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METHOD OF « CLEFT-OVERSTEP » BY PERPENDICULAR
DIRECTION FOR SOLVING THE UNCONSTRAINED NONLINEAR
OPTIMIZATION PROBLEM

NGUYEN VAN .MANH and BUI MINH TRI

INTRODUCTION

We shall be concerned with the following uncons‘rained nonlinear optimi-
zation problems :

minimize Ju), subject to u € EX,

whers J(&) is a nonlinear function and E7 is the n-dimensional Enclidean space.

In [1], an algorithm of « cleft-overstep » called the algorithm of quasi-bisec-
tor is proposed for solving this problem.

Based on the method of « cleft-overstep » we present in this paper a new
method called the algorithm of «cleft-overstep » by perpendicular direction,
Some examples are given in § 5.

I. DESCRIPTION OF THE ALGORITHM

We shall denote by "||. || the Enclidean norm and by (...} the inner pro-

duct in E". Suppose that J(u) is continuously differentiable and that the gradient
mapping J> {u) satisfies the Lipschitz condition with a constant. L. Let

s X e E? denola the vector showing the changed direction of the function J(u)
on step k41 (k=0, 1, 2..). Taking u® € E? as the starting point, we

consiruct a sequence of points {u]“} by the method of aclefi-oversiey » as
follows :

ak = gk S K =1, 9, 3 (1)

87 == 7 W) SF= =Ty By by KT k-1, 2, @
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Where I; is the set of indices k=0, n, 2a, ... and of satisfying those
endices &

skt ' o ' .
- either I b, 3 ! =&, . C)
I# Q)i
) ;’(‘-Ilk), Sk—] . i
or | cos (Pk..;'i‘ 5 1 ( > > ¢ ’ 1 > *1 > "2 - 0 2

I J,(H 1-‘) I I S]:—l l
I, ={0,1, 2.} \I1 ;

@, (K =1, 2,..) is the step length, satisfying the following « cleft-oversiep »
condition :

J(uk—i + ukS""_l) < F (wfl e Sf"“‘i), O<eg=]

3 Z(uk—l _}_rask”?) )
3 - = 0, . A (5)

e

2. THE BASIC LUMBMAS

LEMMA 1. SupposethatJ’ (uk—)i Z= ofor all k. I/"S}f f&dmouz‘ngdfrecfion construc-
ted using (1), - (5), then there. exist A =0 and Ay > A1 such that-

R R e L I E LT L RN ()

"LENIMA 2. Under the conditions as of Lemma 1, Skis always a descreasing direction
of J(u), and the foll owing inequalityis satisfied for some As=y

— (P(uk), 8%y > 4, | F (ak) [ 2> 0. 7)

LEMMA 8 [If J(u) is continuously differzntiable and bo'u'nded from below
and if the set M(u®) = {u | J(u) < J(u®)} is bounded then the «clefi-overstep»
condilion (a) is always satisfied in M{u®).
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LEMMA 4. If J7a) is continuou:ly differentiable and bounded from below
then there exists = > ¢ such that: :

57 (uk + 285k '-1)

>0,
da :
_;Z(III;_I ok OESk__i) < ;(uk—l + oz SJ'C—I), (8)

where ¢ is the positive number chosen by (5).

2. COXVERGENCE AND THE RATE OF CONVERGENCE

THEOREM 1. Suppose that J(u) is conlinuously differentiable and is bounded
from below, and that J(u) satisfies the Lipschilz condilion with a consiant L,

then for every starling point u® ¢ E , the sequence {ak), consiructed by the above

rule (1) — (5) has elusier points which are crifical points of J(u). -

Furthermore, if J(u) is a convex function and if the set M(u° =
={ulf(n) < J (u°)} is bounded, then {u} is a minimizing sequence for J(u). In

the case when the minimum point is unique the sequence {ul‘} converges to
this point.

' THROREM 2. Suppose that J(u) is a convex fuanction, eontinuously differeniiable
in E* and thal Ji(u) salisfies the Lipschitz condition with a constant L. If
{ukY} is the sequence consiructed by the rule (1) —(3), then

D2 ae A.S‘

0 < (k) =F < G o A e A @

where D = Supllu — v | is the diameler of lhe set M(uf_’), -a-nd

J* = tnf o, v-€. M(a0)
J*=inf J(u)=J(u*):

Moreove, if J (u)is a strongly convex function in E" then

0 < Huky — 7 < (Hz®) — 7 g - (10)
juk —w)? < = @@y = 75 (1

g=1-—A,1; 0 =<q<1;% 1t = constant > 0
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4., POOF OF THE LEMMAS AND THEOREMS

