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LINEAR PURSUIT GAMES WITH MIXED DYNAMICS

TA DUY PHUONG and PHAN HUY KHAI

: INTRODUCTI_OH

In this paper we study pursuit games in Whlch the "'movement of a player
is discribed by a linear differential equation-and the movement of his opponent
48 discribed by a linear discrete equation. Our aim is to obtain some sulficient
cond.tions for the game to be completed after a finite interval of time. The
.paper ia divided info three sections. In the first two sections we consider games
with geometrical constraints on controls and games with integra!-geometrical
constraints on contrels in the last section.

I. GAMES WITH CEOMETRICAL CONSTRAINTS: CASE L.

Let the motion of the phase-vector x & R" of the pursuer be discribed by
thc following differential equation

% = Az - Bu, 2(0) = 7, , - (1.1)

and the motion of the phase-vector y € 2™ of the evader-by the followmg
difference egquation

gk + 1) =Cy(k) + Dv(k) k=0, 1, -

y<0) = Yo »
where malrices 4, B G, D, have the degrees n >< n, n K. p» 1 X 'm and m X q,
respectively.

Suppose that P and Q are convex compact sets of RP ‘and RY. respectively,
Denote by R the set of real numbers. A control uif), { € R, of the pu1suer is a
measurable function which satisfies the consiraint :

u(ty e P, for every!{ € R.

A coatrol v(k), k = 0,1,... of the evader is a sequence of vectors satisfying the

consiraints
v(l)e Q, for k=0,1,u: .



In what follows such u(.) and » () w.ll be called admissible controls,

. Tor r < min (m, n) -we consider BT  as a subspace of R™ (or R)™M.
Denots by = the orthogonal projeclion from R™ (or R") onlo RL Let

there be given a terminal subset M < R”, Let a(k) be a sirictly monofone
function which maps the set of natural numbers into the set of nonnegalive
real numhers .and satisfies the condition «(0) = 0. For every natural number K

we have
0=a0)<el) < oo <(K)}=T

Hence, for each f e {0, a (K))] there exists a unique value k, 0<Ck <CK such
that & (&) <{ t <C« (k4 1). Let there be given sets N (k), k = 0,1 ...., satisfying
N (k) ¢ {0,1....., k}. We shall say that the game (L1), (1.2) [starting from the
position (z, ,y, ) is completed after the time (= (K), K), if for any admissible -

control {p(0),e.e; 0 (K)} of the evader there is an admlsmble control u () of
Kthe pursuer defined on [0, « (K)) such that

Ty(K) — 7x (2 (K)) e M,

Our hvpotheses concerning the information of the game are as follows, To
construct a control wat a moment t ¢{a (£), « (£ + 1)) the pursuer can use the
structure of the game, i.e. the systems (1.1), (1.2), and the controls of the
evader at each moment s € N(k). Let us define the following sets

AE)={0<k <K — 1:N(k) = @}; 8y (K) = {010, K ~ 1} \ &, (K);
A3(K)= v N (k);Aé(Ik'):{O,I,...,K—1}\ A, (K);
k€A (K) . . |
H (K)= T =CE~17kpg, | (1.3)
ke A, (k)

S ca(kt) (r-na L
G, (Y=Y _ e © BPdi. : ' (1.4)
keAz(K) & (k) . | '
A, (k) # (J, then we can order the sels A, (K) and Ay (K) such that
Ay (B) ={s; 585 s, a, (B} ; 85 ) = g rgeee r{.&s(;%)l}-;

s<82<.<SlA(K)J ,-:I‘<.<:I1A(K){

where |&, (K)|, stands for the number of elements of '4; (K) i=1 3 .
ASSUMPTION 1.1. K is a natural number such that

s/ o, ()= @
b M= H (K) = 3.

