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ON CURVES MINIMIZING POLYHEDRAL
FUNCTIONALS IN R"

TRAN VIET DUNG

INTRODUCTIOX

The problem of finding minimal surfaces in Riemannian manifolds was
studied by A.T. Fomenko [5], H. Federe and W, H. Fileming [4 ], Dao Trong Thi
{1, 2,3, J. Simon [ 7] and others.

Using the language of current theory Dao Trong Thi [2] esia,bhshed necessaly
and sufficient conditions for the global mm:mahty of currents with respect to a
functional J given by a Lagrangian.

The aim of this paper is to describe the curve minimizing a functional J,
where J is given by a polyhedral norm.

§1. MINIMAL CURRENTS - = ~*° * = v “oe

e,

In this section we collect some facts on cunent theory that wxll be needed
later (for details see[ 2, 41). :

Let R "be the n-dimensional Euclideaﬁ spacé Denote:'b'y )\A R and p* R

the veclor spaces of k-vectors and k-coveclors, respectively. The comass of the
k-covector  is defined by

loll*=sup{wE;Een,R" EI=1)
and the mass of the k-vector & is defind by
NEN =sup {w (E); we A R? and ol * <1}
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Let i be a Riemannian manifold. We denote by E¥ M the veclor space of
all real differential k-forms on M. A current (with the compact supporst) on

is a real continunous linear functional on EXM. For each k-curreni S the mass of
§ is defined by

MS=sup {S (4); o€ EXM, No_N* <1V aeM}
We derole by E, M the space of all k-currents with finite mags (and with

compaci support) and equip it with the wezk topology. The boundary 4S5 of
a k-curront S is a (k — 1) —current defined by (35) (p) = S(dg) for every (k — 1) —
— form o, A curreat § is called closed if 95 = 0 and exact if S = 37 for some
current 7. For each Se Ek M the complete variational measure || S| is

defined by
IS 1| f=sup {S(p); e EXH, || @_1 < f(x) ¥ TeM}
for an arbitrary real nonegative continuous functional f on M.
If SeE M then there exists a || S || -measurable section $ of the Grassman

bundle AM with | 3‘; [ = 1 almosi everywhere in the sense of the measure
IS and such that

Soy=fe Sa S| @ (1.1)
for an arbitrary k-form gg E% M,

Let J be a functional on E, M. A current SeE, M is called absolutely
minimal with respect to J if 7 (8) {J (8") for any S'eE | M such that the current
§ — § is closed. A Lagrangian of degree k on M is any mapping L: A M — R
such that its rectriction on each fibre A M  of the Grassman bundle A M s

positively homogeneous, Fach Lagrangian L of degree k on # defines a positively

homogeneous functional J on E M by the formula:

IS =§L({S)d S| (») (1.2)

Let w be a differential k-form satisfying the following conditions;
(i) o is exact,
(i) w (€) << L(E) for every § & A M.

Then the set : :

F (o)={t& A\ M_;1E) =w @)}
is called the bunch of the minimal directions at x.

THEOREM 1. (see [2]) 4 current S € E WM s absclutely minimal with respect
to J if and only if lhere exists a dif ferential k-form satisfying the condidons
(y (@) and such that ?x € Fx(m) for almost all x e M in the sense of the
measure || S|.
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Let R? be the a-dimensional Eulidean space, Then each piecewise
differentiable oriented carve § can be naturally identified with the I-current
[S§] which is the integration along S. Moreover for each regular point x e S we

— - . f . .
have [S] = S, where &_ is the oriented tangent vector to S at z with

1S, 1=1

§2, MINIMAL CURYES IN RD.

In this section we consider a funclional J given by an arbitrary polyhedral
norm L,

A norm L on R" is called polyhedral if the set

CL={§eR";L(§)\g’1} | 2. 1)
is a convex polyhedron, We put , _ ,

Clearly, §, is boundary of the set €, . We denote by H,, H,,..., H_ the
{(n — 1)-dimensional faces of ¢, .
DEFINITION 1. A linear form wis ealled a supporting form of the norm L at
a point g, & S, if
w(g) << L{E) for any & e SL : | (2.3)
w(go) = L(Eg)- (2.4)
Obviously, for each i (1 < i & ) there exists a unigqne 1-form w, such that

Hi is defimed by the equation w; & = 1. It is easy to check that @, is a sup-

porting form of L at every point of H, . Denote by “:z the differential 1-form
defined by (c';!. )y = w, for every x< R? , Then we have

Fx(?oj) = {ig;t>0,¢te H;}J=1, 2., m

Clearly, the set F_ (@) is fixed when = changes. Hence we may write
F () = Eo,). - |

LEMMA 1. Let w be a differential 1-form on R® such thai‘; the condilions (i);
(i) are satisfied. Then for each x € R™ there exists i (1 << i < m) such that A
P (0)F (3)), |

Proof. Let w be the differential 1-form mentioned in the lemma, Then there
is a point a ¢ §; such that o is a supporling form of L at z, It follows that
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there exists a face P containing « such that « is supporting form of L at every
t € P. Then P is contained in some face H, . Wehave Fx (wy={ig; t >0, t e P}.

Since F(w, )= {t&; t > 0,& ¢ H, } we obtain F_(w) C Flo, ).

The proof of the lemma is complete.

LEMMA 2, Let J be an inlegrand given by the polyhedral norm L. Suppose
that S is a piecewise differentiable oriented curve in R® such that ;_S:D € Flw, )

for almost x & S in the sence of the measure | S| and for fized i (1 < i < m),
Then [S] is absolutely minimal 1-current with respect to J.

