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ON CUBIC METACIRCULANT GRAPHS

NGO DAC TAN
1. lNTRODUCTIQN

In 1982 Alspach B. and Parsons T.D. defined a class of vertex—iransitive
graphs called metacirenlant [1]. This class includes as a special case the class
of circulant graphs which has been iniensively investigated in the last two
decades.

Let n be a positive infeger. Denote by Z the ring of infegers modulo n

and by Zn the multiplicative groupof unitsin Z . Let § & ZH\{O} be such that

i ¢ S implies — € S. The circulant graph C(n,S) is a graph whose vertex set is
{v. D s vn_i}, and an edge joins v, and v; if and only il (j — &) € S, where

we take (j — i) modulo n. The set S is called tke symbol of C(n, S).

: - ®
Suppose that m, n are infegers, m > 1, R > 2, a €2 ,

m | . .

L= ]TZJ (i.e. W is
the greatest integer not exceeding _%- )y and SO . 81 reeo, Sil are subsets of .Zn =
satisfying:

MHOES, = —5;

2 ocer = Sr'for 0L r<Cy;

(3) if m is even, then auSu = — SH' |

We define the (m, n)—metacirculant graph G = MC(m,n, o, 8., 8, ,,,,,Su)
to be a graph with vertex set '

V(G) = 5;,,1_ ieZ, ,jeZ_ |

and edge et

i+r

BB = ? Lo o< r<MieZyh je Z and (h-jeas, ],

where superscripts and subscripts are always reduced modulo m and n respec-
tively. o '
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A grapa G is called a metacirculant graph if it isan (m, n)— metacirculant
graph MC (mn, n, «, §_. 8,0, Syy) for some m, R, 4, So, Sy Sy
 We define two permutations p and T on the vertex setrV(G) of an {m, n}—
metacirculant graph G by
iy — pi. d
p(i’)j) D]+1 an

vl = pitl,
@h = oit

It is easy to see that p and T generate the transitive subgroup (p, T) of the
symmetric group on V(G). Moreover, as it has been proved in [1], the subgroup
{p,T) is contained in the automorphism group Aut G of the graph G. Conversely,,
any graph G’ with vertex set V(G’) = V(@) and (p, T) < Aut * is an (m, n)—

“metacirculant graph,

In this paper we consider cubic (m, n)—metacirculant graphs with §_ # &,
i.e. (m, n)--metacirculant graphs with S0 # (7, each vertex of which has

degree 3. We describe connected components and - determine automorphism
groups for these graphs. We also give an answer to the question: which
graphs in this class are Hamiltonian? - :

2. CONNECTED COMPONENTS

~ In this section we describe connected components of cubic (i, n)-me-
tacirculant graphs with S > ¢. First we prove the following lemma. '

LEMMA 1. An (m, n)-metacirculant graph G= MC (m, n, «, SO, Si""" Sg) ha:_;*
S, #= ¢ and is a cubic graph if and only if one of the following conditions is
satisfied:
1) nis even, | S, V=38 =¢foralie {1, 2,.., H};

Q)m is odd, n is even, | S_ [ =1, | S; 1= 1 for some
i {1,2, R}, S; = ¢ for all j 5 i '

3) miseven, nis even, | S, | =.1,15, | =1 for some i€ {1, 2, M 1} and
Sj:Su=¢ fori#jé{1,2’“-, I_L——-j}; : o

4) m is ven, nis even,| SO[ =1, Sf-l |= % and S‘. = ¢ for ailie{j,-ﬂ,_., -1}

" 5) m is éven, | So[ =2, | Sp.l =1and §;=9 forallie{t,2,,., - 1}.
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Proof. Let G be an (in, n)-metacirculant graph MC (m, n, a, SO, 81 teens SH)
and let degv be the degree of a vertex v of G, It ia easy to see that

degvgé_—]SO[—l-.?ISjll—l-QlSQi+---+2|5ui O

if m is odd and

degvg =18, 14+ 218, | + 218, |+..+2ISu_,|+1S41 @

if m is even,

Let now So # ¢ and G be a cubic graph. Then we have deg vy =3 and
0 | SOI < 3. There are three possibilities.