26



o

The definition of the geometrical difference » and the netion of mullivatued
integral were given in /4/,

ASSUMPTION 1. 2. There exists a matrix of the degree |ag (K) X A (K)
Y (31 ’ rf) Y (S_‘Z " rf)""' Y (SIAj(K)] !FI)
0 () — v (s;, r'2) v (s, , r2)..... T (S|A1(K)‘ » Ty )

L N +*

Y 6o Tag(x)) ¥ (ge m (K)I)" Y Gla > T a m)

with the following properties,
20} v (57 rj) =0 if rJ. ¢N(5,)

&, (R)
2b) T TG r; y=1fordlj=1,2,..., lag ()]
- i=1 ‘
2c)W(s)-P(s x ¥ ny(si,rj)erK_I_r.fDQ?-é@

rj &N(si)

for everyi =1, 2,..., | o, (K} [, where
Py=]' meT-D4ppgt,

ASSUMPTION 1.3. Suppese that -

1(K)| '
xCX g, — xe“(K)A’CuEG(K)+[ L W)+ (M 2 Hi (K.
i=1

THEOREM 1. [f the assuinptions 1.1—1.3 are satisfied, then the gane (1.1) -
(1.2) is completed after the time (o (K), K).

Proof. It follows from Assumption 1.3 that there exist vectors meM » Hy(K);

g€ Gu(K), J)(s)eW(s) :_1,2,....[A1(K)],
such that

|a1 (B,
n Xy — e @iz —mp gt 2w (s) {1.5)

This means that there are measurable functions izk(.) ) uk(t) € P for all { & [alk),
e(k+ 1)), ke 2,(K), satisfying '

o(k+1)
k€ AQ(K) (k) (A
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Assume now that {v(0),..., ®(E)} is an arbitrary admissible control of the
evader, If is clear that there exists a vector m € M such that

m=m-— = TECK_. 1-k DU(I{) . - V (1.?)
ke A (K)

The condition ;(Si) € W(s,) implies the existence of vectors m(si) &b G
sati sfying '

~ E—1-r; . S T
w{s)=w{s)— = v (8 ,r) w0 I Do(r.). {1.8)
i i r-EN(_sl-) P J

Since w(s) & T’(si), then according to the definition of the sets P(s) we
can find q}easurable functions u“i () usl_ () GP for every f € [ (s; ), a(s; +1)),
suchthat
a(s; +1)
os; ) = S ne(T")ABuS_(t) dt. (1.9)
a(s) .

Now, at each moment ! & [0, «(K)) we define an admissible control. of the
pursuer by settmcr

(O t & [al), alk + D), k & Ay(K)

W=, (O, L& [ots,): o D =20 1 8(E)).

Substituting the formulas (16), (1.7), (1.8) into (L5) we get

nChyy — Mg =m— = CE-1"kDpk) 4 |
kEA4(K)

ol +1)

% S m @B DA By (5 dt +
E€NAL(R) -
()

1A ) _
o) = = (s, rynCETIT Do (1), (1.10)
i= f'j 5] N(si) / /



From {1.9) and (1.10) we obtain

KCKyO — ::eoc("()"i:):o = — 3 g CX 17k Do(ky ~-
: . - k€A, (K) ' :

alf +1) (T 4. . [AJ (.K)i"’_‘(si g 1)(T—1)A
+ Z e C Bugpdi 4 X S e Bu, ()di
alk) af’s.
i)
la, (&) e -
- Z yK(.s'.,r.)nC "jDu(r.),
. i’ 7 J
i=1 rjEN(sl-)
i.e. B o
m=xCky - ne“(KjAmo + X a(CE Lk Dp(k) — -
- N kEA4(K) T -
Ak +1) ' Ja, (&) als; + 1)
r—-i4
—z S e (T"'t)ABuA_ B — 2 ze! ) Bus (Hdt 4

k€A, (K) . =1 " i
ol k) o ot(si)

i (K)] K
+ -z 2 ygls;. ry)mC

i=1 rjEN(si)

1--r;
_ JDU(I'J-) == TECK.UO - wx(e(K)) 4

i

E-1-k la, (&) K-1-r,
= nl o Do(k) £ 2 L (s, 1y )nC - Dofr; ).
kEA (K) i=1 rEN(s ) :
A Lo : . J i , o
o @11y
From the properties of the malrix @(K)we ‘h"_a_ve

A, (x| E—1-r; . |ag(K)| E-1-r;

% L yg(s;sr;) nC Dv(r}.): X = Do(r. ).

f=1 ‘"J-EN(S,-) i=1 4
Combininy (1,11) and (1.12) yields '
m=— Tr:c(a(K))—}—TCCKyO—}— ) _TICK_i_k Dv(k) 4-

keA[‘(K) SRR -

1A3(K)!K—~1—-rj
4 £ w=C Do (rj) = y(K) — neiaK))

i=1 . .
This means that the game (1,1), (1.2) is completed after the time («(K), K).

