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A RBEMARK ON LIMITS FOR GAMES
WEHEICH BECOME FAIRER WITH TIME

DINH QUANG LUU

1. INTRODUCTION
Let (Q, -4,P) be a probability space and (g4n) be an increasing segquence of

subo - ficlds of £ A sequence (X ) in L}{, always assumed to be adapted to
(A,,).1s said to bea mil [3] ora game which becomes fairer with time [1j, respec-
tively if for every ¢ > 0 there exists p such that for all n = m = p, we have

P(sup || X (m) — X lZ=e)=-¢,
or p=g=n

P(ix,,(n)— X, I = ¢) >»e¢, respectively,
Here Xm (n) denotes the a-{im — conditional expestation of Xn . Using the struc-

ture results of Talagrand 3], we have recently proved in ([2], Theorem 2.3) the
following statement :

THEOREM 1. Let (Xn) be an L! — bounded real-valued game which beco-

mes fairer with time. Then (Xn) converges in probabilily to some X ¢ L}-{'
To prove the theorem we showed in (2] that for every subsequence (m, )
¢

of N there exists a subsequence (n; ) of {m ) such that the subsequence (Xn )
Ir

is an It — bounded mil which must converge a. s., by virtue of Thecrem 4 [3]
However, there we did not mention that all these chosen mils (Xr ) really con-
‘k

verge a.s. to the same limit. Thus, the aim of this note is to fill this gap andto
give a complete proof of the theorem.

2. PROOF OF THEOREM L

First, let (X ) be a game which becomes fairer with time. Then by defini-
tion there exists an increasing subsequence (/, ) of N such that for all h = m={,,

we have
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PO x, (B — X, 2= 2y = 2k '

Now suppose that (X ) is Li—bounded. To prove Theorem 1 it is sufficient

to show that if (m,) is 2 subsequence of N then there exisis a subsequence (n,)
of (n;) such that both subsequences (X; k) and {Xnk) are mils which converge
a.s. and to the same limit. To see this let us consider an arbitrary subsequence
(mk) of N. Then one can coastruci a subsequence (nk) of (m k) such that, for
every k, n, =1, Now let (s;) be the superimposed sequence of (1) with (n ).

Then for any f, k € N with 2 > [, the above inequality yields

P sup || X (X 1= 275 =P sup X (B — X 427

l:i:sqsh q q lkgsqﬁ.h Sq q
r —K < _hk
<P( sup [|X, () — X, =2 f4pCosup X, (- X, 1= 270
lk"—flqs_h q q l}c%nqgh q q
= 3 PIX, (=X =2+ I _PUIX, W)X, | =27y
Ik§tq‘f_—:h q ' q lk'—‘énqéh q q
= £ 27 1 3z 27¢
Ikﬁlq‘—‘%h I{ksng =h
<2294+ T 279=27kFZ s
g=k g=I .

Thus in parlicular, by taking the only h from each of the sequences (I,),
(m) and (s;.), we see that each of the sequences (x7 ), (X )and (XS' ) is itself
. k k k
an Lll-‘—.hounded mil in the sense of Talagrand [3]. Therefore by Theorem 4 of
Talagrand [3], the subsequences (X; ), (y, )and (X ) convergea.s. and obvi-
k k k
ously to the same limit X ¢ L;{, This completes the proof of the theorem,

For further related results, see [2].

REFERENCES

[1_] L.H. Blake, A gemeralizalion of marlingeles and conseqiten! convergence {hedrems.
Pacific J. Math. 35 (1970), 279 — 283.
[2] Dinh Quang L, Decompositions and limits for mariingale-like sequences in Banach
spaces, Acta Math. Vietnam 1 (1988), 75 — 80
[3] M. Talagrand, Some siruciure results for marlingales in the limit and pramarts. Ann.
Probability 13(1985), 1192—1203.
‘ Received April 20, 1989

INSTITUTE OF MATHEMATICS P.0. BOX 631, BO HO HANQI, VIETNAM

124