a) |S, | =3 Smce the subgraph G induced by G on v° v‘;‘ o 0° P isa
n—

clrculaut graph the W.tth symbol bo y n has to be even and; €S . By (1), (2

and deg vy =3, we have S, ==¢ for all i {1, 2,..., L}. Thisis ]mt Condition 1in the
lemma. - .

b) [Sef = 2. From (1) jt is easy to see that m cannot be odd. So m is even
and from (2) it follows that IS;.U =1,8 = @ for all i e {1 2,..,, H-1}. Thls is

Condition 5.

c) 'S"l.:-l' This ease can happen only if n _is even and §, = ;";l;' because

the subgraph G, induced by & on vg, 010""’ 9 ) f is a circulant graph with
n—
the symbol S,.
If i is odd, then from (1) we have ISI. | =1 for some i ¢ {1,.., 1}, Sj= %)

for all j = i and Condition 2 follows.

If m is even, then from (2) we have eilher Condition 3 or Condition 4,

Conversely, if one of Conditions 1-5 is sat:sf;ed then S, @ and from 1
or (2) it follows that G is a cubic graph, The lemma is proved.

Now for any integers n and & with n > 2, 1 < k<{n—1 we define a gene-
ralized Petersen graph GP(n, k) to be a graph with vertex set

VGP(@, 1)) = {s trees B,y Yoo s w2 Y- '}
and edge set
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E(GP(II, k)) = {(ui ’ uf‘!‘l) (Hi s yl ): (yl ’ yf+k)]£ EZH }s

where subscripts are always reduced modulo n.

. Thos GP(n. k) is a graph of order 2n and GP(5, 2) is the well-known
Petersen graph.

We formulate and prove now the main result of the section.

THEOREM 1. Lel & be a cubic (n, n)-melacirculont graph with S, ;¢ (. Then
its connecied components are isomorphic to each other and lo one of the follow-
ing graphs:

1) a circulant graph C(21, S) on 2! vertices with the symbol S = {1,- 1, I},
where | is an integer > 1;

2) a generalized Petersen qraph GP(d, k), where k Z; and k?®=+1 (modd).

Proof. Let G be a cubic (in, n)- metacirculant graph with S, ¢ &. Since

G is vertex-transitive, its connected components are isomorphic to each other.
Therefore to prove Theorem 1, it is sufficient to show that some of its connected
components is isomorphic {o one of the graphs of the form 1) or 2).

) By Lemma 1, one of Conditions 1-5 is satisfied. We consider all these
_possibilities in turn.

1) nis even,|S | = 3,5, =@ forallie{1,.,u}
Since 0 ¢ So = — S0 and ]SOI =3, S0 must have the form S0 = {s, —s, % },

0 ;és;é—;-. Let’s consider the subgraph G induced by G on; v‘_’,vg,..., v® . f
. o n—

By definition of the (m, n)-metacirculant graph G, the subgraph G is the

circulant graph C(n, So)”on pe, 0o ..., 0° f Then o, uo\, po ,p° |\,
o 1 n—1 o s/

( vg , u; ), are edges of & There exists a smallest positive integer d such
5 8

that \vz = v %, Since the permutation
) ' S o

pro = ol
J

i+1

is an automorphism of G, the permutation p, on V(G ) defined by

0 . o o
D £ 0 —_
Po(,-) o( j) P i
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{s&n automorphism of G, . So, if j&'o denotes the cycle

p® po po ., p° p O
o s 2 {(d—1)s o

and p (X o) denotes the cycle
o]

¢ I £ f t .
0o (09) £, (0] Y0, (Vg e 0, (v q_p) oo (Pg) s
then either A
t
e (X)) pp (X )=0
or Po(Xy) =y (X,)

for any integers f, u. Therefore dr = nand d is a divisor of n.

There are two possibilities to consider,

ayp_ is a vertex ofthe cyele X . In this case the subgraph induced by G on

O

R,
2

{2, 0%, vy, o, ”‘()d—l)s} is isomorphic to acubic circulant graph C (d, S). Hence
d=21,1>»1,8={1,~11l} and this subgraph is a connected component of G.

b) U;}: is not a vertex of the cycle X . Then the subgraph induced by & on

2
{2 D: , [)f;s - pz’d_j)s , ”?: , U?z , vz ,,,,vg }is isomorphic to the
) 5 s T ;—l—(d——f)s

generalized Petersen graph GP (d, 1) and is a connected component of G,

2) mis odd,nis even, | S_ |=1,15;] =1 for some i € {1,2, ..., 1}, Sj= &
for all j #L :

