

On specialising the parameters the G-function may be reduced to a
great many of the special functions appearing in applied mathematics [10,
Bp. 216-222], so that each of the formulae developed in this paper becomes
a master or I\éy formula from which a very large number of relations can be
deduced for Bessel, Legendre, Whittaker funct1on their combmatmns and
other related functions. Hence, the Fourler series given in this paper are of

a very general character and may encompass several cases of interest.
The following formulae are required in the proofs :

The Meijer’s G-function introduced and defined by Meijer will be rep-
resented as follows {10, p. 207, (1)] :

u,-'u L3 Rhaadit —_ -
(1'1) Gpiq (Z |bl|"'! p 27'rz ] E 3) Sd‘s
HT-(bj —~3) HT(I—a,—-{-s)
where £(s) = —= = )
H T(1-b;+3) H Ie;—s)
j=uti J=uvtl :

and L is a suitable Mellin-Barnes type contour.
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The multi‘plication formula for the gamma-function {10, p. 4, (11)] :

m—1 .
(1.2) T T(mz) = (2m)/2-1/2mpyme—1/2 H I'(z + ¢/m),

Li=1

where m is a positive integer.

The following integrals [12, p. 372, (1) & (8)] :
F .
(1.3) ' / (sinz)* 'sinmz da
0

_ TsinZET (w)
ow—1 P( w+r2n+1 )1-\( w—gn—!—l ) !

Rew > 0.

(1.4) / (sim:)w—l‘cosma: dz
0
_ meos BT (w) R > 0
- 2w—1[‘( w+72n+1 )T( w—12n+1)’ cw )
In what follows for sake of brevity a, stands for a;,--+,a,, d and

h are positive integers, the symbol A(d, w) represents the set of parameters

wowdl ... ,w+g—;’ and the expression A(d,l—“%ﬂ“"—) stands - for

A(d, 1=ttm), A(d, 1=mm),

‘The following double orthogonality properties of sine and cosine func-

tion, which may be verified easily :
T ' '
(1.5) f / sinma sinrz sinny sinty dxdy
: 0 Jo S o

-":{-, m=r,n=1t
0, m#rorns#t

ki3
(1.6) / /W.sinm;r: sinry cosny costy dzdy
0 Jo ‘
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.hl“"
3 .
i
R
=
i

T A ’
(1.7) _ f f cosmz cosrz sinny sinty drdy
| Jo Jo '

=
1

=4¢ 0, m rorn;ét
Lk
Z

ym=r=0,n=t.

_ T ' . o
(1.8) / / .cosmz cosrx sinny sinty dxdy
: o Jo Jo

2
’_"T, m=r,n=t

vO,maérorngét

T-,eitherm=r=0,n=torm=r,n=t=0
{7, m=r=n=t=0.

2. Double integrals

The double integrals to be evaluated are

T L - ’ ’ .
S {2.1) f ] (sinz)»M(siny)* sinrx sinty gz, y)dody
: o Jo

msinGrsin t;

= \/_dh) (T’_t))' R

w ™ .
(2.2) f ] (sinz ) = (siny)* " Lsinrz costy g(z, y)dzdy
o Jo

7{‘3”1 3 COS

\[dh) TngCoss i Pt
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(2.3)

(2.4)

ks X3
/ / (sinz)>siny)* cosra sinty g(z,y)dzdy
o Jo

- {dh)zw( t)

n ™
/ f (sine) ! (siny)*Lcosrz costy g(w,y)drdy
o Jo -

?TCOS ——COS 2

\fdh) t/)( t)

where 2(u +v) > p +¢, |argz] < (u+v — 3p— 39)7,

and

the integrand as the Mellin-Barnes type integral (1.1) and interchanging the

orders of integr:cmtipns, which is justified due to the absolute convergence of

Re (A+ +2db;) > 0, Re (u+2hb;) >0, j=1,---,u

9(=, y) Gm’ [z(sznm)zd(smy)% |ap]

A(2d,1~1),A(2h,1—p),
b(r, f) el Ju+2d+2h i ( ), A( 2)ap

"p+2d+2h, g+2d+2h [#

be,A(d, 1=35) A(n, Lnpdty

Proor: To estabhsh the integral (2.1), expressing the G-function in

“the integrals involved in the process, we have -

1 T bzsdel. " Ny
— / C(s)zs[f (sinz)M 24" sinre do x/ (siny)*t2h—1sinty dy]ds.
2y L 0 0

Evaluating the inner—intégrals with the help of (1.3) and using the multipli-

cation formula for gamma-function (1.2), we get

A3

msinEsin / ((s) ( 2d +-5)
\/_dh) 2n1 HF( ,\+r+12[2+z +)
=0
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2h—1 .
11 I‘(‘li"fz + s)z°ds
2—0 .
HF(“ r+1)/2 —l—s) H P((E£+t+1)gz+z H I‘ (n -—t+’;{)[2—!‘-i +S)

1=0 i=0

)(

On applying (1.1), the value of the mtegral (2.1) is obtained.

On applying the same procedure as above and using (1.3) and (1.4),
the integral (2.2) is established. ' '

Similarly the integral (2.3) is established with the help of (1.4) and
(1.3).

The integral (2.4) is established similarly with the help of (1.4).