29



3. GAMES WITH GEOMETRICAL CONSTRAINYS: CASE 2

In this section we suppose that the motion of the vectors x and y is described
by the following equations

; w(k + 1) = Ax(k) + Bu(k), k = 0, 1, 2,

z(0)== , xeR" 2.1)
% y = Cy -+ Dv :
y(o) =y , yeR™, (2.2)

where the control u satifies the constraint u € P and the control v is a measu-
rable function which satisfies the constraint v € Q.
Such controls # and v are said to be admissible. As before, P and () are compact

convex subsets of RP and RY respectively. Other notations remain the same as
in Section 1.

Let K be a given natural number, «(k) be a given strictly monotone function
which satisfies the condition: «{0) = 0, « (£) =0 for every k.

The game (2.1}, (22) is said to be completed after the time (K; « (X)) if for
each admissible control v (. ) there ex.sts an admissible control {u (0),..;, a(K}}
such that '

Yy («(K) — =x(K)e M.

To constract the control u(k) at each moment k the pursuer can use the structure
of the game and the information about the conirols of the evader at any moment
seNy (&), where

Ny(B)= v [« «(@ + ).
leN(k)

Let us consider the following sets

alp+ 1) - -
!H (K): 2 f (T—t)c . K—I"]\'
9 _ e DQdt; G (K)= 2 =nA4 BP.
k&b (K) Lo U kengw) :

ASSUMPT'ON 2.1. K is a natural number satisfying
aj &, ( K)#¢
by M * Hy(K)+¢

30



ASSUMPTION 2.2. There exists & malrix p(X) = (¥, (s W T, )) such that the follo.
wing conditions hold B

2a/ Yl T )_. 0, 1fr ei‘v(s )

(A, ()
2b/ ‘2 , Vi (si s r;) =1forall j=1, 2,.., iA 5 (K
i= : :
K—-1~3, —_
2¢/ W(si).-—-xA UBP * P YrG, r Q@) = @,
roeN(s, ) J /
J i
(r + 1)
where Q@ .)= ) xelT=0 Cpo gi.
J oa(!‘j)
ASSUMPTION 2.3,
*(K)C K ‘ * : B -
e y, —n Atz e Gy (E)+ (M * H,(K)) + 2 ) Wi, ).
=

THEOREM 2. Under Assumptions (2.1)—(2.3), the game (2.1), (2:2) is completed
after the time (K, «(IK)). ‘

Proof. 1t follows from Assumption 2.3 that there exist vectors

meM « Hy (K); 9eGy (H); & (5) e W(s;), i =1,' 2y |ALK)]
satisfying
" . 18, )
. 71:‘:‘rﬁtﬂs{)() y, — = AX x, =m-+ g+ % w (si o
. i=

Hence, we can find conirols u(k)elP, keA(K), such that

é: 3 mAkTI- kBu(k)
ke (K) L

For an arbitrary admissible control v{.) of the evadel there is a vector meM
satisfying , : o ' v
Ulk+1)
M=m— I 7l =0C pyayar,
kEA4 (K) ‘
%k