Since the s?xbgraphinduced by G on {v, v; yeems ”2—1} is a circalant graph

with the symbol S_, the set S musthe}—gi . L.etSl: = {s}. Then

(Ug s U;)-

UQi USi
O
a s a ste st

Jares
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are edges of G. There exists 4 smallest positive inléger d such {liat

pdi . ,
o (4~ i g qld—2i

0
.s+-...+°’-is+s =Uo.
Hence
Y = 0° ot p? .oofd— 1 ve
0 0 s gl g ofd— 2)i

Setas + ¥ °
is a cycle of G. Since [S, [ = 1 and p is an aulomorphism of G, we have either
(Y Vet (Vo) =
or PP y=0e"(Y)
for any integers {, u. Therefore dx = mn and d is a divisor of nm,

Here we have also 2 possibilities fo consider, -

a) 2°is a vertex of the cycle ¥ .
n

2

For { = 0,1,...,, m — 1, the subgraph Gi induced by G on ;v(i) , D’;,..., vt .
n—
is a circulant graph with the symbol o S,. Moreover, they are isomorphic to

each other because & Z;- Consequently, of S, =8, = ?%e forany i € Z,and
O O
(Do’ vn)’
2
(Di, Di ) LI LN
$on
2

are edges of G. So the subgraph induced by G on

v, vi, 02';. peoss v:’l vin , vif i - ?
® sts - = —+as+s
2 2ts 3 ‘

)

is isomorphic-to 2 cubic circulant graph € (d, §). From this we have d=2[, [ > 1,
§ = {1, —1, I} and this subgraph is a conneted component of G. '

byv® is not a vertex of the cycle ¥ . Then the subgraph induced by G on
n

2
c g _1)
vo,vz’yl {d-1)i
0? s

A - A ey
alsts T ald “)’s%-m(d 3)Is+...+s !
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o 1 2i (d—1)i
n'¥n * P i AR {d—2)i
R — +d sts — 4+ 5

L Di N
2 2 2 §

._}_

+ 5

is isomorphic to the generalized Petersen graph GP (d, 1) and is a connected
component of G.

3) m is even, n is even, ISO =1, | $;[=1 for some
ie{],f%,...,u—1},Sj=SP=@foralli¢je{1,2,...,”——1}.
This case is completely similar to 2.

4)miseven,niseven,lSolml, | 8¢ | = 2 and

S{.=®forallie{1,2,.,.,P-—1}.

As in 2) we can prove that §; =a" So=? —g— ; . Let
Sg = {s, r},s+r (mod n). Then
(va * vl")’
[¢] $

. 4]
_(v:,v }

s—r
0 B
( D‘s—r ’ v25—r ) !

B o
( Dggrs Ugg_gp) s o

are _eﬁges of G .Since| S| =2, there exists a smallest positive integer d
such that -
L g 7]
Yats—r) = Yo - _
Therefore . ‘ o ‘3
R * B TR ¢ b 0 - .
W, = Vo Vs Psy Vog—p o= Yas—m

is a cycle of G, It is easj to see that for any integer t and u either.
Pt W) N o (Wo) =0
ot o (Wo) = o (W)

0 124 28
and each vertex from ug, v‘l’,...,un_l, Uy » vl; s Uy

f belongs to some
f;i_(W(;);' Consequently,' 2dx = 2n and d is a divisor of n.
As in 1) and 2) there are two possibilities to consider.
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a)v’  is a vertéx of W, Thed

L
2
- * S o M o -
WO——-UO US s—pr " U_’_l_vl_{_ U—!L'+ _ .
A
- . H oo n .
Since $g = a kSoz—f?f,the pairs
o 0
(UO’UL)-
2
28
(v Vo Ve
2 7 °
w_, > °H+ ) 2w
9 8 r

are edges of G. So, the subgraph induced by G on

o M o
%vo’ Vg o Vg e Uds—(d—l)r f

is isomorphic to a cubic circulant graph C(2d, S) with § = {1, —1, d } and seo
this subgraph is a connected component of G.

by »°

n

2

is not a vertex of the cyecle W,. Since So = au So = { -%- ‘, the
. . . o M o [

subgraph induced by & on the vertices Voo Ve U pvens Ve amyr? v"’n ’ v}i .