Proof., Obviously, c—u.—! satisfies the conditions (i) and (ii). As is well known

—S'x = [_§]I. Hence {S] is absolutely minimal by Theorem 1. The lemma is
proved,

LEMMA 3. Let a and b be two points in R®. Denofe by [a. b] the orienfed
straight segment with endpoinis a and b. Then {a,b] -is absolutely minimal with
respect to J. Moreover J([a,b]) = L(b — a).

Proof. Clearly, there exists i such that (b — a) ¢ F(-L:)i) From Lemma 2 it

follows that [a,b] is an absolutely minimal curve in R?, We have
J(a, b)) = [ L{a. bl [a, b]I () =

= § L(a, bl dli[ad]) ¥ =
[a.6]

= L{aB]) 1 [510 (a,b) =
= {b—a} LBl = L® — a) | (2.5)

Thus the proof of the lemma is complete,

THEOREM 2. Let J be an integrand given by a polghedral norm L. A piecewise
differentiable oricnted curve § in- R% is absolulely minimal with respecl to J
if and only if there exisis an index i (1 < i< m) such thal _S‘x & Flv,) for cvery
regular poinl x € S,

Proof. By Lemma 2, it is sufficient to prove the necessary condition. Suppose
that S is absolutely minimal. If there exist two points x €8, y & S such that Sz,

Ey do not belong to the same set F(Et) for each i (I < i < m), then a contra-
diction will be oblained.
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Since S is absolutely minimal there exists a 1-form » for which the condi-
tioms (i), (ii) are satisfied. Moreover *S'f € F7, (w) for every regular point t € §. In
particu.lar, S & Fx(m) and § g€ F y(w). By Lemma 1, if follows that Fx(m)c(ij),
Fy(w) - E(Ekj, where according to our assumplion j =k and 39’ ¢ E(-ak)"
§y ¢ F(wj). '

Obviously, the set F (;j)' is cloged, Since-:S’; ¢ Flo j) , there exists a point
z¢€S such that (z — ) ¢ F (Bj)' . Denote by S(r,y) the part of S joining x and 18
Since § is minimal, S(x o is minimal, too. On the other hand {z,y] is also

minimal.

According to [2], we have f:;:?]t € F, (0] for almost all x ¢ R? in the sense

of the meagure ]1 [z, y]|| . Hence for any sphere O(:c %) of eenter x and radins ¢

there exists a point !¢ {x, y} Q) O(z’s) such that [_.z:E;j, C F, ({u). Whence we
may assume that [z,y] & F_{w). Analogoual.y, [y,z]y € Fg (0), [z,2] e F_(v),
Since F_ (o) C F (w;) and F, (WG F(w,) we obtain (y — aj&F @j) .

gzna:)GF(Gj)and(z_y)eEKSkj.

From the minimality of S, [=, g], [, 2] and [y, z] we have

IS =l =Lg—a), e
I (S = (8 2l = L(z — ), i @)
IS =J 2l =L(z—x). _ (2.8}
Further

I (S0 = B + I Sy ) = LG~ D+ LG ~y). 29)

Let P be a 2-dimensional plane in R? defined by the origin 0 and the
vectors (y — x), (z — ). The set Q=P €, is a convex polygon. The edge

d, of the polygon Q is contained in the set P () H . Put V== F(w;) 7 P for
every I (1<Ci{m) . Then (y —x) & Vj,{zmy)er, (z —a;)EVj.

First agsume that dj 44, . Let d’j , d‘k be the straight lines defined by the
conditions :
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d’ 50 and d’j It dj .
d’ka 0 and d’k I d,

Putting e, = d’. Nnd,, e.=d, dj we have for each vector £ & P

J
g--g e; + &, ¢, » where &+ & € R (2.10)
and L(§) = max{t, , £} eV, UV,. (2.11)

Suppose now that

(y"-x)=a-]e +°°k T ?

(z_y)—B +B;\ kot

Then(z-:c)-—(a —[—B)e +(m +Bk)e , where aj>uk,
(0‘ + By ) > (o +Bk)B<Bk-

From (2. 11) we obtain _
Ly—o)+Lz—y)=a; + Bk . (2.12)
Lz —x) =a;+B; - (2.13)

Consequently, ‘ |

a; + B = ¢ + B
Whence B, = B]. . | | | _ (2. 1)

(... Since B, ™ Bj , the equality (2.14) cannot be satisfied. We get a conlre-

diction. .
E No\v"suppose that dj |['d'k . We denote by. e'j any veclorond; , bye, a

conlinear vector to dj . Then for each £ € ” we have
g = ‘:-J + L"R k

Using an argument analogous to the previous ome we shall get a
contradiction.

This completes the proof.
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Example. Let L be a norm given by the formula

Ly =max {51, w, [ 1} (2.15)
where ‘é: (E:l souty E )- . . |

Then the set €, = {& € R"; L&) < 1} is aconvex polyhedron, 'I‘he notation
being as above, we have -
Hi={cR;a=L[EI<1 for j+1},

. . . [ - . - . - . -

H={eR ;¢ =1, IE.I <1 for jsn},
n n n
H-F ={teR" ;5= —1, IE | <1 for js1}, " T

n

. . . - . -

-{§eR",§ = -1, l&] <1 for];ﬁn}

and
—0—11 = dxi,
dr,,
w =dz_,
n n
Oppg = —4Z1,
Wop = _dxn .
Hence

Flapg={tt 120, 1=¢ > |t |¥]+1)
for 1ign and

Flo,J)={tsat>01= -t > |§|¥j*i}
for 1 i< n

Using Theorem 2 we can obfain all globally minimal curves for the inte

~r

grand J given by the norm (2.15) in R",
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