4.1 Proof of Lemma 1.

By (1) — (5), if k I or $¥=1 = 0 then Sk = — J(u¥) and, hence,

1Skg2 =yr @i Ay =4, =1

The inequality; (6} becomes equality.

if kel andS%~1 £ 0 then we have:

Bp= gy k) (F ) 4 Sk=1, 7 by
{y, Sk—1y (7 (uff) o sk—1 sk—1y

p2 (uk)yu? 4 (Feak), sk h
I sk—1 I 2 _L(j'(uk), S]{-—1>

™) S k), SEeBycyaquk) g sk=1p)
BT I At P T A G B R

Ty + cosep—y 1Sk 1y
= , Where v = ———————
Y COSPL_y

PACR
At the same time

sE L 2 4oy SE2 = 2Ry 2 B SRR 2T,

. ' ’ .S]i'—.llrQ T k- S."\’-—1
sk=1y =4 2 (b 1!2[1+_.gf{~i1—]¢—i SV Cal Gl >} —
L | 2wy ? o pwy?
— I 2ky 12 [t 4 82 47— 2y v cos gy}
We consider the expression:
A=T14 B ¥7 — 2B, ¥ 008 @y

Denoting & = Bjv we have

1iy 4 cosgp_. ' Tiy 4 cos@p_y

0=2= T oosgp_y ¥ T Geosep_pl Y T

(Taking inlo account the «cleft-overstep » conditio . (3), at the point a® the

direction S¥~ 1 is an increasing duectmn of the objective function J(u). There-
fore cosg_, > 3.
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It foliows that
A=1 -+ a? — 2xcos (pjl'—l < 1 + 22 <1 4 (1/31 _:_52)? —_ .‘{2

On the other band, 1 4 = — 22 Cos@k—ﬁ"as a function of 2, reaches its mini-

mum value at a point such that
_ Ax=0<:>23:—2cos<pk_1:0=> T = cosQp _,
Therefore

.9 : T
A=1+cos*qp_, — 2c082cpk_1=1--0082(pkm71 > 1— ag = 4,

We have thus proved that
A= DNZE)NZ<PSEY2 < (14 (e, +6,)2] . 2y 2

‘where
Ag =1+ (ley +e,)? >4 =1~ sg > 0.

The proof of Lemma 1 is complete:
4.2 Proof of Lemma 2.

For the sake of s1mp1101ty we denote a—J(ul") b—,SA 11t k611 or

Sk—1= 0then S" = —J' (u*), Lemma 2 is trivial

In the other cases when ke, and S§k=1 £ 0 we have -

_(2’([1’{)’ Sk) "."_"‘('";,(H.I{)! “r]’(uk) —!- BA Sk‘j) —

m (a0 OED gy MR b @D

bt by 15 i+ (o, &)
o pallP s P+ (a, b)|]a|12_.;;a“ (@ by —(a, b>9
101+, b)
o NP0 (@B _1=Ka b)/(na] ubn)) o=
1612 +(a, b) 14 (a, b)Y/ 11 b2 ‘
1—‘0032(!’]{,.1 9 1..-—.cos?cpkq; '
(a,b) llai el = costq, fiaj® >
EICNEY 14 8 Ber
Y
T S
2.
> uafn‘,_

tlence
—(F @y, SK (> Az hnye, ]
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where

1 —g?
A3 = 2

l14-¢, /34
This result shows that $¥form a obtuse angle with 7 (a"‘) because their sealar
product is a negalive number, Thereforé $% is a discreasifig direction for J(u).
This completes the preof of Lemma 2. The proofs of Lemma 3 and Lemma 4
are similar to those used in [1] and wtli thelefore be ormlted

43 Proof of Theorem 1
First we rewrite (5) as 7
o (&1{—1) —7 (uk—l 4 @, Sk-—i) > 7 (uk—i) -7 (uk—l + gsk—}_}:

where, € is chosen according lo-the condition (5) so that

24,

0<a§m’ o o

- Using the same way as in the proof of Theorem 1 in [1] we have

_ ” - L _ sk’
7 ky 7 uk sk . SA, 7 (uk [1 __I_E__. -~
W = 7 kot s, 7 @y [L+ 5 T

. X _ sLA2
— g {§%, 7" (uX [1 — }
> — e (a™) 24,
{by Lemma 1 and 2)
9 sLA2
> edy | 7 @H [1 - —-gA—] (by Lemma 2)
Kx o 2A L A2
> o I )“-[_ 24, L(a—l—l) A, ] .
t-:aAs . ' N
= = I 7 @ R= 4, |7 >0,
eaAS,
where ‘44 = a1 = consiant > (.