T Tt

fo

n

-§-+s—_r

is isomorphic to the generalized Petersen graph
+as—Wd-Dr

yorey D

w[:"z

GP (2d, 1) and is a connected component of G,
5) m is even, | S, l=2,18) |=1and §;,= Jforallie {1,2,..,,;1—1}.
Let S =={s, — s}, s £ — 570 and Suz.{r}. Then

a G 4] [ o 4]
(Uo s vs)! (vs: U?S}’ {Ugss u3$ ),---

are edges of G. Let d be the sm:allest”positive integjar such that v:’u = vy . Then

[+] o o o o
ZO = DG vS Dgs rem D(d_l)s UO



is a cycle. For any inlegers ¢, u either
o' (Z,) N o (Z)) =6
or ol(Z,) =" (Z,)

and any vertex from {vg, v;’ bores vz-—1 } is in some pf (Z,). So dr = n and d

is a divisor of n.

Let £ = <M. Then
' ) Hou

(U 'V ks)’ ;
u
(vzz-t-ks ’ vr+2ks) :

" TR s

W rpoks > Vraans )0 -
are edges of G. Since d is the smallest positive integer such that ds =0 (mod ny,
the walk

wonoou uo o
r Urts Vrtors o Vrr(d—Dks  Vrtdks

is a cycle of length d, too.

We have :
{0, ks, Jks, ey (d-——I)ks} < {0, 5, 25, 3s,..., (d—l)s}
(all numbers are considered modulo n), beeause

{0, 5, 25, 35 ,...,(d—1) s}
is the set of all multipliers of s modulo n. So -
1 {0, ks, 2ks,.esy (d =1y ks} |'=1 {0, 5, 25, 35, ..., (d —1) .é} | =d

implies o 7 . . :

{0, ks, 2ks, ..., (‘d —1) ks} ={0, 5, 25, 35,..., (d — 1) 5}

? oV R R f

and s v , v2 ) ..,v(d “s* Ur s Vi ,vr+2ks,...,vr+(d_1)ks
P u weooow 1
_-—20 e .?S'""’u(d ) L Dr+s’ Vrrggreres L'JI"!'(d—I)s

“ez s

2

burther we consider k as-an element of the ring Z . Since k=a

it is relatively prime-to r, Therefore k is relatively prime to d because d is a

dlywor of n. It means thgt ke Z{;
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Let G_ be tke subgraph induced by G on " -

0 .0 9 T L. H _
3 Yoo Us> v;s" o Dg-1)s 0 U Pets v Uragsotors Vrad—)s | T v (GO)
and let f be the following mapping from V.(G o) to.V (GP (d, K)):
o , L
].c.(vis.) =4 o S : _ .

and f(ur"’r'n) =y, for allieZ

It is casy to verify that f is an 1som01phlsm of the gr aphs G0 anfi GP (d 5
and G, is a connected component of G,

By definition, the graph G is verlex-transitive, 1. e. its automorphism group
is a tranmsitive permutation group ob its verlex set. So if G, is a conaected

component of &, then it is a vertex transitive graph, too. Therefore, P (d, k)

is a vertex-transitive graph. Using the results in [3] and noling llat ke Z} we

conclude IP= -4~ 1 (mod d).

N

Theorem 1 is completely proved.

3. EXISTENCE OF HAMILTONIAN CYCLES

In this section we give an answer on the question: which cubic (m, n) —
metacirculant graphs with § 7« 4 are Hamiltonian?

THEOREM 2. A connecied cubic (m, n)-metacirculant graph G with SO # @ Iz
Hamiltonian if and only if G is not zf.s_omorphic to:the Petersen graph GP (5.2).

Proof. Let G be a connected cubic (m, n) -metacirculant. graph with §_ =

By Theorem 1, the graph G must be lsomorphlc either to a cu‘culant Ulaph
C(2l, S) on 21 vertices with the sy mbol § = {1 -1, 1} where l4s an integer 2> 1

or to a generahzed Petersen graph GP (d, Ic) where k ¢ z,’d and k% = + 1 (mod d).