The céndilionz (s;) eW(s, ), i= 1,2,..0 |8, (K)| implies the existence of vectors
u(s;) e P such that 7
our ;+1)

w(s,;) = =AK"17% Bu(s;) — = TgWi T )we(T ¢, Do(tydt.
r; GN(S ) GE(I'V) .
J

Define a strategy of the pursuer by sefting

e . kea (k)
u(k) = u(s ), i= 12,.. Jay () -
We have ’
#(k+1)
7e Ky _ps K =m—~ X (r—t)c
o a ke, (B § e Du(tdt 4=
)
[a )l
+ = nAR~I7k Buk) 4 = AKTT5 Bu (s, )-
ken, (k) _ i=1
oc(r +1
{a, (K Y 86T ) elT=1)C
_ 5 s jIme Iu(t)dt
,i:=1 rj EN(si) oc(rj)
(k1)
k _
em+Z nd K- 17k Byk) — % S - relT—tIC Dy(fydt —
Y Va(rj'i'_'j)
; AL(K) T—OChn(
AR WOR rj)ne( —OCDp(¢ydt.
ke =1 r; €NC(s; ) oc(rj)

Froni the properties of the matrix cp(Kj we can deduce
& (&) a(r; —1)
z z

{ (s,.r;) TCB(T—t)C:DU_(f)dt =
t=1 r;EN(s;) G(r) & ! i o
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rAS (K)I IAl(K)I : . a‘("j + 1)
T2 (3 gl § T wmelT OC pyrydt =
j=1 i=1 Of.(rj)

EAS M ealr, +1

N aelT = DCnp(yar
j=1 alrj)

Conscquently,

-

e®&C) n— mAfe, = m -+ mAK-1-k Lok —

1

TNl

i
a{l: + 1) (A () alr +1)

— z § 7elT-0C Dohdi - = § ~elT—0C Doii)di =
k€A, (K) a(k) S=1 “(rj )

K _y oK)
=m+ I mAF=1=F By . § weT = 0C Doyt
k=1 ‘ iRt ‘ ‘

This means that wy(a(K)) — ¥ (&) = m. The proof is éompletc.

3+ GAMES WITH INTEGRAL CONSTRAINTS

In this section we consider the game (1.1), (L.2) in which the control u saliga
fies the following integral constraint o

4 oo B . .
03 fu(s)* ds << p?, Coo (3.1)

and the control v satisfies the constraint
ve . T A (3.2)

ASSUMPTION 3.1. K is a natural number such that
1ay AI (K) = ¢.

1/ M x H, (K) ¢

where H (K)= 3 xCK-1-k py,
kes, (%)
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ASSUMPTION 3.2. There exist a matrix qﬁ(K):('yk (s; » r; )) and a map F(s,, r; N
satisfying
2af y I{(si , T j) =0, ifr ; ¢ z\'(sz. )

A, )]
2b; X Ve (s;sr5)=1 for all j=1, 2,..., | A5 (K)|
T i=1
als; + 1)
2/ | ) 7e@E=DA BR (s, r . 1) o(r;) dt = T, (s, 1,)nC 177 1.Do(r
®ls;

tor every i=1, 2,..., [, (k)|; r;€ N (s;); v(r;) & Q.

ASSUMPTION 3.3. There is an admissible control a*(t), ¢ €[a(k), a(k+1)),
k € A, (K), sach that

2(k+1) 9 9
[ hw)d<e.
.I"EAQ(K) (i)
Define
a(k+1)
2 2

P=p2— 2 [ luxni¥d
kA EBY Lo

A 1A, (O] als; +D
W(Ky=sap = [ I = Fs,r,do) il
. o) € Q=T Gy r; €NGs;) J
t

rje Ay (&)

ASSUMPTION 3.4.
UE) < g
ASSUMPTION 3.5.
(i

. L K z -
aCly, ~ e A z, & GE) + (M * H1( ))kﬁa;g (K)S re ™0~ D2 g (at.

alk)
where
[ A, (O] als; + D I8, (Y] (s, +1)
, . ((K) ~ DA ] 2 -
G(K) =% 3 e B, (dt: X Log, (17 dt < (o — X(K)) 1o
n(si ) a(sl. )
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THEOREM 3. {f Assumplions 3.1 — 3.5 are satisfied, then the game (1.1}, (1.2)
will the constraints (3.1), (3.2) is compleled after the time (K,2(K)).

Proof. According to Assumption 3.5 there exist vectors geG(K), I?lG.MfH;_ (K),
such that

a(k+1
nCKy — ﬂ:r“(K)A r=g+m+ Z S x@(d(K)"‘)“Bu*(t)dt.
4] ¢ ] kEAz (K) Ot(K) ) .