Consequently, combining it with the condition of « cleft-overstep » (5) we have

?(Hk) - Q(H Ta}\—l—J‘S Y = Q(u"")_g (u"-{—s,&k) >
> 4, 12wy P >0
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It fo lows that the sequence’of numbers {J (u"’} ks oo i monotonicaily decreus.
Since J (i) it bounded from helow, it Tollows from the

Bolzano-Weijerslirass theorem that the sequence of {uk} is convergent.
loreover

lim k) _ ket 1]
f—oo (7 (u 4 (u )

' At illé sarﬂe time ‘

lim || 22 (@h))] = 0.

oo

It means that the sequence {u"‘}' always converges to a critical point,

By the hypothesis that J(u) is a-convex and continuous funclion; -the set

(uo) ={ujJ (< J W )} is bounded, In a similar wayas for the proof of Theo-
rem 2 in [1] we obtain a minimizing sequence for J (u) and if J(u) has a unigne

minimum point then lim u" = y*

]\—uoa

4.4 Proof of theorem 2,
Using the results in the proof of Theorem [1] we have
Hd) = 7@ty > A5 7 (@)
where
. eaAd : -
4 ari = censtant = 0
We denote ak: 7 (u¥y — 7*. 1t J(u) is convex then

ak = 7 (@) —F* <P k), ub —uy W2 @Ol vk - wf < DYz GBS

where ' D=Sup|lu—v|
i v E M(uo)
It follows that
: A
By 9
Q=014 > o7k
and by Lemma 2 of §1, Chapfel 2'in [2] {paoe 63), we obtain

ko+1
4
function then by Theorem 6 of §1 Chaptel in [3] (page 60) we have :

) 2
D2, Tl IA) _ % for k = 0. If J(u) is a strongly convex
i
4

a4y

Q =iy > 41!2’(11)1 >'¥LA4G"',M>_O.'
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Therefore
Gy Sl -4, )=a4q¢g=1—4,u

¥ e thus cbtain

Upgy < Gy gk F(@FL)—7% (T @) — 7% ¢htE

fuk 1 — P 52{: (Z (WY — 7 < 2 (2 @) —F) ¢F T, where &) G,

2
&
The proof of Theorem 2 is complele.

5+ EXPERIMENTAL COMPUTATION

The proposed algorithm was codedin FORTRAN and tested on a Minicompu«
ter CM4 for 5 different examples.

Example 1. The Rozenbrock function [4, 5]
F1(n) == 100 (i1, — uf)2 + (1 — uy)®

The starting point 10 = (—1, 2; 1), Fi(u®) = 24,2,
The minimum point u* = {1, 0; 1; 1,0), Z,u*) = 0.
The resulls of computation are given in Table 1.

Examp'e 2, The Wood function {4, 5]
Fo(u) = 100(u, u‘f)a + (1~ ) + 90, — u§)2 (1 - )+

LI — w0 — ]+ 1980 — ) (1 — u))
The staring point u0 = (—3; —1; - 3; —1), Fo(ud) = 19192;
The minimum point u* = (1; 1; 1; 1), Zo(u) =0, '
The results of computation are given in Table 2,
Example 3. The Powell function [4, 5] _
7,0) = (@~ 10u)? + 5, — u )+ (i — 2u ) + 100, — uy)*
The slariing point w = (3; —1; 0; 1), Fo(ut) = 215.
The minimum point u* = (0;0; 0; 0), 23 (u) =0.
The resulls of computation are given in Table 3,
Example 4, The Poliak functioa [4,5]
.
Fy) =

t

Mo

_ —0,4i o —0,%u
(e 0,% 1 2 04!-—-[118 0,21!12_. e 0.21 ay2

i

1
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The startihg point & = (0,5;0; 2,55 3); 7, (%) = 0,544,
The minimum point  u*= (1;1;2; 2;), 7, () = 0.
The results of computation are given in Table 4

Example 5. The Nurminski function [3}]

| #5 (1) = max g]ug], “ g.

4 v

(1)’

The starting point u® = (7;7), 7. (2% =7,
The minimum point u* = (0;0), 2 ()= 0.
The results of computation are given in table 3.

In Tables 1-5 we denote by N the times of computing the objective
function J(u) and by AJ = J(u)N—J{u*)the corresponding different between

J()y and its optimal value J(u*);

In thersc tables we also give the comparision of the efficiency of the
algorithm of «cleft-overstep » by perpendicular direction (A. D. 0. S. P) wnh_
three known aigorithms:

— the steppest descent algorithm (S. C. A.)
~ the conjugale gradient algerithm (C. G. A.)
— the transformed polytope algerithm (T. P. A))
In our algorithm (A. G, O. 8. P.} we choose e = 0; 5 = OOa e = 0,9; a = 15

vy == 107 2, v = 0,618.