Suppose that G iy Hamillonian\ It is. clear tbat"G can not be is‘dmofphic to
the Petersen graph GP (5,2) because it is well-known that the Petersen glaph
GP(5 2)-is not Hamiltonian. :

- Conversely, suppose lhat & is not ISOmOI‘pth tothe Pelersen graph GP('S 2y
If G is isomorphic fo a circulant graph C(2/, §) with § = {1,—1, {}, then of
course G is Hamiltonian, If & is isomorpkic to a generalued Petersen
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graph GP (d.k), k e Z Jandk® = + 1 (mod d), then by the results obtained

in [2], G is Ha nlltomaq if and only if the ordered pair {(d,k) is nol among the
followmg ones:

() (2, (ny n—'c)) ( gl),'(ﬁ;'n; 1), were n = 5 (mod 6);"'.- i

(u) (n, ) where n = 0 (mod 4), = 8.

Amono the pairs, (d Ity lls' d in (i) and (u), only the pairs (5,2) and (5,3)
can satls['y the conditions k e Z* a0 k= i' 1 (mod d). It is easy to see that
GP(5,3) is isomorphic to GP(5,2), Hen e, if G is isomorphic to a genelahzed

Pelel sen graph GP(dE), & Zd, ]\ = 1 (mod d) and (a' k) ;é (5,2), (8,3), then
G: is Hamiltonian. Fheorein 2 i proved.- : -

4. AUTOMORPHISM GROUPS

In this section we descrihe atlomerphism groups of cubic (in, n)-metacir-
culant graphs with $y == . Tt.c following resull shows that the .above problem
can be reduced to ihe casc of conaecled graphs,

THEOREM 3. If k is the number of connected componenis of a vertex-transi-
tive graphk G and C is one of them. Then the aulomorphism group Aut G of G is
the' wreath prodact of the automorphism group Aut C of C with the symmetric
group 8, of degree k.

Proof. Since G is a vertex-iransitive araph,all the connected components of
G are isomorphic lo each other. Hence the sutomorphism group Aut G is the
wreath product of Aut C- with the symmetric group SA- of degree k ({41,

Theorem 14.5). The theorem is proved.

In view of the above theorem, in order to desm 1be the automor uhlsm group
of a vertex-transitive graph’'G, in particular, that of a cubic (m, ny-metiacirculant
graph with 85 += ¢, it Is sufficient to describe the antomorphism group of any
connected component C of G. '

If a, b, ¢,... are permuitations on the vertex.set V() of a graph G, then we
write { a, b, ¢,... ) for the subgroup generated by a,b, c,... in the symmetric
group of V(&). - = -

THEQREM 4. If.-lis-an integer > 4 and G is the circulant graph C(2l, Sy on
2! vertices with the symbol § = {1, —1, 1}, then Aut G is the dihedral group
Dy, (a by, where a and b are ihe followmg permuiaflons on the wvertices

of (‘ .
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ﬁ = (DO- qu a3 021_1),
b= (v gy g} (Wys Vogp_g) e Wy gs Py} _
Proof. Let U Dy 4. Dy, be vertices of (7 and G° be the circulant graph on

{ Vg, Dpseess Vg1 } with the symbol §° = {1, -1} It is well-known that
Aut G == Dy = (a, b).

Since G is a civculant graph on { g Vs e, Vor—1 }, the permutation a is also
anm automorphism of G. We have

b(v;)= Py~ (j+y)

for any j€ Z,. Consequently, if some edge of Gis of the form (v, »

j1 s
then

B> i) = Co(jan) * Por- o) = Qoman * Y- )

is also an edge of G. This means that & is an automorphism of G and

D,, = Aut G L Aut G,

Since I > 4, the girth of & is 4 and all shortest cycles of G have the form

Vs Vit Pttt Vvt Ve

-

Where ke Z . If some edﬂe (u] s Vpiq) is transformed into (vk, ) by an_

automorphism « of G, then either

a(uk') = yk’ ? O"('le“i-l) = vlc’-i—[

or ‘ e )=, s A )= Dl

We cap suppose without loss of generality that.
w0 ) =04, MV )= Vppe

There are two cases to consider, Lo ..