3. Double half-range Fourier series

The double half-range Fourier series to be established are

(1) flEy) = f i

mr
Z Zsm—sm—d;(m n) X sinma sinny;

[e] Q ’
(3.2) f(z,y)= \/_dh Zz Z—; sin 2?—?'Ecos—----1/)(m n) X stnma cosny;

. o oo _ .
mm
(3.3) f(.?:,y)' \/dh) mE 2 cos—z—szn—@b(m n) X cosSmT SInnY;

(3.4) flzyy)= Z Z cos———cos— P{m,n) X cosme cosny;

\/_dh) m=0 n=0
where_ 20u+v)>ptyg, largzl <(u+v— %P - %9)"7,

Re (A +2db;) >0, Re (pp+2kb;) >0, 7 =1, ,u;
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and . .
F(z,y) = (sine )" siny)* " g(z, y);

provided Bm,C, Co,n, Do,n, Dp,0 are one-half and D, OAis -oﬁeaqu'arter
of the values of By, n, Cm,n and Dy,,n with reference to (3.8), (3.10) and
(3.12).

PROOF: To establish (3.1), let’

f(=, y)=(5i?w) '(siny)* " g(z,y)

3.5 '
(3:3) , = Z ZA,,,, RSININT SINNY.

m=]1 n=l
Equation (3. 5) is valld since f(z,y) is continuous and of bounded variation

in the open interval (0, ).

Multiplying both sides of (3.5) by sinrz sinty and mtegmtmg from 0

to m with respect to both z and y, we get

/ / (sz‘na;)"‘_l(siny)”_lsin?'m sinty gz, y)dady

= Z ZA’" n/ [ sinmz sinre sinnz sinty cl.rdy

m=]1 n=1

Now using (2.1) and (1.5), we have

(3.6) (sinﬁsin%)gb(r, t).

4
" aldh) 2
Substituting the value of A, from (3.6) in (3.5), the double half-

range Fourier series (3.1) is established.

To prove (3.2), let us set

(3.7 . flz,y) = Z z Bm,ns-inm:c cosny.

m=1n=0.
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(3.8)

. (3.10)

Multiplying both sides of (3.7) by sinre costy and integrating from 0
to 7 with respect to both z and y, and using (2.2) and (1.6), we obtain

(sing—

5 cos %r)v,b(w‘, 1),

. 4
except that Brg is one—half of the above value.

From (3.7) and (3.8), the double half-range Fourier series (3.2) follows.
To _establiéh (3.3), we set |

o0 o0 .
(3.9) ' flz,y) = Z Z Cm pcosme sinni.

m=0 n==1

Multiplying both sides of (3.9) by cosrzsinty and integrating from 0

. to 7 with respect to both = and y, and using (2.3) and (1.7), we get

4 ro , tw o
vy = e (cos - sin = Yi(r, ),
Chri ﬂ\/(dh)(coszsmz)p(r)

~ except that Cy,t is one-half of the above value.

The double half-range Fourier series (3.3) is obtained from (3.9) and
(3.10). ' '

To establish (3.4), let

o0 oo
(8.11) flz,y) = Z Z D, ncosmz cosny.

m=0 n=0
Multiplying both sides of {3.11) by cosra costy and integrating from
0 to 7 with respect to both  and y, and using (2.4) and (1.8), we have

rmw

(112) D .

(cos cost—;—r-)w(r, t),

4
T dR)

except that Dy,t, Dyg are one-half and'Dg,g is one-quarter of the above

value. .

34



‘The double half-range Fourier series (3.4) follows from {3.11) and
(3.12) immediately. -

4. Multiple integrals

The following multiple integral analbgous to (2.1) can be derived on

following the procedure as given in Section 2 with the help of (1.3) :

(4.1) ] ff / / (sinzs Y 7 (sinay)*o™ - (sinan )
Jo Jo Jo 0 : : |

KSINriTy $INTaTg SINrzTy - - - SINTRE,

Xg(%1, T2, T3, - ,Tp)dryd2odas - - - dop _
(_7r)”/23z"n312332'7':.322—“'--.'53'1'13"2-E Lo szn%m¢( ) :
T11r2jr37”' )rn b
I(didads - - - dy) ~

where 2(u +v) > p+4¢, largz| < (u+v—1p— 3¢)m, .

Re (A1 +2d15;)>0,---, Re (A+2dnb;) >0, j=1,--+ ,u;

h J

and
g($1,$2,¢3,- . ,{Bn)
= Gpp [=(sine1 P (sinz2)*% (sings)* - (sinea ) 17];
" and

’l/)(T‘l,Tg,Tg;' e 3r'n)

_ Guovt2dit-+2dn [z IA(M:,I—M),---,A(2dn,1—A_nJ,ﬁp: ]
pH2diteet2dn g4 2dit 4 2dn U7 Iy A(dy,1-Ai ), Afdn, 22000

The multiple integrals analogous to (2.2), (2.3) and (2.4) can also be

derived similarly.

)
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5. Muitiple half-range Fourier series

The following multiple half-lange Fourler series analogous to (3.1) can
be derived on the followmg as given in Section 3, using the mtegra.l (4.1) and

the multiplé orthogonallty property of sine functions analogous to (1.5)

(51) ) .f(mlaxi;$37"' 1$n)
. ‘ 2]1 oo oo o i
(T)niz \/_dldzd.‘} n) ni=1 ms=1ma=1 -m-n-—-l
LMy . Mam . MgT . Tn ‘ .
sin—p—sin—g sin=—/= sy (ml,mg,mg, .mn)
X simnlazl SINMa o sz'nmg,:r:g v SINMpTa;
where 2(u + v) >p+q, |a?g,,| <(utv~ip—3om,

Rc()\;+2d1bj)>‘0, Re(A+2db)>0 3—1

and
'f(’t’.‘l,.'lig,ﬁig,' "t 13311)
= (qmml) 1 l(smmg)"2 Usinzz)™ - (sinz, ) T
xg(wl',\xZ)_m:h"'_-pmn_)-

Similarly, the multiple half-range Fourier series analogous to (3.2),

| {3.3) and (3.4) can also be derived.
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