The process of finding the « cleft-overstep » length is as follows : we denote

g.() = (k1 3 ask—1), '

Step 0. Pose « = 0, @ = 0 4 ,1\ = 1,2, ... &« =115,
Step 1. Calculate the value g, (2 ) and g (o))

a) If g; (,)<g,(«,) thenputa t=a , o =2
and go back to step 1.

b) If g, (2,09, (o) the gotostep2 R S
Step 2, . o
a)If g, (¢,) < g, (c)thenputoy : =« and stop the process of finding the
« cleft-overstep » length, . :

by If g, (e ) = g]\_(s) then go to step 3.

Step 3. Chek the inequality | @ — e, < vy
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aylt | o, —a, | < v thenputa, =, and stop the procéss of finding
the « cleft—oversiep » length.

byIt}e, — a, [> vy then go to step 4.
Step 4. Caleulale o = a 4 y (2, — « ) and g, («)

a) i g, (x,) <9, () < g, () set o, : o and stop the process of finding the
cleft-overstep » length.

b) If ¢,(2) < g, (=) thenputa, : =« and go back to step 3.

) ¥ g, (¢) > g, () then put'a, : = « and go back to siep 3.

. Table 1.
A.C.0.8.p. S. D. A C. G. A. To P. A.
N AJ N Ag 0 AJ N A
0 | 0.242 X 107 0 | 0.242 x 10% 0 |o0.2i2 X 10% 0 |0.242 X 10°
75 |04 X i6° 13140 | 0.4 X 1072 | 546 | 013 X 10° 8 0.8 X 10°
169 {0.13 X 1972 26140 | 0.67 X 1077 | 981 | 018 X 1079 | 169 {0.81 X 1073
262 | 0.33 X 1% [317820.38 X 10—? 216 |05 X 1077
279 | 0.54 X 107
Table 2.
A+ C. O.S.P. S. D. A Ce G A T. P. A,
N _ AT _ N A N AT N AJ
0 19192 0 19192 0 19192 0 1992
413 0.12 X 1072 842 0.79 X 10t 120 | 35 .1 | 252 0.16 X 101
810 045 X 1073 471 0.26 X 10—1
1020 0.68 X 10~° From here the algorithms are not | 58 0.11 X 1073
1462 0.15 X 1079  |stabilized and do not converge-
Table 3.
" aA.C. O P " S. D. A C. G. A. : T.P. A
N AT N AJ N Al N AT
9| 0.215 > 102 0 | 0.215 > 102 0| 0.215 < 102 0 {0.215 3¢ 102
300 | 0.56 > 1072 8326 | 0.84¢ >¢ 1072| 258]0.60 > 10~ ] 83 {041 > 167%
622 | 0,56 >c 10~% | 12326 10.25 > 1072] 545014 > 1077 | 164 [0.21 > 1077
055 | 0.16 >¢ 105 | 16466 | 0.5 >< 1073|1024 [ 0.23 > 107% ) 221 {014 x 1078
1049 | 01 > 107° 1200 | 0.80 >< 107°
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Table 4

A.C.O.P S.ILA. CiG.A. T.P.A
N Al N AT N AT N N
0| 0514 0 0.544 0i 0.514 0 | 0.544
1061 [ 0.24 < 107° 844 | 018 > 1072 ] 607 0.25 > 107> | 118 [ 0.20 > 10—2
2062 | 0.10 > 10~ 1340 | 0.77 > 102 | 12181 0.34 > 1074} 211 | 0.20 > 1072
2905 | 0.10 ¢ 107% 3160 0.45 > 1075 | 1310 0,29 > 107% | 318 { 0.20 x 1077
The paralysis
occurs
Table 5.
A, C. 0. P, S. D. A. C. G. A. T. P. A,
N AT N AT N | AJ N AJ
0 | 0.70 3¢ 10" 0 0.70 > 101 ol 0.70 =< 101 | o 0.70 > 10%
82 | 0.92 x 107% 541 0.20 > 10* The Algorithm | 90 0.28 >< 101
173 | 0.15 < 10"§ 1061 0.20 > 10t not stabilized 198 0.28 > 101
210 0.59 > 10~ The paralysis ocours ; ) ‘The paralysis
225 0.16 > 10— OCCurs.
308 | 0.41 3¢ 1073
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