Hence, there are measurable funciions w_ (f) defined on
L
[a (5 )’“(si-l-i))’ i = 1,..JA1(K)], satisfying

lA1 O @ls; 1) A
2 - 2
3 S o, (O1Fdt < G — 1R,

i=1
(s, )

1A ) (s, + 1) :
g = 2 (Ct(j{) I)‘ABUJS . (t)dt. ) -.- (3'4)
i=1 L t

Now suppose that { v(0), v(1),..., v(K)} is an arbitrary admissible control of

the evader. Then, from the condition E;-e M x H,(K) it follows that there exists
m € M wiih the property

m=m-— ¥ gct717k Y
ke, (K) Do(k) '

By substituting (3.4) and (3.5) into (3.3), we have

]Al &N oG, + 1)
n(;Kyo_ a4, 3 g 7e@ -4 gy dt+m—
=1 a(s;) t ‘
@k +1 - , o
- = 2G5=1F Do) 4 = § B0 piedt. (3.6
ken, &) k€&, (K) %K)

Define a control u (.) of the pursuer as follows
u*@), r€f{ar), 2k+1))s k € Ho(K)

u(l) = 5 f‘(s,r.)”(")-l'w OB tefa(s), als,+ 1],
r;@N(s) _ =150 |A1(0)]



By wirtue of the Mm}mwski mequahty we l:mve =

/ IA.{(K)[“(SJ‘) 2 el
o {f)+ 5 ...F(s[,,,'p‘];, Ho(r)) dt <.
i=1 7 (s) rj&Nis) )

/ I/_\l(lf)l 0‘(3 +1) SN VN IOV RNE 9
< V I[w (t) 12 dr+ o200 L |IF (“:, )o(r )" dt
Y EL aG) rENG) J

< '5—-x(K)+X(K). e e

Therefore,
%(K) 9 ark+
i ey d 2 § [y (l‘)ﬁ dit -
0 K& By (K) (k)

| 21(K) | s+ °
+ T ] I 2 FG,rpho@)toe (7di<
=1 ls) r jEN (si) )

Lol —52 rpt=o"

From this it follows that z (f) is an admissible conirol, Using Cauchi’s formula
and (3 6) we, obtam

7y (K = mgagK)) = ncff Ys —-\re“(H)A:v + z ch 1- A Dv(k)

k=0 e
(k) a(K)A '
oo Te(m(l{) DA Bu(t;dt—nCKy —-"EB K)‘a: + = TCCK 1— "Dv(k)+
0 KeA (K)
afk+1) '
4 ¥ nCE-1kDu(ky— T - 7 (E) DA B (hdt —
KED G K) keD (K} w(k)
a4 (B)) (s, o ]A (fatsy +1)
5 T eem)- f)ABw (t)dt S )= U“B

=1 0:(3) e .1=1 =(s,)

i I T

T F(sporpDolr;)di = m + 'y pek1E DU’R)—-

' €NGs) Ay ()
|A (K] afs; +1)
- T melHED, *U‘LBF(s r t)u(r)dt (3.7
i=1 I‘EN(S) a(s) N ' |
!‘
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It follows from Assumption 3.2 that

lAl (E)| ols; + 1)
T2 geME)-D4 BF(s; 1y, to(r; )dl =
i=1r €N(s ) afs )

1A, (x) ol [8g(R)
= I 3 yuls,rymc’ Upwry = 3 ¢ UDogs @8
i=1 rj€ N(s ) * Jj=1

Combining (3.7) and (3.8) vields

TYH) — me(a(K) = m 4+ 3 zC¥ VR ppgy
k€N (K)

’Al (E)l O"(Sz' 4 1)
- X z g xe(“fff)“UABF(si T Dol )dl =
(=11 ENGs) als) 7 d

_ Beol
=m-+ X aCK-l=kpygy . 3 z¢ /Do(r ;) = m.
L‘Eﬂg(K) Jj=1

The proof is complcte,
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