) O.(U}'_H) = v ,J_l . Then OI(U D=V Hence

Uy 7V Vpiog Vg gy Vg 1) Dpomy Vg Ppoay #Wg gy Vp_y
which is not a2 eycle if { > 4. This is impossible because « is an 'aulomorphism
of G, :
2) wl(v, ) =v,,_; . Then a(u,” ) = v}, +4 andwe can oblain & contradiction
as in 1), S
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Thus if « is an automorphism of G, then
HOpo Vg )= (s 04 y)
for any ke Z_, i. e. « maps redges of G’ onto edges of G'. Hence « is an
automorphism of G and Aut G < Aut G,
Consequently Auth = Aut ¢’ = D, and Theorem 4 is proved,

. THEOREM 5. If .G is the éirculant graph C(6,S) on vertices v, v, vg, D
v, with the symbol S ={ 1, — 1,3} and a, b, ¢ are the followmg permutatlons
on vertices: ) )
3= (Ugs Uys Uy, Uy, Uyy V),
b= (vgs 05-)(01; 04)(029 D3)9
C = ( 1:* 05 )’
then Aul G = < a, b, c'>>.

If G is the eirculant graph 0(4 §) with S={1,-1,2 )} or G is the circulant
graph C(2, ) with § = { 1,1}, then Aut Gis a symmelric groip on iis vertices,

Proof. As in Theorem 4, the group D, =(a,b) is in AutG. If some edge
(u D]c-l-l) is ifransformed inlo (v Vit ) by an avtomorphism- o' of G, then

we have either
(0 )= Vp s XU ) =0,

or W)=y H O )=
We can suppose Wllhout loss of generality that
: “(UA)_U ) ’“(01,-'1)‘—0 3 .
Since a € Aul G, @ (v )=0v . and a —k _(v;k, )= v, , the permutalion

3 : 1~ T
a=a— & g gk s an anlomorphism of G and

'a(vo)zvo , a(v1)¥b3 .
There are two cases to consider:
1) &(v‘ y=1v,. 'l‘hen a(v; ) = v |
_ If a\ué)_ v,, !hcnz (u )_ vy and o = (00, 04).
II a(u{‘)_vg, then oc{v )_u and
PEo= (01 3 03);(09 ,'04)‘ .
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2) oc(vs) =D.. Then a(¢:5) =D .

If ot(U!l.) =0, then m(z)g) = v, and

2
WO = (Ui-, Us,bs)-o

I.e,) = vy, then ‘f“(_ug)="’4 and

m:(ui, 3,0)(09, 4).

It is easy to sce that'in both cases o &{a, b ¢ Hence & “e{a, b, c)and
Aut(r (a,b ¢). But (q, &, ¢) L Ast G.. So Aut G = {qa, b, c). . .

The last assertions are trivial, Theorem 5 is proved.

THEOREM 6. Lel G be a géhef'd[ized Pétersen gn}ph GP (d, k) where
keZ* , k2= 1 1 {mod d) and ' E '

(i) if the ordered pmr (d, k) is not among (4.,1), (4,3), (3,2),(3,3), (5,3), (8, 3)
(10,3), (10,7), (12,5), (12.7), (24,5), (24,19), and if k2 =1 (mold) then” @ - ¢

Aut G = {p, 8, t), where

p(u;) = U4y o) = b 4p L
. 5(1’{);“:”—1‘ , . dy y=y_,, dli,
r(u.):y,,f ' | Ty, ) = Uy all i |
(iiy if the ordered pair (d, k)is as i (fy and if k2= — 1 (mod ), then Aut

G = {p,T) ,where p and T are lhe permnialions defined in (D).

(iif) if G isone of GP (4,1), GP (4,3), GP -(8.3), GP (8,5),GP -(12,5), GP (12:7)
GP (24,5), GP (24,19), then Aut G = { p, 8,5 ), where. p,6 areasin (i) and

o(u, ) =1 G(yh)m%_ ,
Sl yyy) = Wgy—q » "(“4: 9= 94:
O ?’45—1_’_ "(941 1’ y4z+o ke
oWyt = Ypimz s (5{4i+2)* s-g 0 D
(f0) if G is GP (10,3) or GP (10,7), then Aut G = (p, 11}, where p is asin (i) and
W= (up.y,) (ag .4, (Uph,) Welg) Uy lg) Wgeliy):
@) if G is GP (3,2)or GP (5,3), then Aut G=(p, 1), where plis as'in (z) and
= (U, Yy ) (U35 4,) Uy Y3)e
The proof of these assertions can bé found in [3).
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